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GERARD KERKYACHARIAN, PENCHO PETRUSHEV, AND YUAN XU

ABSTRACT. The aim of this article is to establish two-sided Gaussian bounds
for the heat kernels on the unit ball and simplex in R™, and in particular on
the interval, generated by classical differential operators whose eigenfunctions
are algebraic polynomials. To this end we develop a general method that
employs the natural relation of such operators with weighted Laplace operators
on suitable subsets of Riemannian manifolds and the existing general results
on heat kernels. Our general scheme allows to consider heat kernels in the
weighted cases on the interval, ball, and simplex with parameters in the full
range.
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1. INTRODUCTION

We establish two-sided Gaussian bounds for the heat kernels generated by classi-
cal differential operators in weighted cases on the unit ball and simplex in R™ and,
in particular on the interval, whose eigenfunctions are algebraic polynomials. One
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2 G. KERKYACHARIAN, P. PETRUSHEV, AND Y. XU

of our principle examples is the operator
n n n n
(1Y) L= 07 =) ) ww;0:0; — (n+27) > xidi, ~v>-1/2,
i=1 i=1 j=1 i=1

on the unit ball B* ¢ R™ equipped with the measure du(z) := (1 — ||z||?)Y~'/2dx
and the distance

p(x,y) = arccos (z -y + /1 — [z 2y/1 = ly|?),
where z - y is the inner product of z,y € R™ and ||z|| is the Euclidean norm of z.
As will be seen the operator L is symmetric and —L is positive.

Denote by V. the set of all algebraic polynomials of degree k that are orthogonal
in L?(B", 1) to lower degree polynomials and let Vo be the set of all constants. As
is well known (see e.g. [5, §2.3.2]) Vi, k = 0,1,..., are eigenspaces of the operator
L, namely,

LP = —\,P, VP eV, where \; :=k(k+n+2y—1).

Let Py(x,y) be the kernel of the orthogonal projector onto V. Then the semigroup
el t > 0, generated by L has a (heat) kernel e'*(x,%) of the form

o0
wy) =D e M P(a,y).
k=0

We establish two-sided Gaussian bounds on e*Z(z,y) of the form:

2
c1 eXp{_%} i cz exp{— 277

72 S z,y) < 12
[V (@, VOV (y, VD) [V(z, VOV (y,V1)]

Here V(z,r) := pu(B(x,r)) is the volume of the ball B(z,r) centered at = of radius r.
It is important to point out that in the literature the parameter v in (1.1) is
invariably restricted to v > 0. Our method allows to operate in the full range
v > —1/2.

We obtain a similar result on the simplex T := {m eR™:xz; > 0,]z] < 1},
lz| == >, x;, with weight [];", xfi_l/z(l — ||y 112 g > —1/2, and as a
consequence for the Jacobi heat kernel on [—1,1] with weight (1 — z)*(1 + x)”,
a, > —1.

Note that two-sided Gaussian bounds for the Jacobi heat kernel are also estab-
lished in [2, Theorem 7.2]. In [21] Nowak and Sjogren obtained this result in the
case when «, 8 > —1/2 via a direct method using special functions.

In [15] we derived two-sided Gaussian bounds for the heat kernels on the ball
and simplex as in (1.2) from the Jacobi case under the restrictions v > 0 for the
ball and x; > 0 for the simplex.

To prove our results on the ball and simplex we first develop a general method
that employs the natural relation between differential operators on open relatively
compact subsets of R™ whose eigenfunctions are algebraic polynomials and weighted
Laplace operators on respective subsets of Riemannian manifolds and then utilize
existing results on two-sided Gaussian bounds for heat kernels on manifolds. Our
development heavily relies on a general result of Gyrya and Saloff-Coste from [12]
on the heat kernel in Harnack-type Dirichlet spaces with Neumann boundary con-
ditions in inner uniform domains. We apply the result from [12] in the particular

plzy)® }

(1.2)
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case of a bilinear Dirichlet form generated by weighted Laplacian on an open rela-
tively compact convex subset of a “good” Riemannian manifold. In the process we
establish some basic properties of convex subsets of Riemannian manifods. In par-
ticular, we show that any open relatively compact convex subset of a Riemannian
manifold is an inner uniform domain. As a result we establish Gaussian bounds on
the related heat kernels just as in (1.2)

A crucial step in this undertaking is to show that the classical differential opera-
tors of interest on the ball or simplex whose eigenfunctions are algebraic polynomials
are naturally related through charts to weighted Laplace operators on appropriate
subsets of the unit sphere in R**!, considered as a Riemannian manifold. This
intimate relation enables us to deploy our general result and show that an operator
L like these is essentially self-adjoint and —L is positive, and more importantly that
the associated semigroup e'X has a (heat) kernel with two-sided Gaussian bounds
as in (1.2).

It is an open problem to identify other particular settings where the utilization
of our method can produce Gaussian bounds for the respective heat kernels.

The two-sided Gaussian bounds on heat kernels have a great deal of applications
in Harmonic Analysis, PDEs, Probability, and elsewhere. For example, as is shown
in [2, 14] they allow to develop the theory of Besov and Triebel-Lizorkin spaces with
complete range of indices in the setting of Dirichlet spaces with doubling measure
and local Poincaré inequality. The Gaussian heat kernel estimates from this article
imply that the results from [2, 14] generalize the ones on the interval, ball, and
simplex from [22, 23, 18, 19, 13]. Furthermore, these results break new ground
in allowing to extend all results from [22, 23, 18, 19, 13] to the full range of the
parameters of the weights.

An interesting specific consequence of the upper Gaussian bound on heat kernels
is the finite speed propagation property, which plays an important role e.g. in the
development of smooth functional calculus in [14]. This important property is not
well known for the interval, ball or simplex. We state it on the ball in §3. This
property is essentially used in [17] for the construction of frames on the ball with
small shrinking supports.

The organization of the paper is as follows. In §2 we develop our general method
for establishing two-sided Gaussian bounds for heat kernels associated with differen-
tial operators that are realizations of weighted Laplace operators on suitable charts
of Riemannian manifolds. This include the presentation of the need result by Gyrya
and Saloff-Coste [12] in the specific case of Riemannian manifolds, establishment
of basic properties of convex subsets of Riemannian manifolds, development of our
setting, and the proof of the main result. In §3 we apply our general result from §2
to obtain two-sided Gaussian bounds for the weighted heat kernel on the unit ball
in R™. We also present some consequences of this result. In §4 we obtain two-sided
Gaussian bounds on the weighted heat kernel on the simplex in R™. Finally, in §5
we derive Gaussian bounds for the Jacobi heat kernel from the case of the simplex.

Notation: The following notation will be useful aAb := min{a, b}, aVb := max{a,b}.
Positive constants will be denoted by ¢, ¢, cg,c1,... and they may very at every
occurrence; a ~ b will stand for ¢; < a/b < ¢o. Most constants will depend on some
parameters that will be clear from the context.

In this article all functions that we deal with are assumed to be real-valued.
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2. GENERAL RESULT ON HEAT KERNELS WITH (FAUSSIAN BOUNDS

In this section we develop our idea for establishing two-sided Gaussian bounds
on heat kernels generated by operators that are realizations of weighted Laplace
operators in local coordinates on suitable charts of Riemannian manifolds.

2.1. Heat kernel on Riemannian manifolds and their open convex subsets.
As was explained in the introduction it will be critical for our development that
the operator L of interest is a realization of a weighted Laplace operator in local
coordinates on a suitable chart of a Riemanian manifold. In this section we collect
all facts that we need on Riemannian manifolds. We refer the reader to [11] for
details.

2.1.1. Heat kernel on Riemannian manifolds. Assume that M is a complete n-
dimensional Riemannian manifold and let v be the Riemannian measure. As usual
the distance on M will be the geodesic distance d(-,-) on M. We denote by V(x,r)
the volume of the ball of radius r > 0 centered at x € M, that is,

V(z,r) :=v(B(z,r)), B(z,r):={yeM:d(y,z)<r}.

As usual we denote by T, M the tangent space of M at x and by T M its dual.
Set TM := U, T, M. We denote by g(x)(-,-) the Riemannian metric tensor. This
is a symmetric positive definite bilinear form on T, M that depends smoothly on
x € M. Then

(2.1) &g =g@)(&mn), &nel.M,

is an inner product on T, M. Denote €|y := 1/(£,&)q-
Denote by C(M) be the space of continuous functions on M and by C.(M) the
space of all functions f € C'(M) with compact support. Also, denote

(2.2) D(M) := C=(M) N C.(M).

Further, we denote by 80" (M) the space of smooth vector fields ¥ € TM and by
B(M) the space of all ¥ € C'*°(M) with compact support.

The gradient and divergence operators will be denoted by V and div. As is well
known V : C*®(M) — C°°(M) and div : 80"(M) — C°°(M). The divergence
theorem [11, Theorem 3.14] asserts that for any vector field ¢ € C'*°(M) there
exists a unique function divd € C*° (M) such that

(2.3) / udiv vdy = 7/ (U, Vuygdv, Yu e D(M).
M M

This identity also holds if u € C*°(M) and ¢ € B(M) (see [11, Corollary 3.15]).
The Laplace (or Laplace-Beltrami) operator A on M is defined by

Af =div(Vf), feC>®(M).
Identity (2.3) yields the following Green’s formula: If f,h € C°(M) and f € D(M)
or h € D(M), then

(2.4) /M FfAhdy = — /M<v £, V) gdv = /M hAfdu.

Self-adjoint extensions of the Laplace operator. We next consider the Dirich-
let and Neumann extensions of the Laplace operator A on M.
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We first introduce the adjoint operator A* of A. We consider the operator A
defined on D(M) that is dense in L?(M,v). The domain D(A*) of A* is defined
as the set of all f € L?(M,v) for which there exists h € L?(M,v) such that

FAOdy = / hédv, V0 € D(M).
M M

For each f € D(A*) one defines A*f := h. By (2.4) it readily follow that A is
symmetric and —A is positive. Therefore, the adjoint operator A* is closed and
A C A*.

Dirichlet Laplacian AP. We introduce the quadratic form

EP(f,h) ::/ (Vf,Vh),dv with domain D(EP) :=D(M)
M

and associated norm
IFIED = IFI1Z2 + EP (£, 1)-
It is not hard to see that £P is closable. We denote by EP the closure of £P and
by WP = D(EP) its domain.
Further, we define the domain of the Dirichlet Laplacian by
D(AP) = {f e WP : |EP(£,0)| < c[|f] 2, ¥0 € D(M)}

and define AP f for f € D(AP) from the identity
(2.5) / (AP £)0dp = —ED(f,6), V0 € D(M).
M
In other words
D(AP) := D(ED)ND(A*) and APf:=A*f, Vfe DADP).

The point is that AP is a self-adjoint (Friedrichs) extension of A.
Neumann Laplacian AY. We now consider the quadratic form

N L v
EN(f.h) = /M<Vf, Vhy,d

with domain D(EN) := {f e LA (M)NC®(M): [,,|Vfl2dv < oo} and associated
norm

1712 = 1713 + V(7 £)-
It is easy to see that &N is closable. We denote by £V the closure of £V and by
WH = D(EN) its domain.
Similarly as above, we define the domain of the Neumann Laplacian AN by
D(AN) := {f e WN 1 [EP(£,6)| < c[|f]| .2, VO € D(M)}
and define AV from the identity

(2.6) /M(AN f)du = —EN(f,0), VYD(AN), v € D(M).

It is important that AY is a self-adjoint extension of A. For more details, see [6].

