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GAUSSIAN BOUNDS FOR THE HEAT KERNELS
ON THE BALL AND SIMPLEX: CLASSICAL APPROACH

GERARD KERKYACHARIAN, PENCHO PETRUSHEV, AND YUAN XU

ABSTRACT. Two-sided Gaussian bounds are established for the weighted heat
kernels on the unit ball and simplex in R% generated by classical differential
operators whose eigenfunctions are algebraic polynomials.

1. INTRODUCTION

Two-sided Gaussian bounds have been established for heat kernels in various
settings. For example, Gaussian bounds for the Jacobi heat kernel on [—1,1] with
weight (1 — 2)%(1 + z)?, a,8 > —1, are obtained in [2, Theorem 7.2] and [8,
Theorem 5.1], and also in [9] in the case when «, 8 > —1/2 (see (1.24) below).

In this article we establish two-sided Gaussian estimates for the heat kernels gen-
erated by classical differential operators whose eigenfunctions are algebraic poly-
nomials in the weighted cases on the unit ball and simplex in R%. Such estimates
are also established in [8] using a general method that utilizes known two-sided
Gaussian estimates for the heat kernels generated by weighted Laplace operators
on Riemannian manifolds. Here we derive these results directly from the Gauss-
ian bounds for the Jacobi heat kernel. Such a direct method leads to working in
somewhat restricted range for the parameters of the weights (commonly used in
the literature). We next describe our results in detail.

We shall use standard notation. In particular, positive constants will be denoted
by ¢,d,¢ ¢1,ca,... and they may vary at every occurrence. Most constants will
depend on parameters that will be clear from the context. The notation a ~ b will
stand for ¢; < a/b < ¢o. The functions that we deal with in this article are assumed
to be real-valued.

1.1. Heat kernel on the unit ball. Consider the operator
d d
i=1 1<i<j<d i=1
acting on sufficiently smooth functions on the unit ball B¢ := {a: eB: |z| < 1}
in R? equipped with the measure

(1.2) dv,, = w, (@) == (1 - 2|2~ 2de, >0,
and the distance
(1.3) dg (x,y) := arccos ((z,y) + /1 — [lz[2v/1 — [ly[]?),
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2 G. KERKYACHARIAN, P. PETRUSHEV, AND Y. XU

where (z,) is the inner product of 2,y € R? and ||z|| := \/(z,z). As will be shown
the operator D,, is symmetric and —D,, is positive in L?(B, w,,). Furthermore, D,
is essentially self-adjoint.

Denote
(1.4) Bg(z,r) :={y € R . dg(z,y) <r} and Vi(z,7):=v,(Bs(z,r)).
As is well known (see, e.g. [3, Lemma 11.3.6])
(1.5) Vi(z,7) ~ r(1 = [l|® + r*)~.

Denote by V,,(w,,) the set of all algebraic polynomials of degree n in d variables
that are orthogonal to lower degree polynomials in L?*(B%,w,,), and let Vo(w,,) be
the set of all constants. As is well known (see e.g. [5, §2.3.2]) V,(w,), n =0,1,...
are eigenspaces of the operator D,,, more precisely,

(1.6) D,P=-n(n+d+2n—1)P, VP e V,(w,).

Let P,(wy;x,y) be the kernel of the orthogonal projector onto V,,(w,). Then the
semigroup e'Pr, ¢t > 0, generated by D,, has a (heat) kernel e'Px(z,y) of the form

)

L7 ePr(my) =D e NP (wysay), A= pt (d—1)/2.
n=0
1Dy (

We establish two-sided Gaussian bounds on e*®r (x, y):

Theorem 1.1. For any p > 0 there exist constants c1,ca,c3,c4 > 0 such that for
all z,y € B and t > 0

d . 2
c1 eXP{—iB(ci'ty) } tD“( c3 exp{— cat

7z S€ z,y) < 2
[VIB (Iv \/E)VB(ZL \/{f)] [VIB (Iv \/E)V]B(yv \/Z)jl

1.2. Heat kernel on the simplex. We also establish two-sided Gaussian bounds
for the heat kernel generated by the operator

d d d d
i=1 1=1

i=1 j=1

dB(r»y)z}

with |k| := k1 + -+ 4+ Kg41 acting on sufficiently smooth functions on the simplex
T .= {xeRd:xl >0,...,2q >0,z < 1}, x| :=x1 + -+ + x4,
in R?, d > 1, equipped with the measure
d
(1.10) dv,o(z) = w(x)dw = [[ 2721 — Jal) s~V 2dz, ;> 0,