From our assumption that the Riemannian manifold M is complete it follows
that

(2.7) WP =W and, therefore, AP =AY,
see [11], Chapter 11.
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Remark 2.1. Using the terminology from [12] we can claim that (EN,WN) is a
strictly local reqular Dirichlet form. Hence, the associated semi-group etAN, t>0,
is a sub-Markovian strongly continuous semi-group.

Fundamental assumption. We will stipulate two key conditions on the Rie-
mannian manifold (M, d, v) we deal with:

(a) The volume doubling condition: There exists a constant ¢g > 0 such that
(2.8) V(z,2r) < coV(x,r), Yaxe M, VYr>D0.

(b) Poincaré inequality: There exists a constant Py > 0 such that
(2.9) / |f — fB|?dv < P0r2/ IVfl2dv, VfeDM), Yo e M,Vr>0,
B(z,r) B(z,r)

where fg :=V(x,r) fB( o fdv.
As is well known (see [10, 24] and also [25]) conditions (a)-(b) are equivalent to
two-sided Gaussian bounds on the heat kernel: etAN, t > 0, is an integral operator

with kernel etA" (z,y) such that for any z,y € M and t > 0

d(z,y)?
¢ exp{—%}

<e
V(2 VOV (g, vD]Y?

Here ¢y, c2,c3,c4 > 0 are constants.

tAN( ) < C3 exp{ c:f;) }

(2.10) < -
[V (z, V)V (y, V1)]

2.1.2. Weighted Laplace operator in chart of Riemannian manifold. We adhere to
the setting and notation introduced in the previous subsection. In addition, we
assume that M C R™ and the Riemannian metric on M is induced by the inner
product on R™. It will be convenient to us to use the notation y = (y1,...,ym) for
points on M C R™ and v = (v!,...,v™) for vectors in the tangent space T}, M.

Our goal is to show how two-sided Gaussian bounds can be obtained in the case
of a heat kernel generated by weighted Laplace operator A,, on an open relatively
compact subset U of M.

Assume that (U, ¢) is a chart on M, where U is a connected open relatively
compact subset of M such that ¢ maps diffeomorphically U onto V', where V' C R™.

It will be convenient to work with the map ¢ := ¢~ !. Thus ¢: V — U is a O
bijection and in “local coordinates”

d(z) = ($1(2),..., ¢m(x)) €U CR™, VzeV CR™
The Riemannian tensor g(z) = (gi;(x)) can be represented by

(2.11) g(z)ij = (9i6(),d; Zem Ojn(x), zeV,1<ij<n.

As usual we shall denote by g~ !(z) = (g” (x)) the inverse of g(z).
A particular case of a simple but useful map ¢ is considered in the following

Proposition 2.2. In the setting from above, assume that the map ¢ : V — U,
V Cc R, U C R, is of the form

d(x) = (21,29, ..., 2Tn,¥(T)).
Then gij(x) = 0ij + Oih(x)0;(x),
. Oyp(x)0;1h(x)
2.12 (x) = 52 - J 5
(2.12) 9" (x) = 0y L+, |00)(x)|?
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and

(2.13) det g(z) =1+ Z |0p) (2

Proof. Denote F; := 9;1(x) and consider F := (Fy,...,F,)T as a vector in R".
Assume F # 0. By (2.11) it readily follows that g;;(x) = 0;; + 9;¢(x)0;% () and
hence g(z) = Id + FFT. Denote P := ||[F||"2FFT. Clearly, P is the matrix of
the orthogonal projector onto the one dimensional space spanned by F, that is,
PF = F and PV =0if V L F. Hence P? = P. It is easy to see that for any

a#—1

(Id + aP) (Id - 1%!13) =1d and hence (Id+aP)~' =1d — —

14+«

P.

With o = ||F||? this implies (2.12).
Clearly, (Id4+aP)F = (14+«)F and (Id4+aP)V =V for every V L F. Therefore,

det(Id + aP) = 1 + « the product of the eigenvalues, which yields (2.13). O
The Riemannian measure on U C M is dv = \/det g(x)dz, and we have

(2.14) | i) = | st vastgtod.

In what follows we shall use the abbreviated notation

(2.15) f(z) = fod(x) = f(d(x)).

For any f € C*°(U) the gradient Vf(y) € T,M at y = ¢(x) is a vector in R"
with components

(2.16) (Vi) = Zg”(x)ajf(xh 1<i<n,
and
(2.17) (Vf(y) Z g (x d;h(x).

Hence [Vf(y)[; = (Vf(y), V.f(1))g-
In the chart (U, ¢~!) from above the divergence operator div (see [11, Theo-
rem 3.14]) takes the form

(2.18) div o = mZak det go*), 7= (v',...,0").
As before the Laplace operator is defined by
(2.19) Af =div(Vf).
Weights. We assume that w > 0 is a C*°(U) weight function such that
(2.20) / wdy = / w(p(z))y/det g(z)dx < oo.
U v
Denote
(2.21) w(x) :=w(p(x))y/det g(z) = w(x)y/det g(x), x €V,

where just as in (2.15) w(z) := w(4(x)). Hence, changing the variables leads to

(2.22) /U Fyw(y)dv(y) = /V Flayi(e)ds
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We define the weighted measure dv,, on U by

(2.23) dvy, = wdv.

The weighted divergence and Laplacian are defined by (see [11], § 3.6)
(2.24) div,, U := é div(w?)

and

(2.25) Ay fi=div, (Vf) = %div(wVf), fec=).

In local coordinates the weighted Laplacian takes the form

Aufly) = W Za |Vdetg(a) Zg” f@]

Za log [/t glaVin(a §_; 2+ Y03 @]

(2.26) Zg” )80, f + Z Zaig”
v z 5 0010 [Vt gn(e)])9,F

where w(z) := w(¢(z)), y = ¢(z), x € V. We shall denote by A, f(x) the operator
in the right-hand side of (2.26), i.e. we have

(227) Awf(y) = Awf(x)a Y= (b($), zeV.

Denote by C(U) the space of continuous functions on U and by C.(U) the space
of all functions f € C(M) with compact support contained in U. Also, denote

(2.28) D(U) := C=(U) N Co(U)

Further, we denote by 80"(U ) the space of smooth vector fields #(z) € T, U and
by B(U) the space of all ¥ € C*°(U) with compact support, contained in U.

The weighted divergence theorem [11, (3.42)] takes the form: If w € D(U) and
e C°(U) or ue C®(U) and 7 € D(U), then

(2.29) /udivw Udv,, = —/(17, V) dvy,.
U U

Green’s formula remains valid [11, (3.43)]: If f,h € C>®(U) and f € D(U) or
h € D(U), then

(2.30) /U FAhdvy = — /U (VF,Vh)gdvy, = /U WAy fdv,.

Neumann extension of the weighted Laplace operator. We next describe
the Neumann self-adjoint extension AY of the weighted Laplace operator A,, on U.
We consider the operator A,, with domain D(U) (see (2.27)-(2.28)) that is dense
in L?(U,v,). We denote by A the adjoint of the operator A,. By (2.30) it
readily follow that A, is symmetric and —A,, is positive. Therefore, A is a closed
operator and A,, C A%
It is readily seen that if f € D(A%)NC>®(U), then AL f = A, f.
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To define the Neumann extension AY of A,, we introduce a quadratic form £V
with domain

DN = {f € LU, v,) NC>®(U) : /U IV f2dv, < oo},
defined by
EN(f h) = / (Vf,Vh),dv,, fheDEY).
We also introduce the associateg norm
12y = 1fl72 + EJ(f, f), e DEY).

We next show that the symmetric quadratic form £ is closable. Indeed, let

{fx} € D(EYN) be such that ||fi]2 = 0 and Vfx — H in BQ(U, V). Then by
(2.29)

/(ka,17>gdyw - —/ i divy Tdvy, V€ D(U).
U U

From this and the above assumptions it readily follows that fU<ﬁ , V) gdvy, = 0 for

all v € ﬁ(U ), which implies H =0. Clearly, the above implies that every Cauchy
sequence in D(EY) is convergent. Therefore, Y is closable.

We denote by EN the closure of £ and by W2 := D(EN) its domain.
Denote

(2.31) Hy = {f € L*(U,v,) NC®(U)NL>(U) : [V flg € L*(U,vy)}.
Proposition 2.3. The set H,, is a dense subspace of WY and an algebra.
Proof. Let f € D(EY). Choose &, € C*°(R) so that
0<®, <1, Py(z)==x, Vzel[-kk], and |Py|pr~ <Fk-+1.
By the chain rule V(®4(f)) = ®.(f)Vf and hence ®y(f) € H,. Furthermore, it

is readily seen that

/ 1 — B (f) 2wy + / VF — V() v
U U
- / 1 — @ ()P + / Vf — & ())V()|2dr — 0.
M M

Therefore, H,, is dense in D(E) and hence in W)

To show that H,, is an algebra, assume f,g € H. As f,g € L?>(U, ) NL>®(U)
it follows that fg € L*(U,v,) N L*(U). On the other hand by the product rule
V(fg) = fV(g) + gV (f) and hence |V(fg)|, € L*(U,vy). Therefore, H,, is an
algebra. O

Definition 2.4. We define the domain of the Neumann extension AL of the
weighted Laplacian A, by

(2.32) D(AY) = {f e W - [EN(£,0)] < clf]2, V0 € DU},
and for any f € D(AY) we define AN f from

(2.33) /U OAN fdv, = —EN(f,0), VO € D).
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Proposition 2.5. The operator AY is self-adjoint and

(2.34) A, Cc AN cAx.
Moreover,
(2.35) D(AY) .= Wl nD(AY).

Proof. From the general theory of positive symmetric quadratic forms (see e.g. [6,
§1.3]) it follows that AY is self-adjoint, i.e. (AN)* = AN Also it is easy to se that
A, C AN, Hence, AY = (AN)* ¢ Az, Thus (2.34) is valid.

We now prove (2.35). Clearly, (2.34) implies D(AY) ¢ W2 N D(A%). Let
f e WY N D(AZ). Then there exits {fi} C D(EY) such that fr — f in L*(U,vy)
and EN(fr,0) — EN(fx,0), V0 € D(U). From this it follows that for any 6 € D(U)

EN(f,0) = lim EN(f,0) = lim /<ka,e>gdyw
n—oo n—oo U

= — lim feAL0dr, = —/ fALOdy, = —/ OAY fdv,,
where we used (2.30). From above and (2.33) we infer that A¥ f = AN f which
implies f € D(ALY). The proof of (2.35) is complete. O

2.1.3. The theory of Gyrya and Saloff-Coste. The proof of our main result in this
section (Theorem 2.10) will rely on a result of Gyrya and Saloff-Coste from [12].
To state this result we need the definition of an inner uniform domain, which we
adapt to the case of Riemannian manifolds.

Definition 2.6. Let U be an open connected subset of a Riemannian manifold
(M,d,v). The intrinsic distance dy(-,-) is defined by

(2.36) du(y, yx) 7= nf {(y) 1 7 :[0,1] = U,7(0) = y,7(1) = vs },

where the curve v is continuous and rectifiable and £(~) is its length.

We say that U is an inner uniform domain if there exist constants C,c > 0 such
that for any y,ys € U there exists a rectifiable curve v : [0,1] — U connecting y
and yy of length < Cdy (y,ys) such that

dy(z,0U) > cdy (y, 2) Ndu(z,ys), Yz €~([0,1]).