=1

and the distance

d
(1.11) dr(x,y) := arccos (Z VT + /1= |z|\/1 — \y|>
i=1

As will be shown the operator Dy, is symmetric and —Dy, is positive in the weighted
space L?(T,w,), furthermore, D, is essentially self-adjoint.
We shall use the notation:

(1.12) Br(z,r) :={y € T¢: p(x,y) <r} and Vi(z,r):=v.(B(z,r)).
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It is known that
d
(1.13) Va(w,r) ~ rt(1 = |o| + r2)rae ] [ (i + %)%
i=1
This equivalence follows e.g. from [3, (5.1.10)], see also (4.23)-(4.24) in [8].
Denote by V,,(w,;) the set of all algebraic polynomials of degree n in d variables
that are orthogonal to lower degree polynomials in L?(T% w,), and let Vo(w,) be
the set of all constants. As is well known (e.g. [5, §2.3.3]) V,,(wy), n =0,1,..., are
eigenspaces of the operator Dy, namely,

(1.14) D.P=-n(n+ s+ (d-1)/2)P, VPeV,(w:), n=0,1,....

Let P, (wy; x,y) be the kernel of the orthogonal projector onto V,, (w, ) in L?(T%, w,,).
The heat kernel e!Px(z,y), t > 0, takes the form

(oo}

(1'15) etDH (xvy) = Z e_tn(n-i_)\N)Pk(wn; x,y), )‘m = |H| + (d - 1)/2'

n=0
Theorem 1.2. Foranyk; > 0,i=1,...,n+1, there are constants c1, ca,c3,cq4 > 0
such that for all x,y € T? and t > 0

dr(w,y)* dr(z,y)?

C1 €XpPy— C3 exXpy—

(116) 1 p{ cot tD,,;( y) S 3 p{ cat }

<e T, .
[Va(z VOV (y, VD] Y2 [Va(z, VO Valy, V)] *

1.3. Method of proof and discussion. We shall prove Theorems 1.1 and 1.2 by
using the known two-sided Gaussian bounds on the Jacobi heat kernel on [—1,1].
We next describe this result. The classical Jacobi operator is defined by

[wa,5(x) (1 — 22) f(z)]

(1.17) Lopgf(z) = wa (@)

b

where

wap(r) = (1=2)"(L+2)% of>-1
We consider Ly, g with domain D(L) := P[—1, 1] the set of all algebraic polynomials
restricted to [—1,1]. We also consider [—1, 1] equipped with the weighted measure

(1.18) o p() := wo p(x)dz = (1 — 2)*(1 + x)Pda
and the distance
(1.19) p(x,y) := | arccos x — arccos y|.

It is not hard to see that the Jacobi operator L, g in the setting described above
is essentially self-adjoint and —L, g is positive in L?([—1, 1], wq 5).
We shall use the notation
(1.20)  B(z,r):={ye[-1,1]:p(z,y) <r} and V(z,7):=vqg(B(z,1)).
As is well known (see e.g. [2, (7.1)])
(1.21) V(z,r) ~r(1 =2 +r2) 20 42+ 022 ze[-1,1, 0<r <.
(

It is well known [12] that the Jacobi polynomials Pno"ﬁ)7 n=20,1,..., are eigen-
functions of the operator L, g, namely,

(1.22) LagP® = —pin+a+p+ 1P n=01,....
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We consider the Jacobi polynomials {P,(la’ﬁ)} normalised in L2([—1,1],wa,5). Then
the Jacobi heat kernel etl=5 (z,y), t > 0, takes the form

(123) etLa, 5 Z e~ tn n+>\)P 7,3)( )‘PT(lcv,B)(y)7 Ai=a+B8+1.

Theorem 1.3. For any «a, > —1 there exist constants c1,ca,c3,c4 > 0 such that
for all z,y € [-1,1] and t > 0

e pz,y)?
GO} s (o) <

[V, VOV(y, vD]? T [V, VOV, v

This theorem is established in [2, Theorem 7.2] using a general result on heat
kernels in Dirichlet spaces with a doubling measure and local Poincaré inequality.
The same theorem is also proved in [8, Theorem 5.1]. In [9] Nowak and Sjogren
obtained this result in the case when o, 8 > —1/2 via a direct method using special
functions.

For the proof of Theorem 1.1 it will be critical that the kernel P(w,;x,y) of
the orthogonal projector onto V,,(w,) in L*(B,w,) has an explicit representation
in terms of the univariate Gegenbauer polynomials (see (2.5)-(2.7)). For the proof
of Theorem 1.2 we deploy the well known representation of the kernel P, (w;z,y)
in terms of Jacobi polynomials (see (3.3)).

It should be pointed out that our method of proof of estimates (1.8) and (1.16)
works only in the range o > 0 for the weight parameter in the case of the ball and
in the range k; > 0, ¢ = 1,...,n, in the case of the simplex. These restrictions on
the range of the parameters are determined by the range for the parameters in the
representations of the kernels P(w,;x,y) and P, (w.;x,y).

Observe that the two-sided estimates on the heat kernels from (1.8),(1.16) cou-
pled with the general results from [2, 7] entail smooth functional calculus in the
settings on the ball and simplex (see [6, 11]), in particular, the finite speed propa-
gation property is valid. For more details, see [8, §3.1].

2
cg exp{— p(iﬂ) }

(1.24)

2. PROOF OF (GAUSSIAN BOUNDS FOR THE HEAT KERNEL ON THE BALL
We adhere to the notation from §1.1. Define
D i=x;0; —x;0;, 1<i#j<d.
It is easy to see that
(2.1) D; ;= 0p,, with (x;,2;)="r;;(cost;;,sinb; ;).
Further, define the second order differential operators

D} = [wu(2)] 710 [(1 = ||zl wu(2)] 8;, 1<i<d

It turns out that the differential operator D, from (1.1) can be decomposed as
a sum of second order differential operators [3, Proposition 7.1]:

d
(2:2) D.=) Dii+ Y Dij= > Di
=1

1<i<j<d 1<i<j<d

The basic properties of the operator D,, are given in the following
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Theorem 2.1. For f € C?(B%) and g € C1(B?),

(2.3) » D, f(x)g(x)w,(x)dx

d
:*/ [0 @aig@)(@ ~ lel)? + 3= D) Diso(a)|wae)ds.

d
L 1<i<j<d

Consequently, the operator D, is essentially self-adjoint and —D,, 1is positive in
L*(B4, w,).

Proof. Applying integration by parts in the variable z; we obtain

/Bd (DrufaNeleonolde = /B (0 [0 = [|2l*) wu(2)0:f ()]) g(x)dz
= _ /]Bd &f(x)@ig(x)u _ ||$||)2wu(x)daj

‘We now handle Dzj. It is sufficient to consider D . If d = 2 we switch to polar
coordinates and use (2.1) and integration by parts for 27-periodic functions to
obtain

1 27
/ (D2, f(2))g(x)w(x)dr = / P12yt / (02 f)gdbdr
B2 0 0
1 27
_ _/ r(1— 2t [ 8, fopgdodr
0 0

=— /1552 D; ;i f(x)D; jg9(x)w,(z)dz.

In dimension d > 2 we apply the following integration identity that follows by
a simple change of variables,

e [ s [ [ [ r(V/T=ToPudd - o,

and parametrizing the integral over B? by polar coordinates we arrive at

/ (D f (@) g(2)wy(2)dw = —/ D; i f(2)Dijg(x)wy(z)de.
Bd B

The above identities imply (2.3).

We consider the operator D, with domain D(D,,) = P(B?) the set of all poly-
nomial on B?, which is obviously dense in L?(B?, w,,). From (2.3) it readily follows
that the operator D,, is symmetric and —D,, is positive.