Remark 2.7. Observe that if U is convex then the intrinsic distance dy(-,-) is
simply the geodesic distance inherited from M. One of the important points in this
paper is that every open convex relatively compact subset of M is an inner uniform
domain in the sense of Definition 2.6. This fact (and more) will be established in
Theorem 2.11 below.

We are now prepared to state the result of Gyrya and Saloff-Coste [12, Theo-
rem 3.34].

Theorem 2.8. Let (M,d,v) be a complete Riemannian manifold, where the dou-
bling property of the measure (2.8) and the local Poincaré inequality (2.9) are ver-
ified. Let U C M be an inner uniform domain in the sense of Definition 2.6.
Let dy (-, -) be the intrinsic distance on U extended continuously to U (see (2.36)).
Denote By (y,7) :=={y, € U : du(y,y«) < r}.



GAUSSIAN BOUNDS FOR HEAT KERNELS ON THE BALL AND SIMPLEX 11

Further, assume that w € C*°(U) is a weight function such that w(y) >0 on U,
and there exist constants ¢ > 0 and N > 1 such that
(2.37)

sup  w(ys) <c inf  w(y.), Yy €U,Vr>0 so that dy(y,dU) > Nr.
y«€Bu (y,r) Yy« €Bu (y,7)

Set dv,, := wdv.
Assume also that there exists a constant cg > 0 such that
(238) VU,w(yv QT) S COVU,w (y,r), Vy € U7 Vr > 07

where Vi w(y, 1) := vy (Bu(y,r)).

Let AN be the Neumann estension of the weighted Laplacian A, from Defini-
tion 2.4 and let etA'IuY, t >0, be the semi-group generated by AN .

Then the respective local Poincaré inequality is verified and as a consequence
etAu s an integral operator with (heat) kernel ety (x,y) possessing two-sided
Gaussian bounds, i.e. there exist constants ci,ca,c3,cq4 > 0 such that for x,y € U
andt >0

du (z,y)* du (z,y)®
c1exp{— oot N c3 exp{— o

iz S e (w,y) <
[VU,w ($7 \/{‘:)VU,U) (y, \/i)] [VU,w ($7 \/i)BU,w(ya \/g)]

2.2. Setting and main result. Our setting contains two distinctive but closely
interconnected parts:

(i) It will be assumed that there exists a symmetric differential operator L acting
on functions defined on a relatively compact open subset V' C R™ with polynomial
eigenfunctions.

(ii) It will be also assumed that the operator L is a realization in local coordinates
of a weighted Laplace operator A, acting on functions defined on a relatively
compact open convex subset U of a complete Riemannian manifold M for which
the doubling property and the Poincaré inequality are verified. The role of the
second, geometric part, of our assumption will be critical.

We next present the details of our setting.

(2.39)

172"

Differential operator preserving polynomials on open set in R"”. Assume
that V' C R"™ is a connected open set in R” with the properties:

(1) X :=V is compact,

(2) X =V, and

(3) X\ V is of Lebesgue measure 0.
Denote by Py, := Py (V) the set of all real algebraic polynomials of degree < k in n
variables, restriction to V, and set P = P(V) := Uk>0P%-

Let L be a differential operator of the form -

n

ij=1

where a;; € Po(V) and b; € P;(V). We assume that the domain of the operator L

is D(L) :=P(V). Clearly,
(2.41) L(Py) C Py, Yk >0, and L1=0.
In addition, we assume that

(2.42) L(Py) = Py, Vk>1.
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We also introduce an underlying weighted space L?(V, 1), where

(2.43) dp(x) = w(x)dx, where we C°(V), w >0, and / w(x)dr < oo.

1%
Laplace operator in chart of Riemannian manifold. Assume (M,d,v) is an
n-dimensional complete Riemannian manifold (without boundary) and M C R™.
We also assume that the Riemannian metric on M is induced by the inner product
on R™. We adhere to the notation from §2.1.

We stipulate two conditions on (M, d,v):

(i) The volume doubling condition (2.8) is valid.

(ii) The Poincaré inequality (2.9) holds true.

As was alluded to in §2.1.1 as a consequence of these two conditions the (heat)
kernel etAN(m, y) of the semigroup etAY generated by the Neumann (or Dirichlet)
extension of the Laplacian A on M possesses two-sided Gaussian bounds (2.10).
Using the terminology from [12] (M, d,v) equipped with the quadratic form &V is
a Harnack-type Dirichlet space.

Further, just as in §2.1.2 we assume that (U, ) is a chart on M, where U is a
connected open relatively compact subset of M such that ¢ maps diffeomorphically
U onto V, where V C R" is the set from above. We set ¢ := ¢ ~!. As before, for
any function f on U we denote

(2.44) f(z) = f(()).

As in §2.1.2 we denote by g(z) = (gi;(x)) the Riemannian tensor (see (2.11))
and by ¢g7!(z) = (¢%(x)) its inverse.

Assume w > 0 is a C*°(U) weight function obeying (2.20) and compatible with
w from (2.43) in the following sense:

(2.45) w(z) = w(p(x))/det g(x) = w(x)y/det g(z), x €V,
where just as in (2.44) w(z) := w(P(x)). We set v, := wdv.
The weighted divergence div,, and Laplacian A,, are defined as in (2.24)-(2.26).

We denote Y :=U.

Distances and balls. We assume that the distance p(-,-) on V is induced by the
geodesic distance d(-,-) on U, that is,

(2.46) plx, ) == d(y,yx), Vr,z, €V with y:=¢(x), ys:= d(ay).
We denote Bys(a,r) :={y € M : d(a,y) < r} and for any a € Y set

(2.47) By (a,r):={y €Y :d(a,y) <r} =Y N By(a,r).

We also set

(2.48) Bx(b,r):={x e X :pb,x) <r}, beX.

We shall use the notation

(2.49) Vwy(y,r) :==vy(By(y,r)) and Vx(z,r):= p(Bx(z,7)).

Polynomials. As we have already alluded to above, Py := 75k(V) stands for the
set of real algebraic polynomials of degree < k in n variables, restricted to V', and

P=PV):= Ukzoﬁk- We now let
(2.50)  Pu(U):={f € C™(U): f € Pu(V)} andset P(U):=UpzoPr(U).
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Basic conditions. Our further assumptions are as follows:

CO0. The operator L from (2.40) is the weighted Laplacian A, on U in local
coordinates (see (2.26)), i.e.

Zg” )00 h+z Z@lg”
(2.51) + Z Zg” )0;log [v/det g(z)w(z)])0;h, z €V,

or using the notation from (2.27) we have Lf(x) = A, f(z), z € V.

C1. The set U is a convex subset of M, that is, for any points y,y, € U there
exists a minimizing geodesic line v C U that connects y and y,.

C2. (Doubling property) There exists a constant ¢y > 0 such that
(2.52) Vyw(y,2r) < coVyw(y,r), Yyey,vVr>0,
or equivalently
(2.53) Vx(x,2r) < c¢oVx(z,r), VYae X, Vr>D0.

Here Vy (y,7) and Vx (z,r) are the weighted volumes of balls, defined in (2.49).
C3. There exist constants ¢ > 0 and IV > 1 such that

(254)  sup  w(y)<c inf w(y), VyeU,Vr>0 st. d(y,dU) > Nr
y'€By (y,7) y'€By (y,r)

or equivalently
(2.55)
sup w(z')<c inf w(2'), VexeV,Vr>0 st. p(xz,0V)> Nr.
z'€Bx (z,r) z'€Bx (z,m)
C4. (Green’s theorem) For any f € P(U) and h € L*>®°(U) N C*>°(U) such
that [, [Vh|2dv, < oo this identity holds

(2.56) /UhAwdew =— /U<Vf7Vh)>ngw, (recall dvy, := wdv).

From (2.26) and (2.51) it follows that for any f € P(U) we have A, f(y) = Lf(z)
with y = ¢(x), x € V. This coupled with the change of variables identity (2.22)
leads to

/hAwfduw:/ hLfdu, Yf hePU).
U 1%

In turn this and (2.56) yield that the operator L is symmetric and —L is positive,
i.e.

(2.57) /thdu:/vahdu and —/Vfoduzo, Vf,heP(V),

Let Vk = Vk( ) be the orthogonal compliment in L?(X, ) of Pr_1 to Pi. Thus
Pr = Pk 1 @Vk By (2.42) L(P}) = Py. Hence, due to the symmetry of L we
have L(Vk) Vi. Since V, is finite dimensional by the classical theory of symmetric
operators on finite dimensional Hilbert spaces, there exists an orthonormal basis
{Py; : j = 1,...,dimV};} of V, consisting of real-valued eigenfunctions (hence
polynomials) of L.
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C5. We assume that there exist eigenvalues 0 = \g < A\; < --- such that
(2.58) LPyj = —MPyj, j=1,....,dimVy, k=0,1,....
Heat kernel. With the assumptions from above it is clear that

Py(z,y) : Zpkj z)Pii(y), zy€V,

is the kernel of the orthogonal projector onto Vi.. Then the semigroup e*’, t > 0,
is an integral operator with (heat) kernel e'X(x,y) of the form

(2.59) el (x,y) = Ze_/\’“t}—:’k(;v,y).

Remark 2.9. (a) Observe that the assumption (2.41) is equivalent to requiring
g9 (x) € 752(V), Vi,j, and Zg” )O; log[ detg(m)u?(x)] € ’ﬁl(V), V5.

(b) It is important to pointed out that unlike in Green’s formula (2.30) in (2.56)
it is not assumed that f or h is compactly supported.

(¢) In the setting described above we stipulate for convenience that the operator
L maps polynomials to polynomials; this is the case in the particular settings on
the ball and simplex. However, this restriction can be relaxed by replacing the
polynomials with other families of functions in new settings that we anticipate to
occur.

Main general result. We now come to one of our principle results.

Theorem 2.10. In the setting described above assume that conditions CO — C5
are satisfied. Then the operator L from (2.40) is essentially self-adjoint and —L
is positive. Moreover, etf, t > 0, is an integral operator with kernel e'*(z,y) with
Gaussian upper and lower bounds, that is, there exist constants cy,co,c3,¢4 > 0
such that for any x,y € X andt >0

(2.60) c1 exp{— p(fﬁ) } Lz y) < czexp{—2 Pﬁ) }

<e .
172 = = 1/2
[V, VOV (3, VB [V (a, VOV (5, V)]
Proof. We shall carry out the proof of Theorem 2.10 in several steps.
We first observe that, in our current setting the hypotheses of Theorem 2.8 are
satisfied, in particular, the set U being convex, open and relatively compact is an
inner uniform domain (by Theorem 2.11). Therefore, ethu , t > 0, is an integral

operator with kernel etAu (z,y) with Gaussian upper and lower bounds: For any
z,yeUandt>0

d(z, 2 d(z 2
e W e

7z Setm(Ty) < 12
[Vy,w(l', \/i)VY,w (Z/7 \/%ﬂ [VY,w (aj, \/E)VY,w (y, \/i)]

Second, we claim that the operator L is essentially self-adjoint, that is, the
closure L of the symmetric operator L is self-adjoint. Indeed, clearly

D(L) = {f = Zakjpkj : arj € R, {ap;} compactly supported}7 and
k7j

(2.61)
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Lf = — E akj)\kpkj if f = E aijkj S D(L)
k,j J

We define L and D(L) by

oo dim Vy

D(L) := {f = Z Z akj Py : Z lax;|? < oo, Z lag; P2 < oo} and
k,j

k=0 j=1 k.j

Lf = — Zakj)\kpkj if f = Zakjpkj S D(L)
k,j k.j
One easily shows that L is the closure of L and that L is self-adjoint.
Third, consider the weighted Laplace operator A,,, defined in (2.25), with do-
main D(A,) := P(U). As already alluded to above (2.26) and condition CO imply
that for any f € P(U)

(2.62) Auf(y) = Lf(x), where y=d(z), f(z)=f(¢(x)).

Denote Py;(y) := Prj(¢~ ' (y)) and Py(y,y') := > Prej(y) Prj(y'). Since {Py;} is an
orthonormal basis for L?(X, ), then {Py;} is an orthonormal basis for L(Y,v,,)
and hence Py(y,3’) is the kernel of the orthogonal projector onto the orthogonal
compliment Vy, of Px_1 to Py in L?(Y,1,). Now, (2.58) and (2.62) yield

(2.63) AwPi; = —MePrj, j=1,...,dimV, k=0,1,....

Thus there is a complete analogy between the operators (L, P(X)) and (A, P(Y)).
As a consequence, (A, P(Y)) is positive and self-adjoint, that is, the closure Ay
of (Ay,P(Y)) in L%(Y, v,) is self-adjoint. Then the (heat) kernel e*®v (y,y’) of the

semi-group e*®» generated by A, takes the form
(2.64) B (y,y) = Z e ' P (y,y') and hence e®v(¢(z), d(2')) = e (x, 2").
k=0

Clearly, P(U) is dense in H.,, which in turn is dense in W2 (see Proposition 2.3),
and hence A,, C AY. This coupled with the fact that A,, and AY are self-adjoint
operators implies A,, = A and hence etBu = etAL, Therefore, the two-sided
Gaussian bounds in (2.61) hold for e'®w(z,y). This coupled with the right-hand
side identity in (2.64) and (2.46) implies (2.60). O

2.3. Open relatively compact convex subset of Riemannian manifold.
Here we establish some basic properties of open relatively compact convex subsets
of Riemannian manifolds. In particular, we show that every such set is an inner
uniform domain, which was an important ingredient for the proof of Theorem 2.10.

Theorem 2.11. Let (M,d,v) be an n-dimensional Riemannian manifold with dis-
tance d(-,-) and measure v. Let U be an open relatively compact subset of M that is
convex in the following sense: For any a,b € U there exists a minimizing geodesic
line v C U connecting a to b. Let Y := U be equipped with the induced metric
dy(-,-) == d(-,-) and measure vy = v. As usual for any a € Y and R > 0 the
ball By (a, R) in the metric space (Y,dy) is defined by By (a, R) :== Bpy(a, R)NY,
Buy(a,R) :={y € M :d(y,a) < R}. Then:
(a) There exist constants 0 < ¢1 < ca < 00 such that

(2.65) aR" <v(By(a,R)) <cR", Va€eY, 0< R <diam(Y).
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b

c

(b) If I OU :=Y \ U is the boundary of U, then v(oU) = vy (0U) = 0.
(o) Y=U.

(d) There exist constants ¢, C > 0 such that for any a,b € U there exists a curve
v C U connecting a and b such that £(v) < Cdy (a,b) and

(2.66) d(z,U°) > cd(z,a) Nd(z,b), Vzer,

i.e. U is an inner uniform domain in the sense of Definition 2.6. Here £(v) stands
for the length of ~y.

2.3.1. Facts from Riemannian geometry. Here we collect some basic facts from the
theory of Riemannian manifolds that will be needed for the proof of Theorem 2.11.
We refer the reader to [20], [16], [1] for more details.

Normal neighbourhood. Let (M,d,v) be an n-dimensional Riemannian mani-
fold. We shall denote by |7, the norm of ¥ € TM and by ||Z|| the Euclidean norm
of z € R™.

We denote by Exp the exponential map on M. As is well known for any a € M
there exists a constant R, > 0 (the injectivity radius) such that Exp, maps diffeo-
morphically the Euclidian ball B(0, R,) C R™ onto Bj(a, R,) and homeomorphi-
cally B(0, R,) onto Bys(a, R,). Furthermore,

(2.67) Exp,0=a, Exp,(B(0,R))= By(a,R) for 0 < R < R,.

We shall term By (a, R,) the normal neighbourhood of a € M. Recall the following
fundamental properties of Exp,: For any £ € R" with Euclidean norm [|£]] < R,
the curve

R,
{Expa(tg) eM: |t < m}

is geodesic, and if — ng <t <t < ﬁ”, then {Exp,(s§) € M : s € [t,t']} is the

unique minimizing geodesic line connecting y := Exp,, (t£) and 3’ := Exp, (&), and

d(y,y") = (¢ = D]l
We shall denote by g%(u) := (gf;(u)) the metric tensor at u in the Exp, chart

(BM(a7Ra),Exp;1). Note that if ||u|| < R,, then

0<Ag(w) = inf Zg” )&l < 2 Zgu )& =1 Ag(u).
As u— Ag(u) and u — Aa(u) are continuous, by compactness, we have
(2.68) 0< A= inf Ag(u) < sup Ag(u) = A, < 0.
ul<r lul<r

As g*(0) =Id we have 0 < A\, <1 < A, < 0.

Lemma 2.12. Let a € M and assume Exp,, Ra, Aa, and A, are as above. Then:
(1) For any measurable function f : Bar(a, Rq) — Ry we have, using the notation

F(@) = f(Exp,(2)),
(2.69) (M\o)2 /B(o . f(@dz < /BM(a . fl@)dv(z) < (Aa)ﬁ/ f(@)dz.
In particular, for any 0 < R < R,

Wn—1 ()\ )%Rn < V(BJW((I,R)) <

(270) n a = >~ n z -1 = W
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() If z,5 € B(0,R,) and x := Exp, Z, y := Exp, ¥, then x,y € By(a, R,) and

(2.71) Vallz =gl < d(z,y) < VAdz - 7).

Proof. Estimates (2.69) follow readily by the identity

[ st = [ fe) /g
By (a,Rq)

B(0,Ra.)
and the fact that

det g*(7) = H Ai(Z) € [Ag, Agls

where the \;(Z) are the eigenvalues of (gfj ().

We now prove part (ii). Let Z,5 € B(0,R,) and z := Exp, (%), y := Exp, (7).
Set ¥(t) :=tz + (1 — t)g and (¢) := Exp,(3(¢)). Then

d(z,y) /w )]yt = /wc—* SGO)E — gyt
gm/o Iz — glldt = v/Ba |z - 3.

For the estimate in the other direction, let v be a minimizing curve connecting x
and y and 5(t) = Exp, '(7(t)), 7(0) = Z, 7(1) = . Then similarly as above

1 1
da,y) = / I (0)]dt > /o / 12 — glldt = v/l — 3.

The above estimates yield (2.71). O

Lemma 2.13. Let Bys(a, R,) be the normal neighborhood of a € M (see above) and
0 < R<R,. Forz € By(a, Ry) we denote & = Exp, ' (x) and set x; := Exp, (tT).
Let U be an open convex subset of M. Let a € U and assume that for some r > 0
we have By (z,7) C U N By(a, R). Then

(2.72) B (z4,trqe) C U N By(a,tR), 0<t<1, where g, := \/\/2:2,
and

(2.73) d(x, U) > qqrd(z,a)/R, 0<t<1.

Above A\ and A, are from (2.68).

Proof. We begin with the following simple claims:

(2.74) B (z,v/A\ap) C Exp, (B(z,p)) if B(%,p) C B(0,R),

and

(2.75) Exp, (B(Z,p/V/Aa)) C Bu(z,p) if Bu(z,p) C Bola, R).

These two statements follow readily by (2.71). Indeed, let y € Bys(z,vAap), i.e
d(z,y) < vAqp. Then using (2.71) we get ||z — 3| < p, implying 4 € B(0, p).
Hence, y € Exp,(B(Z, p)), which implies (2.74). The proof of (2.75) is as simple.

We shall use the above to prove (2.72)-(2.73). From Bjs(z,r) C Ba(a, R),
applying (2.75) with p = r, it follows that Exp, (B(z,r/v/A4)) C Bu(a, R) and
hence B(Z,7/v/As) C B(0, R). We now use the geometry of R™ to obtain

B(tz,tr/\/A.) C B(0,tR), 0<t<1,
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and using (2.74) we get B (24, tr(vVAa/vVAa)) C Exp,(B(0,tR)) = By (0,tR).
On the other hand, using (2.75), we have B(Z,r/v/A,) C Exp, (B (z,7)). We
now use again the Euclidean geometry of R™ to conclude that

B(tz,tr/\/Aq) C {ty:0<t<1,5€ B(Z,r/vAd)}
c{ty:0<t<1,5€Bxp," (Bu(x,r))}.
However, for each § € Exp, '(Ba(x,7)) the curve {Exp,(tj) : 0 < t < 1} is a
geodesic line connecting a and y € By (x,r) C U and since U is convex this geodesic
line is contained in U. Hence, Exp,, (B (ti‘, tr/\/Aa)) C U. We now apply (2.74) to
conclude that By (x4, tr(vAa/vAa)) C Exp, (B(tZ,tr/v/Aq)) C U. Therefore,
By (w¢,trqs) C U N By(a, tR), 0<t<1.

This confirms (2.72). Now, (2.72) implies d(x¢,U¢) > trq,. But d(z¢,a) = td(z, a)
and hence

c d(xtv a)
eV 2 )

The proof of the lemma is complete. O

R%qa > qqrd(xs,a)/R.

Uniformisation. As is well known (see [1, Theorem 1.36]) R, is continuous as a
function of a € M, and the same is true for A\, and A, from (2.68). Then taking into
account that the set Y := U is compact leads to the conclusion that the following
quantities are well defined:

(2.76) Ry = min R, >0
(2.77) 0<A:=min), <1 <maxA, =: A < 0.
acY a€cY

Now, the following lemma is an immediate consequence of Lemmas 2.12, 2.13.

Lemma 2.14. (a) Ifa € M and 0 < R < Ry, then

Wn-1ym Wn—1 ,n 2rn/2
. X2 R" < < A2 R" ] = ————.
(2.78) SINER < v(Bu(a R) £ SARRY, wn = s
(b) If 2,5 € B(0, Ry) and x := Exp, Z, y := Exp, ¥, then x,y € By(a, Ry) and
(2.79) VA~ gl < d(z,y) < VAz ~g].

(¢) Let U be an open convex subset of M and0 < R < Ry. Leta € U and assume
that Bys(x,7) C U N Bys(a, R) for some r > 0. As before we denote & = Exp, ' (z)
and set x; := Exp,(¢tZ). Then

(2.80) By (mt,trq) CcUNBpy(a,tR), 0<t<1, where q:= ﬂ,
VA

and

(2.81) d(x,U) > qrd(zs,a)/R, 0<t<1.

We next derive from Lemma 2.14 the following

Lemma 2.15. Let U C M be an open conver set and a,b € U. Let 0 < R < Ry.
Assume Byr(a,r) C U N Bp(b,R) and Bp(b,r) C U N By(a, R) and let v(t),
0 <t <1, be a minimizing geodesic line connecting a to b. Then

(2.82) d(v(t),U¢) > qrd(a,b)/R, 0<t<1.
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Proof. Under the assumptions of the lemma let v(¢), 0 < ¢t < 1, be a minimizing

geodesic line connecting a to b, i.e. a =~(0), b =~(1). By (2.81) we have

(2.83) d(y(t),U°) 2 qrd(v(t),a)/R, 0<t<1.

On the other hand, y(1 —¢), 0 < ¢ < 1, is the geodesic line connecting b to a, and

again by (2.81) we get

(2.84) d(y(1—1),U°¢) > qrd(v(1 —t),b)/R, 0<t<1.