We next show that the operator D, is essentially self-adjoint, that is, the com-
pletion D,, of the operator D, is self-adjoint. Let {P,; : j = 1,...,dimV,} be an
orthonormal basis of V,, = V,,(w,,) consisting of real-valued polynomials. Clearly

D(D,) = {f = Zaannj tanj €R, {an;} compactly supported}, and

n,j

D,f=— Za”jn(n +20)P,; if f= Zanjpnj € D(Dy).

n,j J
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We define D,, and its domain D(D,,) by

oo dimV,
D( { Z Z an] nj - Z |an]|2 < 00, Z |an]| n + 2)\))2 < OO}
n=0 j=1 n,j

and

D.f:=— Z anjn(n+2\)P,; if f= Z anjPnj € D(D,,).
n,j n,j
It is easily to show that 5# is the closure of D,, and that ﬁu is self-adjoint. 0

Remark 2.2. Identity (2.3) is the weighted Green’s formula on B¢ (see [8]).

Proof of Theorem 1.1. We shall assume that 0 < ¢ < 1. In the case t > 1 the
Gaussian bounds (1.8) obviously follow from (1.8) in the case ¢t = 1.

It is known (see [5, Thm. 5.2.8]) that for x> 0 the kernel P,(w,;z,y) of the
orthogonal projector onto V,,(w,,) in L?(B,w,,) has the representation
(2.5)

n+ A _
Bt =52 [ 03 (te.0) +uy T TPV o) (- )

where C) is the Gegenbauer polynomial of degree n and ¢y > 0 is a constant
depending only on A and d. The Gegenbauer polynomials {C} are orthogonal in
the weighted space L?([—1,1],wy) with wy(u) := (1 —u?)*~'/? and can be defined
by the generating function

(1—2uz—2%)"" = Z CMu)z"™, |z <1, |u < 1.

Using that C)(1) = ("">*71) it is easy to show that

(2.6) /_1\cg(u)\2m(u)du= A o),

n+A "

In the limiting case 1 = 0 the representation of P,(w,;z,y) takes the form
A +
(27)  Palwoiz,y) = ca™ o O (@) + VI = 2PV = [4]P)
+ (¢ ( ~VI=TalPVT=TylP)] -

If « = f = XA —1/2 we denote the Jacobi operator by Ly := Ly_1/2x—1/2 and we
have Ly f(z) = (1 — 22)f"(z) — (2A + 1) f'(z). We denote by ‘> (u,v) the Jacobi
heat kernel in this case and by (1.23) and (2.6) we obtain

n A A v
(2.8) et (u Z e~ tn(n+23) J; ACh (02875( ), Ai=p+(d—1)/2.
n=0

Assume p > 0. The above, (1.7), and (2.5) lead to the representation
1
29 @) =er [ o (1) + TPV TR) (- w2 ~du,
—1

Note that in the case of Gegenbauer polynomials (o« = 8 = A —1/2) by (1.21) it
follows that V(z,7) ~ (1 — 2% +r%)*, =1 < 2 < 1, and hence

(2.10)  V(1,Vt) ~ M2 and  V(z, Vi) ~ M2+ (1= 22)/0), |2 <1
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If x = cos, then 1 — x = 2sin® ¢ ~ 62 and hence
(2.11) p(1,2) = |arccos 1 — arccos z| = arccosz ~ V1 — 2z, —-1<2z<1.
From this, (2.9), (1.24), and (2.10) we obtain

1 exp{ _ l=z(wzy)
(2.12) e'Pu(z,y) < 01/ p{ cal o (1= u?)*~tdu
—1 ML/2(1 4 1—Z(utw7y) )
and
1 _ 1-z(uzy)
013)  Prag s [ SR et ) g ey,
J) = 1 t>\+1/2(1 + 1—z(u;zay)2)>\ )
7

where 2(u; ,y) == (z,y) + uy/1 = [[z[2/1 = [[y]2.
Since 1 4+ b < ¢® for b > 0, we have
2