Clearly, d(vy(t),a) + d(v(t),b) = d(a,b). From this and (2.83)-(2.84) we infer that
d(v(t),U°) = qrld(v(t),a) v d(~(t),b)]/R = qrd(a,b)/2R, 0<t<1,

which confirms (2.81). O

Lemma 2.16. Let (M,i) be a metric space. Assume that U C M, U # 0, is an
open set such that Y := U is compact. Then for any R > 0 there exists r > 0 such
that for every a € Y there exists a ball B(xq,7) C U N B(a, R).

Proof. Due to the compactness of Y there exists a finite set of balls B(a;, R/2),
j=1,...,J,such that Y C U;B(a;, R/2) and a; € Y. Clearly, for each 1 < j < J
there exists a ball B(zj,7;) C U N B(aj, R/2). Let r := minj<;<s7;.

We claim that for each a € Y we have B(z;,7) C UNB(a, R) for some 1 < j < J.
Indeed, assuming a € Y we have a € B(a;, R/2) for some 1 < j < J and hence
B(aj,R/2) C B(a, R). Therefore, B(zj,r) C UN B(aj,R/2) C U N B(a,R) and
this completes the proof. ([l

The next lemma will be derived from Lemma 2.14 and Lemma 2.16.

Lemma 2.17. Let U be a convex open subset of M such that Y = U is compact.
Then there exists a constant ky > 0 such that for any a € Y and 0 < R < Ry
there exists v € Bp(a, R) such that

(2.85) Bp(z,ky R) C U N By(a, R)
and
(2.86) d(x¢, U) > gryd(ze,a), 0<t<1.

Here as before T := Exp, ' (x) and x; := Exp,(tZ); Ry be the constant from (2.76).

Proof. From Lemma 2.16 it follows that there exists ry > 0 such that for every
a €Y there exists y such that B(y,ry) C U N B(a, Ry).

With a € Y and y being fixed, denote § := Exp, *(y) and y, := Exp,(sz). We
apply Lemma 2.14 to conclude that

By (ys, sryq) CUNB(a,sRy), 0<s<1.

Choose s so that R = sRy and set x := y;. Then from above
B (x q’lR) C UnB(a, R),
Ry
which implies (2.85) with ky := ¢ry/Ry.

Finally, we apply Lemma 2.14 to obtain

d(xe, U) > qQ%d(xt,a) = gkyd(zt,a) for 0 <t <1,
Y

which confirms (2.86). O
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2.3.2. Proof of Theorem 2.11. (a) From (2.78) it follows that there exist constants
C1,C5 > 0 such that for any a € Y

(287) ChR" < V(BM(CL7R)) < CQR", 0< R<Ry.

Let a € Y and 0 < R < diamY. Two cases present themselves here.

Case 1: R < Ry with Ry from (2.76). By Lemma 2.17 there exists € Bj(a, R)
such that Bys(z, ky R) C U N Bys(a, R). This and (2.87) imply

(2.88) ClliglfRn S Z/(B]\/[(.’L‘“‘ﬁyR)) S Z/(By(a,R)) S V(BM(R)> S CQR”

Case 2: Ry < R < diam(Y). Clearly, v(By(a,R)) <v(Y) < %R”. On the
Y
other hand by Lemma 2.17 it follows that there exists x € Bjs(a, Ry) such that
By(z, 6y Ry) C U N By(a, Ry). This coupled with (2.87) leads to
Ky Ry R,
n

v(By(a,R)) > v(By(a, Ry)) > v(Bu(z,ky Ry)) > Ci1ky Ry > C1W

Therefore, C gy R* < v(By (a, R)) < %%sza This and (2.88) yield (2.65).

(b) By (2.65) it follows that (Y, dy, vy ) obeys the doubling property of the mea-
sure and hence it is a homogeneous space. Therefore, the Lebesgue differentiation
theorem is valid. Then denoting by 15y the characteristic function of QU we have
for almost all a € Y:

. 1 . l/y(aU N By (a, R))
2.89) 1 = lim ———— lopdvy =1
@89 Bowte) = i s [ 2 = e )
By Lemma 2.17 it follows that for any @ € Y and 0 < R < Ry there exists
x4 € By (a, R) such that By (24, Ky R) C By (a, R). Hence

l/y(aU N By(a, R)) < l/y(By(Cl7 R)) — l/y(By(J)a7 K,yR)).
We use this and (2.65) to obtain

Vy(aU N By(a,R)) <1_ Vy(By(.’l?a,KyR)) <1 Cl(HyR)n

vy (By (a, R)) - vy (By(a,R)) — caR™

for some 6 > 0. From this and (2.89) it follows that 15y (a) < 1— ¢ < 1 for almost
all @ € Y. Therefore, 1oy (a) = 0 for almost all a € Y, implying vy (0U) = 0.

(¢) Assume to the contrary that Y # U. Hence Y \U # 0. Let a € Y \ U. Then
there exists € > 0 such that Bys(a,e) C Y. Denote E := Y \ U C dU. We may
assume that Bys(a,e) C Ba(a, R,), the normal neighbourhood of a (see (2.67)).
Then Exp,(B(0,¢)) = B(a,¢).

Denote E := Exp, '(ENBy(a,¢)). From part (b) of this theorem it follows that

1gdv > c/ 1;(z)dz.
M (a,e) B(O,E)

—1-3

(2.90) OZV@QBMwﬁﬁzég

We claim that
(2.91) 1:(z)+1z(—2z) > 1, Vze B(0,¢).

Indeed, if inequality (2.91) is not true for some z € B(0,¢), then 1;(z) = 0
and 1;(—z) = 0. Hence, z := Exp,Z € U and —z € U. But U is convex and
{Exp,(tz) : t € [-1,1]} is a geodesic line connecting « € U and —z € U. Therefore,
it is contained in U, in particular, a = Exp, 0 € U, which is a contradiction.
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Now, we use (2.90) and (2.91) to obtain

0> C/ ]lE(.’E)df = C/ ]IE(f:f')d.’f
B(0,¢) B(0,¢)

_ C/ l(lE(f)dg-; +15(—2))dE > ¢/2 >0,
B(0,e) 2

This is a contradiction which shows that Y = U.

(d) Let a,b € U, a # b. We consider two cases depending on whether the distance
dpr(a,b) is “small” or “large”.

Case 1: dp(a,b) < Ry. Let v, C U be a minimizing geodesic line connecting
a and b. Choose z € 7, so that R := d(a,z) = d(z,b) = d(a,b)/2, R < Ry /2.
Clearly, By(z,R) C Bp(a,2R) N Bp(b,2R). Then by Lemma 2.17 there exists
¢ € By(z, R) such that

Bp(c,kyR) CUNBp(z,R) CUN By(a,2R) N B (b, 2R).
Note that d(a, c) + d(c,b) < 4R = 2d(a, b).

Let 74, and 7., be minimizing geodesic lines connecting a to ¢ and ¢ to b,
respectively. Let v be the curve v, . U, connecting a and b. For the length £(vy)
of v we have £(v) < 2d(a,b).

We now apply Lemma 2.14 (c) using that Bps(c,kyR) C U N B(z,2R) to
conclude that

R
d(z,U°) > q%d(z, a) =2 Yqryd(z,a), YT € Yar
and similarly we get
d(z,U®) > 27 qkyd(z,a), Y € yep.
Therefore,
d(xz,U°) > cd(x,a) Ad(z,b), Yz er, c:=2 'qgry,
which confirms (2.66).

Case 2: dp(a,b) > Ry. Choose k € N, k > 2, and Ry /4 < R < Ry /2 so that
kR = d(a,b). Clearly, k < 2diam(Y)/R < 4diam(Y)/Ry.

Let v, be a minimizing geodesic line connecting a to b. Since Y is convex,
then v, € U. Choose points ag,a1,...,ar € Yap SO that ag = a, ar = b, and
d(aj,aj4+1) = Rfor j =1,...,k — 1. Further, let b; € 7, be the middle point
between a;_; and a;, hence d(aj—1,b;) = d(b;, a;).

By Lemma 2.17 there exists ¢; € Bas(bj, R/2) such that
(292) BM(Cj,HyR/Q) C UQBM(bJ,R/Q)

Let v+ C U be the line connecting a and b, obtained as the union of minimizing
geodesic lines Ya,c,, Veje;01s J = 1.+ k — 1, and 7., 5. We shall show that the
curve ~ has the stated properties.

Clearly, from (2.92) it follows that Bs(c1,ky R/2) C U N Bys(a, R). Applying
Lemma 2.14 (c) we obtain

> q—“yg/ 2

(2.93) d(z,U°) d(z,a) = 27 Yqkyd(z,a), Yz € Ya,e1s

and similarly
(2.94) d(z,U°) > 2 gryd(z,a), V& € e b
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From (2.92) it readily follows that
BM(Cj,KyR/2) cUn BM(Cj+1,2R) and BM(Cj+1,HyR/2) cUn BM(CJ‘,QR).

Also, B (cj, ky R/2) N Bp(cji1, ky R/2) = 0 and hence d(c;, ¢jq1) > ky R/2. We
now invoke Lemma 2.15 to conclude that

(2.95) d(, U°) > "X L/2

d(cja Cj-‘rl) > 2_3qK2YR7 Vz € ,ch,c]urlaj = 13 AR k—1.

It is easy to see that £(y) < 2(k+1)R and k < 4diam(Y')/R, implying R > 4§£fé&)/) .
From this and (2.95) we infer that

2
d(x,U°) > ——L°

_ > "y =1,....k—1
> 35 diam(Y)Ryg(’Y) > cd(z,a) Nd(x,b), Y& € Yejcjprs] ek —1,

where ¢ := %. This along with (2.93) and (2.94) implies (2.66). O

2.4. Green’s theorem. We next establish a general claim that will enable us to
verify identity (2.56) (Green’s formula) in particular settings.

Theorem 2.18. Assume that in the setting described in §2.2 all conditions are
valid but condition C4. Also, assume that there exist sets V., 0 < ¢ < 1, with
the following properties: V. C V. C V., V. C Vo if 0 < &' < &, and UV, = V.
Further, assume that the boundary OV, of V. is reqular in the sense that the classical
divergence theorem is valid on V.: If u and U are a C*° function and vector field
on V., then

(2.96) / udivvde = / uT - Medre — / U - Vudz,
V. Ve Ve

where Tz the unit outward normal to OV. vector and dr. is the element of “area”

of V.. Then the identity
(2.97) / By fdve = — / (V£,Vh)) gt
U U

holds for all f € P(U) and h € C=(U)NL>(U) such that [, |[Vh|2dv,, < oo if and
only if for all such functions

(2.98) lim /a >N g (@)nk(2)0; f (x)h(z )i (z)dr(x) = 0.

e—0
Ve i=1 j=1

Proof. Under the hypothesis of the theorem we have, using (2.23)-(2.26),

/U hAy fdv, = /U hdiv(wA f)dy

v W > o[ Vet g(a)i(a) Y g ()0; (x) | h(o(x)) Vet g(z)d
- /V > o[Vt g@inte) 3 g @10, f(@) ot
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Now, by the classical divergence theorem (2.96) we obtain

=— / (Vf,Vh)gdvy, + /6 y >N g (x)0; f ()t (x)h(z)ib(z)dre (x).

U. = i=1j=1

Here U, := ¢(V:) and we used (2.21) and (2.17). From the conditions on f and h
it readily follows that [, (Vf,Vh)sdvy, — [ (Vf,Vh)4dv, as e — 0. Combining
this with the above identities we get the result. (I

3. HEAT KERNEL ON THE BALL

In this section we establish two-sided Gaussian bounds for the heat kernel gen-
erated by the classical operator

(3.1) L:= i 0 — i i z;x;0;0; — (n+ 27) i x;0;
i=1 i=1 j=1 i=1
on the unit ball B™ in R™, n > 1, equipped with the weighted measure
(3.2) du(a) = (1 22 2da, 7> -1/2,
and the distance

(3.3) pla,y) = arccos (z -y + /1 — [l2]2V/1 = |ly[]?).

Here we use classical notation for the vectors = (x1,...,2,) € R", the inner
product @ -y := Y7, x;y;, and the Euclidean norm ||z := /7.
We shall use standard notation for balls:

(3.4) B(z,r):={y € B" : p(z,y) <r} andset V(x,r):=u(B(z,r)).

Denote by Py the set of all algebraic polynomials of degree < k in n variables,
and let V; be the orthogonal compliment of Pr_1 to Py in L?(B", 1) when k > 1.
Then P = Pr_1 @ Vi. Denote Vo := Py. As is well known (see e.g. [5, §2.3.2])
Vi, k=0,1,..., are eigenspaces of the operator L, more precisely,

(3.5) LP=—-\P, YPeVy, where \p :=k(k+n+2y—1), k=0,1,....
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Let ij, j=1,...,dimVy, be a real orthonormal basis for Vj, in L2(B", ). Denote
Ny == dimVy, = (**77"). Then

N
(3.6) Pi(w,y) ==Y Prj(2)Prj(y), @,y €B”,
j=1

is the kernel of the orthogonal projector onto Vi. The heat kernel e~ (z,y), t >0,

takes the form
o0

(3.7) et (z,y) = Z(f)"“tl;’k(z,y).
k=0

We consider the operator L defined on D(L) := P(B") the set of all algebraic
polynomials in n variables, restriction to B™. Clearly, D(L) is a dense subset of
L*(B", p).

Here we come to our main result for the heat kernel on the ball:

Theorem 3.1. The operator L from (3.1) in the setting described above is essen-
tially self-adjoint and —L is positive. Moreover, et™, t > 0, is an integral operator

whose kernel e'*(x,y) has Gaussian upper and lower bounds, that is, there evist
constants c1,ca, 3, ¢4 > 0 such that for all x,y € B and t > 0

. 2 2
c1 exp{—ip(zﬁ) w cs3 exp{—ip(iﬂ) }

7z Se(@y) < 172
VeV (o, VO] (Ve /OV (3 V)]

Before proving this theorem we shall discuss some of its important applications.

3.1. Smooth functional calculus based on the heat kernel on the ball. Asis
shown in [14] smooth functional calculus can be developed in a general setting of
Dirichlet spaces based on the Gaussian bounds of the respective heat kernel.

In our current setting on B™, for any bounded function ® on R the operator
®(—L) is defined by

@(Ak)Pk.ﬂ f € L2(Bna,u)7

NE

(-L)f =

>
Il

0

where P, is the orthogonal projector on Vj, with kernel Py (z, y), defined in (3.6).
The upper bound in (3.8) implies the finite speed propagation property (see

[3, Theorem 3.4]): There exists a constant ¢* > 0 such that

(3.9) (cos(tV—L)f1,f2) =0, 0<c't<r,
for all open sets U; C B™, f; € L*(B",p), supp f; C Uj, j = 1,2, where r :=
p(U1, U2).

As is shown in [14, Proposition 2.8] this property implies the following

Proposition 3.2. Let ® be even, supp® C [—A, A] for some A >0, and P e wir
for some m > n, i.e. || @™ < co. Here ®(€) := [, ®(u)e~ " du. Then for all
z,y €EB™ and § >0

(3.10) O(6V—L)(x,y) =0 if p(x,y) > c*dA.
Here ®(0v/—L)(,y) == > neo ®(6v/A) Pr(z, ).

Theorem 3.1 also implies (see [2, Theorem 3.7]):
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Proposition 3.3. If @ is a bounded function on [0,00) and supp® C [0, 7], 7 > 0,
then the kernel ®(/—L)(x,y) of the operator ®(v/—L) satisfies

)@l
[V, 7= 1)V (y,771)]

(3.11) [@(V=L)(w,y)| <

1/27 x’yeBn)

where ¢ > 0 is a constant.

As is shown in [14, Theorem 3.1] Propositions 3.2-3.3 lead to the following lo-
calization result:

Theorem 3.4. If ® € C™(R), m > n+ 1, is even and supp® C [-R,R], R > 0,
then the kernel ®(6v/—L)(x,y) of the operator ®(6+/—L) obeys

em(L+67p(z,y) "
[V(2,8)V(y.8)]"?

(3.12) |2(6V=L)(z,y)| <

x,y € B", § >0,

where the constant c,, > 0 depends only on ||®||s, |2 |, R and m.

Furthermore, using [14, Theorem 3.6] the space localization in (3.12) can be
improved to sub-exponential by selecting ® € C*°(R) with “small derivatives”, just
as in [13, Theorem 6.1].

It should be pointed out in light of the development in [2, 14] the Gaussian
bounds for the heat kernel on B™ are the basis for development of Besov and Triebel-
Lizorkin spaces on B" and their frame characterization (see [19]), in the spirit of
the development of Frazier and Jawerth [7, 8, 9] in the classical case on R™.

An important point is that all these results are now valid in the full range of
the weight parameter v > —1/2 (see (3.2)), while in [23, 19] the parameter v is
restricted to v > 0.

In what follows we derive Theorem 3.1 as a consequence of Theorem 2.10.

3.2. Geometric characteristics in a natural chart. In the current setting the
Riemannian manifold is M = S" := {y € R*"™ : ||y|| = 1}, the unit sphere
in R"*1, equipped with the Riemannian metric induced by the inner product on
R"*1. Denote

V:=B" and U:=S}={yeR""™:|y|=19u41 >0}

Clearly, U = S} as an open subset of the Riemannian manifold S”. We consider
the natural chart (S}, ¢~!) on S", where the map ¢ : B" — S7 is defined by

(3.13) P(x1,...,2n) = (z1,..., 20, V1 — |2]?).
In other terms
Y1 =21,y Yn = Tny Yn+1 = V 1- ||.'17||2

Then ¢~ (y1, ., Ynt1) = (Y1, -+, Yn)-
We equip S and B"™ with the following weighted measures

(3.14) w(y)dv(y) ==yt dv(y) and  w(z)de = (1—|z]|*)"Y2dz, ~>—-1/2,

where v is the Lebesgue measure on S™. Observe that du(x) = w(z)dz is just the
measure from (3.2).
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We shall denote by d(-,-) the geodesic distance on S™ and by p(-, ) the induced
distance on B”, that is, p(z,z.) = d(¢(x), ¢(x,)). It is readily seen that p(-,-) is
given by (3.3). The balls on S} will be denoted by By (y,r), namely,

(3.15) By (y,r) :={z € S} : d(y,z) <r}.
In what follows, just as in (2.15) we shall use the abbreviated notation
(3.16) @) = fod(x) = f(¢(x), =€B",

for a function f defined on S'}.
As in (2.11) the metric tensor (induced by the inner product in R%*!) is given

by the matrix g(z) = (g:;(2)) = ({2 ratlr 9.%). Clearly,
9 _ (391 8yd+1) _ (0 0.1.0 —T )

s 9z, om; yeoy 0,1 7‘”’7ﬁf||x\\2

and hence
Tilj .o
(317) gij(x) = 572]' + FEERTPE 1< 1,7 < n.
1— |

From Proposition 2.2 it follows that the matrix (¢ (z)) with entries
(3.18) 9" (x) := bij — wix;

is the inverse of g(x), i.e. g~!(z) = (¢¥/(x)). Appealing again to Proposition 2.2
we infer that

(3.19) det g(z) = !

1—l)*

Integration. Using the above we have

) 1
(3.20) s vy = [ F((x))y/det g(x)dz = Ry

and hence

. 1 B
[ 1) - | @i e =

In particular,

[ vt = [ @iyt =g [y

/ F)(1 = [l 2de
]BTL

|Sd 1| 'y 1/2 n/2 1 _ 1 n—1
dv=2""B(y+1/2,n/2)|S"|.
Thus,
(3.21) / wl)dv(y) = [ idvly) =27 By +1/20/2)8 )
+
where [S"~1| = F(”) is the volume of the unit sphere S*~! in R".

Representation of V f and the weighted Laplacian A, on S’_f_. Asin (2.16)-
(2.17) we have using (3.18)

(3.22) (Vi)' =Y g7 (x)0:f(x) Zmz%a fla
j=1
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and

(VI(y) Zg” )0;h()
(3.23) - Z 0 f (x - inxjaif(x)aj;}(x).

Also, just as in (2.25)-(2.26) the weighted Laplacian A, on S’} is defined by
Ay f =1 div(wVf) and in local coordinates

Aufly) = — Wza[ det g(x Zg” }

:z_:alog det gz Zi: +Za[; 2)0; f(x )}
=201 Y L~
+ Zj; ié’i[g”(x)ajf(w)] = Q1 + Q»,
where we used that \/c% (1 — ||l2)?)7=? = w(x) as w(y) = y2 ).

Straightforward manipulations show that
Qi =-2(y—1/2))_z;0;f(x)
j=1

and

=> 0 f(x) = > > wiw;0,0;f(x) — (n+ 1) x;0;f()
i=1 i=1 j=1 j=1

Therefore, with the notation A, (f)(z) := (Ayf)(¢(z)) and f(z) := f(¢(x)) (see
(3.16)) we have for f € C°°(S") (which is the same as feC>®B)

(3.24)

:Zaff(x)fz_ 2i7;0:0;f(x) — (27 +n) Y _ 2,0, f(x) = Lf ().

i=1 j=1

3.3. Verification of conditions C0-C5 from §2.2 and completion of proof.
To apply Theorem 2.10 we have to verify conditions C0O-C5 from §2.2 in the current
setting on B".

By (3.24) it follows that condition CO is obeyed.

Clearly, U = S% is an open and convex subset of S" due to the obvious fact that
the shortest geodesic line connecting any y, y. € S' lies in §7 . Therefore, condition
C1 in §2.2 is also obeyed.

Condition C2 (The doubling property of the measure dy on B™ or of wdv on S7)
follows readily from the following well known result (see e.g. [4, Lemma 11.3.6]):
Forany zeB" and 0 <r <m

(3.25) [ Py s (1 P 5?7
B(z,r)
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or equivalently, for any v € S} and 0 <r <7

(3.26) / yanV( ) ~ ™ (Upyr + r)z“’
By (u,r)

We next verify condition C3. Observe that if e, = (0,...,0,1) € S is the
north pole, then denoting

0(y) == d(y,057) = 7/2 — d(y, enr1) fory € ST

we have y,1 = sinf(y). Assume y € S and d(y,0S"}) > 2r, where 0 < r < 7/4.
Then, apparently 6(y) —r < 0(z) < 6(y) + r for z € By (y,r) and hence

1 2
—0(y) < ~(0(y) —7) < sin (0(y) = 1) < zap1 =sin6(2) < O(y) + 7 < 20(y).
This readily implies

(3.27) sup  zpty < (20200 inf o 27
2€By (y,r) 2€By (y,r)

which completes the verification of C3 on S%.