1— 22\ A 1— 2\ A 1—
1< (14 =) < (142 2) e { 2] <t
Therefore, by replacing the constant ¢4 in (2.13) by a smaller constant ¢, we get
/ 1
tD C3 1 —z(u;z,y) 2\p—1
(2.14) e “(@y)zw/_lexp{—cﬂ}(l—u) du.
Obviously, from (2.12) it follows that
1
D 1 1—z(u;x7y)} 2\p—1
. : <t S S et -2 VG T
(2.15) ez, y) < I eSY /_1 exp{ o (I —u*)* " du
We have

L= 2(wa,y) =1 (2,9) = V1= [PV = [l + (1 = u)v/1 —[lz[>v/1 — [[y|]
and using the definition of dg(x,y) in (1.3) we get

dB(xu y)
2

1—2(1;z,y) = 1 — cosdg(z,y) = 2sin? ~ dg(z,y)?.

Hence,

1- Z(uaxvy) ~ dIB(xuy)2 + (1 - U)H(.’E,y), H(.’E,y) = \/1 - H.’E||2\/1 - Hy”2
Consequently,

exp { - LTI ¢ g { B

}exp{ N (1—U)H(ffs7y)}

c't
and
1—2(u;2,y) dg (7, y)? (1 —wH(z,y)
exp{ B 2c4t } = exp{ o't }exp{ B c't }
These two inequalities along with (2.14)-(2.15) imply that in order to obtain the
two-sided Gaussian bounds in (1.8) it suffices to show that the quantity

1
(216) At((E,y) = W’%ﬂ/ exp{ — %ﬁj(w’y)}(l _ uz)“_ldu
-1
satisfies the following inequalities, for any € > 0,
c* o exp {gdB(zti’yF}
(2.17) < Ai(z,y) <

[Vi(e, VO Vi (y, VD] 2 [Vi(e, VO Vis (y, VD] /2
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Here the constant ¢** > 0 depends on €.

Lower bound estimate. First, assume that H(z,y)/t > 1. Then we have

Az, y) > 27\“‘61/2/01 exp{ — %}(1 — )P du

GtH H(zy)/t

(2.18) = 1%”201;(:13,31)“/0 vh eV e dy

L

~ 42 H (2, y)

where we applied the substitution v = (1 — u)H (z,y)/t and used that A+ 1/2 =
w4 d/2. However, by (1.5), Vg(z,7) > crd(1 — ||z|?)*, which implies

/2 H z,y) = 492 (VT = [alPy/T= oP)" < [Vala, VO Va(y, vE] /2.
Putting the above together we conclude that A:(x,y) obeys the lower bound in
(2.17) in this case.

Now, assume that H(z,y)/t < 1. Then exp{ — (1_71)6#} > e /¢ and we
have

1
with ¢, = E/ v’“le*”/cdv,
0

Alay) > oy > a
I\ J) = IaF1/2 & /2"
P Ve, ViVa(y, V)]
Here we used that, by (1.5), Vg(z,7) > er¢t?# = ¢r?*+1. Thus, A;(x,y) again
obeys the lower bound estimate in (2.17) and this completes its proof.

Upper bound estimate. Obviously exp{ — %} < 1 and hence

Cs Cx
(2.19) Ap(z,y) < PML/2Z T pd/zanc

We shall obtain another estimate on A;(z,y) by breaking the integral in (2.16)
into two parts: one over [0, 1] and the other over [—1,0]. Just as in (2.18) applying
the substitotion v = (1 — u)H(x,y)/t we obtain

1 ! (1 —U)H(I,y) 2\pu—1 c* maX{152u71}
tAF1/2 /0 eXp{ B ct }(1 —u)du s t4/2H (2, y)»
with ¢* = [ v~ le~"/°dv. Here we used that (1 +u)*~! < max{1,2¢1}.