Similarly as in (2.50) we define

Pr(SE) = {f: f(y1,-- - Yns1) = P(y1,- ., yn), P € Pr(B")}

and set P(S}) := Up>oPr(S%).
A critical step in this development is to establish the following Green’s theo-
rem, that is the same as to verify condition C4 in §2.2.

Theorem 3.5. If f € P(S) and h € C=(S}) N L>(S) with [, [Vh[Zwdy < oo,
¥
then

(3.28) hA, f wdy = — / (Vf,Vh), wdv.
S

n

Proof. We shall utilize Theorem 2.18 for this proof.

Denote V; := {x € R" : ||z||* <1 —¢}. Then OV, = {x €e R" : ||z|> = 1 — &}.
Clearly, 7.(x) = Tay 18 the unit outward normal to OV.. We denote by 7. the
Lebesgue measure on the sphere 9V.. We assume 0 < ¢ < 1/2. Appealing to
Theorem 2.18 we know that to prove Theorem 3.5 we only have to show that for
any f € P(S}) and h € C*°(S}) N L>(S7) with fSi Vh[2wdy < oo we have

(3.29) E:_/ ZZg” 0, F(2)h(@)ib(2)dr.(z) — 0 as = — 0.

We use (3.18) and 7i.(z) = x||x||~! to obtain

Zzgij(x)ﬂi(l’)@f@) = [lz|| 7! ZZ%(% — zix;)0; f ()
= ||x||*1z (a:laf ~ 2! ija f))
= [l=I7H (1 = [l=]*) ijajf(m)
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Hence,
Je :/ (|7 (@ - V f(a))h(a) (1 = J]*) T 2 dre (),
V.

where V is the standard gradient on R™. Note that dr. = (1 — £)™/2dv. Evidently,
for any x € 0V,, 0 < e < 1/2,

(330)  [la] - VF(@)[[A(2)|(1 — |l2]*)F? < 2| Al sup IV (2)lloc-

However, v > —1/2 and sup,cgn |V f(2)||os < 00 because f is a polynomial. From
these and (3.30) it follows that J. — 0 as € — 0. O

Remark 3.6. As one can expect Theorem 3.5 and [15, Theorem 2.1] are equivalent;
it can be shown that identity (3.28) can be derived from (2.3) in [15] and vise versa.

Completion of the proof of Theorem 3.1. Observe that the current setting on the
ball is covered by the setting described in §2.2 and conditions C0-C5 in §2.2 are
verified. Therefore, Theorem 3.1 follows by Theorem 2.10.

4. HEAT KERNEL ON THE SIMPLEX

In this section we establish two-sided Gaussian bounds for the heat kernel gen-
erated by the operator

(4.1) L —Zx 07 — ZZCB z;0;0; +Z ki + 3 — (6] + 2H)z;)0;

i=1 j=1

with || := k1 + -+ - + Kpy1 on the simplex
™ := {xER”::pl >0,...,2, >0, \x|<1}, x| :=x1 + - + xp,s

in R™, n > 1, equipped with the measure

(4.2) du(w) = [T 25720 = a1 2da,  wi > —1/2,
i=1

and the distance
(4.3) p(x,y) = arccos (Z VEZy + 1= |z|/1— |y|)
i=1

Similarly as before we shall use the notation:
(4.4) B(z,r) ={yeT":p(z,y) <r} and V(z,r):= pu(B(z,r)).

Denote by Py, = Pi(T") the set of all algebraic polynomials of degree < k in n
variables restricted to T, and let Vj, = Vk(']I‘”) be the orthogonal compliment of
Pk 1 to Py in LQ(']I‘”,M) k> 1. Set Vo := Py. As is well known (e.g. [5, §2.3.3])
Vi, k=0,1,..., are eigenspaces of the operator L, namely,

(4.5)
LP =-\.P, VP eV, where Ay :=k(k+ |s|+(n—1)/2), k=0,1,....
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Let ij, j=1,...,dimVy, be a real orthonormal basis for Vj, in L2(T", ). Denote
Ny == dimVy, = (**77"). Then
(4.6) Py(w,y) ==Y Prj(2)Prj(y), =y €T

j=1

is the kernel of the orthogonal projector onto Vi. The heat kernel e~ (z,y), t >0,
takes the form

(47) etL(x7y) = Ze_kktpk(x?y)'
k=0

We consider the operator L with domain D(L) := P(T") := Ug>oPx(T") the
set of all algebraic polynomials in n variables, restriction to T™. Clearly, D(L) is a
dense subset of L2(T", u).

Theorem 4.1. The operator L from (4.1) in the setting described above is essen-
tially self-adjoint and —L is positive in L?(T™, pu). Moreover, ef, t > 0, is an
integral operator with kernel e'*(z,y) with Gaussian upper and lower bounds, that
18, there exist constants ¢y, co,c3,cq > 0 such that for any x,y € T™ andt >0

2 2
Cc1 exp{*Liﬁ) } < tL( < Cc3 exp{*L(iﬂ) }

V(2 VOV (g, vD]? )= [V (2, VOV (y, VD]

Remark 4.2. It would be useful to note that smooth functional calculus on the
simplex can be developed using the two-sided Gaussian bounds on the heat kernel
from (4.8) and the general results from [2, 14]. All comments and results from §3.1
have their analogues for the simplex. In particular, the finite speed propagation
property and Proposition 3.2 are valid on the simplex as well as the analogues of
the localization estimates from Theorem 3.4 and [13, Theorems 7.1-7.2] hold true.
We shall not elaborate on applications of estimates (4.8) any further.

(4.8)

We shall obtain Theorem 4.1 as a consequence of Theorem 2.10. We begin by
introducing the relevant setting on the simplex.

4.1. Geometric characteristics in a natural chart. In this setting the Rie-
mannian manifold is again M = S" := {y € R"™! : ||y|| = 1}, the unit sphere in
R"*!, equipped with the induced Riemannian metric.

There is a natural relationship between T" and the part S7 of the unit sphere
S™ in R™*! lying in the first octant, that is,

St i={yeS":y;>0,i=1,...,n+1}.

We shall use the natural chart (S%,$~1) on S”, where the map ¢ : T" ~ SZ is
defined by

(4.9) (@1, x0) = (VT -y VT V1 = |2]), 2] = Za:

or in other terms y; = \/z;, i =1,...,n, ypt+1 = /1 — |2|.
Then ¢~ (Y1, Yns1) = (¥2,...,92).
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We equip ST with the weighted measure

n+1
(4.10) w(y) =" H y2idu(y), ki > —1/2,

where dv is the Lebesgue measure on S” and T" with
(4.11) du(z) = w(x)ds = (1 — |z])<+1~ Hm “igr, k> —1/2.

We shall denote by d(-,-) the geodesic dlstance on S™ and by p(-,-) the induced
distance on T™, i.e. p(x,x,) = d(¢(x), d(xz4)). It is readily seen that p(-,-) is given

by (4.3).
As before, for a function f defined on S%., we shall use the abbreviated notation
(4.12) f(@) = fod(x) = f((x), =T

As in (2.11) the metric tensor g(x) = (g,;(x)) is given by g;;(z) = <8wi’ a5 )
Evidently,

ox; Ox;' 7 Ox; NI 2¢/1—|x
and hence
0is 1 1 8i;(1 — |x])
413 () = S = (* 1).
(4.13) 95 = Ay A=\ m
A direct verification shows that the matrix with entries
(4.14) g (x) = 4(0s5m; — wi75)

is the inverse to g(z), i.e. g7 1(z) = (9% (z)). We claim that

1—|x|HxZ'

This identity follows readily by the following lemma.

Lemma 4.3. Given (a) = (a1,...,a,) € R", n > 2, let

(4.15) det g(z

a+1 1 .. 1
1 a+1 --- 1
A= . . .
1 1 - a,+1
Then
(4.16) det A = Haz +Z H
=1 k=1,k#j

Proof. Let e; be the jth coordinate vector (column) in R”, 1 < j < n, and set
17 :=(1,1,...,1), 1 € R™. Then we have A = (a1e; + 1,ases + 1,...,ane, + 1).
By splitting the first column of A into two we can write

det A = det(ajer,azes + 1, ..., ane, + 1) + det(1,a0es + 1, ..., ane, + 1).

In the second determinant we subtract the first column from all other columns to
obtain
det(L,azses + 1,...,ane, + 1) = det(1, ages, ..., aney).
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Precisely in the same way we get

det(arer,azes + 1,...,ane, + 1) = det(arer, azeq,ases + 1, ... ane, + 1)

+ det(arer, 1,ases, ..., anep).

Inductively we obtain

det A = det(azeq, ..., ane,) + Zdet(alel, cooajoiejo1, 1 ajp1€40, ., Qnen).

Obviously det(ajes,...,anen) =ay ...a, and it is easy to see that
n
(alel,...,aj,lej,l,]l,ajHejH,...,anen) = H [
k=1,k#j

Putting the above together we arrive at (4.16). O

The gradient V and weighted Laplacian A,, on S%. Using the chart (S%, ¢—1)
and (4.14) we obtain for y = ¢(x), x € T™,

b)) =D 9" ()9, (6(x)) = e[ 0:f () ngaf ik
Also, we have

(Vf(y) bg = Zg” 0,k ()
(17 - 42 bijas — )0, F ()0, h(z)
= 4] Y w0 f(@)h(x) = Y wia,0f @)0;h(x) .

As in (2.25) the weighted Laplacian A,, is defined by A, f := L div(wV f) and we
set Ay f = Ay f((x)). Just as in (2.26) we get

Ay f(z) = WZ@ Vdet g(z) Zgu
= Z&;log[ Vdet g(z) Zg” Zai[Zgij(x)ﬁjf(x)
i=1 =1 j=1
N[k —1/2 /<;n+1—1/2 z
D ];g“@aﬁf@)
+ZZ@-[9”’( +ZZQ” aaf =: Q1+ Qo+ Q3.
i=1 j=1 i=1 j=1

Now, using (4.14) we get

(418) 69 ()0, () = 43 [osys — w10, (@) = s [0 () — 3,0, ()]
j=1 j=1
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and hence

Q) =

NG

(B2 ”"1“_';/ 2V [0uf () - ixjajf(x)}
(ki —1/2)0;f(x Z:rjﬁf (menﬂ)

— (Kpy1 —1/2) ijajf(x)

n

(k: = 1/2)0:f (@) = [|K| = (n+1)/2] Z

H'M:
N

I

«
I
—

I

I
-

7

Recall that || := k1 + -+ + Knt1. By (4.14) we have

Lo,--3 Y it +Zl—2x3f()

=1 =1,
=3 0@~ )Y 0,6
and . .
ng iz (0ijz; — xix5)0;0; f(z Zxﬁ iixixjaﬁjf(x)
i=1 j=1 i=1 j=1

Combining the above expressions for Q1, Qs, and Q3 we obtain that for any function

feC>=(St)

ZAwf(z):;z(?Z ;;mjaaf
+ Z(m +1/2)8if(x) — [|6] + (n +1)/2] ijajf(x)
Hence,
(4.19) Ay f(z) =4Lf(x), VzeTm

Integration. Using the chart (S%,¢~!) and (4.15) we obtain

- [ sty 2 | Hsfw ~ a2

and hence
(4.20)

| fewdry) = | fe )H PR )T 2dy = | f@ie)da
T i=1 "
For k; > —1/2, 5 =1,...,n+ 1, a little calculus gives

n+1

(4.21) / H PR gy 2 g = ﬁB(m + % > (ki + %))
" i=1

j=i+1
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and using (4.20) we get

n+1 n n+1

(4.22) /" H Y2 dv(y) HB<I€1 2 Z (kj + %)) < 00.