For the integral over [—1,0] we use the fact that 1 —u > 1 for u € [—1,0] to
obtain

| /Oexp{—ﬂ—ww}u—u%“‘ldué

tA+1/2 . ct

Cx H(‘r’ y)
A+1/2 exp{ I }
< c ( t )u _ c
= M2\ H (2, y) - 25,\4-1/2111(56’”“.
Here we used that v* < |p+1]le?, Vo > 0, and A = p+ (d —1)/2.
Together, the above inequalities imply

*

C
(2.20) Ai(z,y) < WP H ()

In turn, (2.19) and (2.20) yield

(2.21) Ai(z,y) < td/2(t—|—1<;(x,y))“'
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It remains to show that the above estimate implies the upper bound estimate in
(2.17). To this end we need the following simple inequalities:
(2.22) (u+a)(u+0b) <3w?+ab)(1+uta—0b), a,b>0 0<u<l,
(see, e.g. [10, (2.21]) and (see [11, (4.9)])
V1= ]2 = V1= lyll?| < V2ds(x,y), x,y€B”
Together, these two inequalities yield

(223) (Vi VI-|el?)(Ve+ 1—||y||2)<c(t+H<m,y>)(l+dB(fiy)).

Evidently 1 4+u < e~ 'e®* for u > 0 and 0 < ¢ < 1, and hence
(2.24) (14 b)* < 28(1 + B2)H/2 < Qe r/2en®  yp >0 0 <e < 1.

Also, from (1.5) it follows that Vg (z,7) ~ r?(r 4 /1 — H$||2)2”. From this, (2.23),
and (2.24) it follows that

(Ve (o, VO Ve (y VO] < a2 (Vi VI=TlP)" (VE+ VT = TlR)"
d (I7y)2}

< et (t+ H(z,y))" exp {ué‘ 2 :

In turn, this and (2.21) yield the upper bound estimate in (2.17).

We next consider the case when p = 0. Now, (1.7), (2.7), and (2.8) yield the
representation

(2.25) P (z,y) = cre't (1, (@,y) + /1 —[z]>v/1 - ||y|\2)

+ee™ (1, (2,y) - V1= [olPv/T=TyIP)

From this point on the proof follows in the footsteps of the proof when g > 0 from
above, but is much simpler because the integral in (2.9) is replaced in (2.25) by two
terms. We omit the further details. The proof of Theorem 1.1 is complete. [

3. PROOF OF (GAUSSIAN BOUNDS FOR THE HEAT KERNEL ON THE SIMPLEX

In this part we adhere to the notation from §1.2. The differential operator D,
from (1.9) can be written in the more symmetric form

d
(3.1) D.=> Ui+ Y. Uy
i=1

1<i<j<d

where, with the notation 0; ; := 0; — 9;,

1
U; .= (@) Oi(2:(1 — |z))wy(x))0;
1 .
Ui,j = mﬁm(mxjw,{(x))ﬁm, 1 S 7 S d.

This decomposition was first established in [1] for w,(x) = 1 and later used in [4]
for wy. It is easy to verify it directly. The following basic property of the operator
D, follows immediately from (3.1) by integration by parts:



10 G. KERKYACHARIAN, P. PETRUSHEV, AND Y. XU

Proposition 3.1. For any f € C?(T¢) and g € C*(T?),

62 [ Dot - g@uare = [ [Za §@)rg(w)ai (1~ la)

Td

+ Y 0, f(2)0i9()mim | we (@) da.

1<i<j<d

Observe that identity (3.2) is the weighted Green’s formula on the simplex T¢
(see [8]).

We consider the operator D, defined on the set D(D,) = P(T?) of all algebraic
polynomials on T¢, which is obviously dense in L?(T¢, w,). From (3.2) it readily
follows that the operator D, is symmetric and —D, is positive in L?(T? w,). Fur-
thermore, just as in the proof of Theorem 2.1 it follows that the operator D, is
essentially self-adjoint.

Proof of Theorem 1.2. We may assume that 0 < ¢t < 1, because the case t > 1
follow immediately from the case t = 1.

Recall that we consider in this article the Jacobi polynomials P,(la’ﬂ), n=20,1,...,
normalized in L2([—1, 1], wq g). It is known (see [5, Theorem 5.3.4]) that if all k; > 0
the kernel P, (w,;x,y) of the orthogonal projector onto V,,(w,) in L?(T%, w,) has
the following representation

Pa(wyizy) =euP 42 (1)
N d+1
(3.3) X / prz?) (22(u; z,y)? — 1) H(l — u?)~idu,
[=1,1]a+ i=1

where
d+1

z(u;x,y) Zu, VZiYi, Tap1:=1—|z], yar1:=1—|y|l, \:=|k[+ (d—1)/2,

in which |z| = z1 4+ ... + z4. In the case when some or all x; = 0, this identity
holds under the limit x; — 0, using that
f fl@) (1 —2?)~tdx 1
im =5 )+ (=)
Kk—0+ f (1 _x2)n 1de 2
Assume k; > 0,7 =1,...,n+ 1. Combining (1.15), (1.23), and (3.3) we obtain
the representation

d+1

e Tt (17 22(u; x,9)? — 1) H(l —u?)*idu.
i=1

tL

(3.4)  ePr(a,y) = / ‘
[—1,1])4+1

Note that from (1.11) we have Eii} VZy; = cosdr(z,y) and hence |z(u; z,y)| < 1.
Just as in (2.11) we obtain

(3.5) p(1,22% — 1) := |arccos 1 — arccos(22 — 1)| ~ /1 — (222 — 1) ~ /1 — 22.
On the other hand, with @« = A —1/2 and § = —1/2 we infer from (1.21) that
V(z,r) ~r(1 — 2 +r?)* and hence

1 — 22\
V1, VE) ~ "2 and V(22271,\/f)~t1/2(t+2(1—22))’\~t’\+1/2<1+TZ> .
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We use these equivalences, (3.4), (1.24), and (3.5) to obtain

1—z(uiz,y)? d+1
exXp 4y — P _
(3.6) e!Pr(z,y) < cl/ { 2t =) du
[—1,1]d+1 t)\+1/2(1 T 1—=z ’u,:cy)

and

exp { — Iztmza)y  dl

(1 —u2)ri=
1 1]d+1 t>\+l/2(1 + 1— Z(UIZI) A H

3.7 ePr(z,y) > ¢
(3.7) (2, 1) /[

Just as in the proof of Theorem 1.1 by replacing the constant ¢4 in (3.7) by a smaller

. (i) \ A - .
constant ¢ we can eliminate the term (1+ %) in the denominator. Thus,
it follows that

D, Cs 1 —2(u;z,y)? o 2 1
(3.8) e'"r(z,y) > Vs YL /[_1 i exp{ — T} H(l —ui )" du.
s i=1
By simply deleting that term in (3.6) we get
2 d+1
tD C1 { 1—Z(U,l’,y) } 2\k;—1
w2 y) < —L _ T AWLY) 1—u2)"du.
) S i [ e vt 81 CRL R

Evidently,

d+1

1=z(us2,y)* = (Lt ]2(w 2, ) ) (1= |2(ws 2, y)]) = 1= |2(u, 2, y)] > I—Z |uil/Ziyi.

Using the symmetry of the last term above with respect to sign changes of u;, and
that 1 — uf ~ 1 —wu; when 0 < u; <1, we conclude that

d+1
(39)  Pr(z,y) < L/ exp{ - M} 10— ) du.
1= aF1/2 (0,1]a+1 ot 1

Similarly, using that 1 — z(u; z,y)? < 2(1 — z(u; 2,y)) we infer from (3.8) that

d+1

/!
tD, C3 1—2(u;2,y) Nki—1
(3.10) e (z,y) > ppwsyo /[0’1](“1 exp{ - T} ]_;[1(1 — u;) du.
By the definition of dy(z,y) in (1.11) we have
d+1 d (LI} y)
1-— Z VTy; = 1 — cosdry(x,y) = 2sin? TT’ ~ dr(z,y)?
i=1
and hence
(3.11)
d+1 d+1 d+1
1_Z(u T y _I_Z\/xzyz"‘z 1_uz VEiYi ~ d’JI‘ l‘ y +Z 1_Uz VLilYi-
=1
Consequently,

(3.12) eXp{—w}Sexp{ Q}ﬁexp{ M}

cot c't
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and
1 —z(u;2,y) dr(2,9)>\ 11 (1 —wi) /Ty
(3.13) exp{ h cjt } = exp{ ot } 11;[1 exp{ - 't }
For z,y € [0,1] and k > 0, denote
1 1— Vet
(3.14) A(k;z,y) = /i/ exp{ - %}(1 — )" du,
0 C
where ¢ > 0 is a constant. We claim that for any 0 < e <1
(3.15)
2
cotlt] d+1 ot exp {EL(?y) }

H At /ﬁaxuyz S

[T (s + )72 (s o+ t)e/2 = T ot 0 2+ )2

where ¢® > 0 depends on €.
Assume for a moment that the inequalities (3.15) are valid. Then by (3.9), (3.12),
and the right-hand side inequality in (3.15) we obtain

d 2 t\fc|eX e\ @y)” dr(z,y)* Z/)
ePr(ay) < tlﬁ\%ﬂ eXp{ - T(a:/’ty) } d+1 f/{z d+1 } r0i /2
¢ [[2) (e + 1)/ 2 [T (g + 1)
cexp{ — 7dT(2i}?)2

T [Vale, VO Va(y, VO]

Here we used that A = |k| + (d — 1)/2, and Vp(z, 1) = t%/? Hfill(xz +¢)% and the
similar expression for Vi(y, v/t), which follow by (1.13). We also used the right-
hand side estimate in (3.15) with ¢ = (2¢/)~!. The above inequalities yields the
upper bound estimate in (1.16). One similarly shows that (3.10), (3.13), and the
left-hand side inequality in (3.15) imply the lower bound estimate in (1.16).

It remains to prove the estimates in (3.15). We first focus on the lower bound
estimate in (3.15). If \/zy/t <1, then exp { — (- u)r} > ¢’ > 0 and hence

A(rsz,y) = ¢ = d(t//zy)"
Assume /zy/t > 1. Then applying the substitution v = % we obtain
tl{ \/@/t tl{ 1 /tli
Ag(ks2,y) = 7/ e Ve ldy > / e~y lgy = _©
(vVzy)™ Jo (vzy)* Jo

Thus in both cases

At(’(‘:;xa y) Z

dth S dth
(VEg)™ — (w4 1) (y + 1)/
which yields the lower bound estimate in (3.15).

We now prove the upper bound estimate in (3.15). Clearly exp { — %} <1
and hence A;(k;x,y) < ¢’. On the other hand, from above it follows that

( ) t/’i oo 1)/0 1 c/lt/@
Ai(k;z,y Si/ e Y de = .

(vzy)* Jo (Vzy)"
Together, these two estimates yield

*tl{

Ap(w;2,y) < Wa



GAUSSIAN BOUNDS FOR HEAT KERNELS ON THE BALL AND SIMPLEX 13

implying
I -
(316) At("{i; T, yl) S d+1 Kq ®
i=1 [T (VEwi +1)

To show that this leads to the desired upper bound estimate, we need the following
simple inequality (see [6, (2.50)])

VE = il < dn(wy), i=1,...,d+1, zyeT
This along with (2.22) implies

(Vi + V1) (Vi + Vi) <C(m+t>(l+w>’

which leads to

d+1 d+1
H(Iz + )52 (y; + t)“"/2 ~ H (\/E—i— \/SUT)HZ (\/i-I- \/?Z)M
o vy de(z,y)\ A
< CE (Vayi +1) '(1 + T(ﬁy))
fass — Ki dT(m7y)2
< c(e) H (Vriy; +1)"" exp {5|/@\7t }

Here for the last inequality we used (2.24) with p = |k|. Together, the above and
(3.16) yield the upper bound estimate in (3.15).

We now consider the case when one or more k; = 0, 1 < ¢ < n+ 1. In this
case, the kernel representation (3.3) holds under the limit. If x; = 0, then the
integral over w; in (3.4) is replaced by the average of point evaluations at u; = 1
and u; = —1. It is easy to see that all deductions that lead to (3.15) are still valid
with the realization that (3.14) holds under the limit

1
1 — ) /TT
lim Ai(k;z,y) = lim n/ exp{ - w}(lfu)’“ldu: 1.
0

K—0+ k—0+ ct

This completes the proof. [
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