T i=1 j=i+1

Above B(-,-) stands for the standard beta function.

4.2. Verification of conditions C0-C5 from §2.2 and completion of proof.
The proof of Theorem 4.1 relies on Theorem 2.10, which requires the verification
of conditions C0-C5 from §2.2.

From (4.19) it follows that the condition CO from §2.2 is satisfied for the oper-
ator 4L. Here the factor 4 is insignificant because apparently e4” = el and if
Theorem 4.1 holds for the operator 4L it holds for L.

Clearly, S% is an open and convex subset of S as the shortest geodesic connecting
any y,y" € S% lies in S%.. Hence condition C1 is obeyed.

The doubling property of the measure wdv is well known, i.e. condition C2 is
obeyed. In fact, this is an immediate consequence of the following claim (see e.g.
[4, (5.1.10)]): For any v € S and 0 < r < /2

n+1 n+1

(4.23) / w(y)dv(y) = / 2" H Y2 idu(y) ~ " H (u; + )"
By (u,r) By (u,r) =1

i=1

or equivalently, for any z € T” and 0 < r <1

n

(4.24) / H PR = ) T 2~ (1= 2] ) T )
B(z,r)

i=1 i=1
To verify C3 we need introduce some notation. The boundary S} of S¥. can be
represented as OS% = U?jllFi, where
(4.25) I ={yeSh:y, =0}
Further, for y € S% denote
(4.26) 0:(y) :=7/2—d(y,e;), i=1,...,n+1,
where e; is the ith coordinate vector in R"™1. Clearly, 0;(y) = d(y,T;) and hence

. o) — n
(4.27) 1912£+1 0;(y) = d(y, OST).
Note that y; = sin6;(y), which implies y; ~ 0;(y).

Assume y € S% and d(y,dS%) > 2r with 0 < r < w/4. Then from (4.27) it
follows that 6;(y) > 2r for i = 1,...,n + 1. Now, just as in the proof of (3.27) we
obtain

sup 22 < (2m)ilnf o %

z€By (y,r) zE€By (y,1)
and hence
n+1 n+1
sup H 2R < ¢ inf H 2ri
2€By (y,7) ;1 z€By (yr) =

which confirms condition C3 on S7..
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Recall that Pr(T") is the set of all polynomials of degree < k, on R", restricted
to T™, and P(T") = Up>0oPx(T™). Let Pr(S%) and P(S%) be the respective spaces
on S%, i.e.

’Pk(Sg“) = {f : f(yla ce 7yn+1) - P(yi ce aysz)v ES 75]6(']1‘”)}
and P(S%) = Ur>0Pr(St).

The following Green’s theorem plays a critical role here.

Theorem 4.4. If f € P(S}) and h € C=(S}) N L>(S}) with [, [Vh[2wdy < oo,
T
then
(4.28) hA, fwdy = —/ (Vf, Vh) wdv.
sn sm
Proof. This proof will rely on Theorem 2.18. Denote V := T™ and let OV be its
boundary. We introduce the sets

(4.29) ngz{xGR":xl>5,...7:cn>E,Zmi<1—5}, e>0.
i=1

The following properties of the sets V. follow immediately from the definition:
V.CV,V.CVaif0<e <e and U.sgVe = V. Also, V. = U F. U H., where
Fl:= {xER":xize,xj>sifj7éz’, ij <1—25}

J#i
and

H. = {xeR":zl >E,...,Ty > ¢, Z:z:j :1—5}.
j=1
The boundary of 9V, is a polyhedron in R™ and hence it is regular, that is, the
classical divergence formula (2.96) is valid on V (see e.g. Theorem 1, §5, Chapter I

in [26]). Therefore, we can use Theorem 2.18.
We shall also need the scaled simplex T}, defined by

n._ {xeR":x1>o,...,xn>0, in<b}, b> 0.

i=1
By changing the variables it follows from (4.21) that
(4.30)
n / n 1 n+1 1
wi=1/20p 1 Venr1=1/2 g0 — plelt(nt1)/2 4z 4z
‘/gil—!xi (b—|z])" 12z = b iHlB(erTj;l (/{]+2)) < .

Let f and h be the functions from the hypothesis of the theorem and let 7. =

Lo ,n2) be the unit outward normal vector to V.. Denote

(ng,..

(4.31) G.(z) = Z Zg”(x)né(x)ajf(x)ﬁ(x)w(x), x € 0Ve.

i=1 j=1
In light of Theorem 2.18 to prove Theorem 4.4 it suffices to show that

(4.32) lim [ Gedr. =0,
e—0 V.

where dr. is the element of “area” of 9V.. Henceforth, we shall assume that € > 0
is sufficiently small, e.g. ¢ < 1/(n +1).
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Denote
(4.33) Xi(a:)::zn:gij(a:)ajf()—43:1{8]” ZxJaf } i=1,....n
j=1

where we used (4.14). Then using the notation X (z) := (X1(z),..., Xn(z)) we
have

(4.34) Ge(z) = h(z)d(2)X () - e (2).

To estimate fav |G.|dT. we have to estimate each of the integrals fF G.|dr.
and [, |G:|dr..
We next estimate [, |Ge|dr.. Observe that F' —ce, C {z € R" : 2, = 0}.

Hence, 7i.(z) = —e,. In turn, this and (4.34) yield

Go(z) = —h(x)w(z) X, (x)

:41—[‘,1;;271/2 |x|)nﬂ+1 1/2 n7+1/2 6 f ija f

and using the fact that f is a polynomial and h € L* we get

n—1
Ge(@)] < e V2 [y ™2 = Jayrn 2w e FL

=1
Denote
n—1
anfl = {x eER" iy >,z >, ij < 1725},
=1

which is the projection of F* onto R"™1 = {x € R" : z,, = 0}. With the notation

2= (x1,...,2p-1) and |2'| :=x1 4+ -+ + @1, we have
[ j6ddar.= [ (6ear )
- -
(4.35) <ee n+1/2/ H B2 e ! |y 2da
Fn 1

<C€nﬂ+l/2/ H Ke— 1/2(1—6 ‘33 ‘)KT,+1 1/2dl‘ <C/ /-cn+1/2
TYZ0 151

Here for the former inequality we used that F"~' C T?~! and for the latter we
used (4.30). We similarly obtain

(4.36) / |Geldre < ce™ Y2 for i #£n.
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We now estimate [, [Ge|dr.. Clearly, ii.(z) = ﬁ(l, ..., 1) is the unit outward
normal vector to OV, at each x € H.. This and (4.33)-(4.34) imply that for x € H,

G.(x) = 7 ZX

7 H A e I/QZ [ )Zn:l’j@jf(x)}

n

H AL (ol Y 0, ()

— j=1

and hence |G (z)| < egmnttT1/2TT,, z?4—1/27 x € H.. The surface H. can be
described by the equation

tp=1—c—2a for 2’ = (21,...,0,_1) € F" Y

where pan = {x ER" iz >e,..., 00 1 >, Z;:ll r; <1-— 5}. Therefore,

|Geldre =+v/n | |Ge(xy, .. 21, 1 — e — |2'])|da’
H. Frt
< Csnn+1+1/2/ Nz 1/2(1 e |z/|)nn—1/2dx/

< et/ / A e - o) A

where we used that F7~! C T?~!. We use again (4.30) to obtain

(4.37) / |Ge|dre < ceFnrt1/2,
Combining estimates (4.35), (4.36), and (4.37) we arrive at
n+1
Geldr. <) emitl/2,
From this, taking into account that x; > —1/2, 7= 1,...,n+ 1, we conclude that
lim._,q fav |Gc|dT. = 0. The proof of Theorem 4.4 is complete. O

Remark 4.5. Observe that Theorem 4.4 and [15, Proposition 3.1] are equivalent.
Namely, it can be shown that identity (4.28) can be derived from (3.2) in [15] and
viSe Versa.

Completion of the proof of Theorem 4.1. As was shown above the current setting
on the simplex is covered by the general setting described in §2.2 and above we
verified conditions CO-C5. Therefore, Theorem 4.1 follows by Theorem 2.10.
5. JACOBI HEAT KERNEL ON [—1,1]
The classical Jacobi operator is defined by

[w(z)(1 - 2?)f'(@)]

w(z)

(5.1) Lf(z) =

)
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where
w(z) = (1-2)*1+2)°, af>-1

We consider L with domain D(L) := P[—1, 1] the set of all algebraic polynomials
restricted to [—1,1]. We also consider [—1, 1] equipped with the weighted measure
(5.2) du(z) == w(x)de = (1 — 2)*(1 + z)°dz
and the distance
(5.3) p(x,y) := | arccos x — arccos y|.

We shall use the notation
(5.4) B(z,r):={y e [-1,1]: p(x,y) <r} and V(x,r):= u(B(z,r)).

As is well known [27] the Jacobi polynomials Py, k > 0, are eigenfunctions of L,
that is,
(5.5) LP, = —\P, with M\e=k(k+a+8+1), k=0,1,....

We consider the Jacobi polynomials {Py} normalised in L?([—1,1],4). Then the
Jacobi heat kernel e*%(z,y), t > 0, takes the form

o0
(5.6) etz y) = Z e M P () Pr(y).

k=0
Theorem 5.1. The Jacobi operator L in the setting described above is essentially
self-adjoint and —L is positive. Moreover, e, t > 0, is an integral operator whose
kernel ett(z,y) has Gaussian upper and lower bounds, that is, there exist constants
c1, o, C3,¢4 > 0 such that for any z,y € [-1,1] and t > 0

2 2
oy exp{— 220} w( cg exp{— 24}

<e"(z,y) < .
[V, VOV (y, vD]'* & V(2 VOV (y, VD]

Proof. We shall derive estimate (5.7) from the two-sided estimate for the heat

kernel on the simplex (Theorem 4.1) in dimension n = 1 by changing the variables.

Assume o, 8 > —1 and let 8 =: k1 —1/2 and o =: kg —1/2. Clearly, K1, k2 > —1/2.
We assume that z; € [0,1]. We shall apply the change of variables

1
(5.8) x = §(x+ 1), ze€[-1,1] or z=2z; —1

The differential operator Ly := L from (4.1) in the case n = 1 takes the form
Ly = 2107 — 2307 + (k1 +1/2)01 — (k1 + ko + 1)2101
and hence for any g € C?[0,1]
Lrg(z1) = (z1 = 29)g" (x1) + (B +1)¢'(21) = (@ + f + 2)219 (21).
Denote f(x) :=g((z +1)/2) or g(z1) = f(2z1 — 1). A little calculus shows that
(5.9)  Lrg(z1) = (1 —2*)f"(x) + (B — a)f'(x) — (a + B+ 2)af'(x) = Lf(z),

where L is the Jacobi operator from (5.1).
Denote dur(z1) = x'fl_l/Q(l — xl)’”*l/zdxl. Let Pk, k = 0,1,..., be the

orthogonal and normalized polynomials in L2([0, 1], u7). From (4.5) we have

(5.10)  LyPy = —M\uP., where A :=k(k+ ki +ro) =k(k+a+ 8+ 1).
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Now, by (5.9), (5.5), and (5.10) we obtain
(5.11) Pp(x) = 27 (@802 P (1 41)/2).

Let pr(x1,y1) := arccos (, [T1y1+V1 — 111 — y1) be the distance on [0, 1] from
(4.3) when n = 1. We claim that

(5.12) pr(z1,y1) = p(x,y)/2, where z = (x+1)/2, y1 = (y+1)/2.
Indeed, by applying cosine to both sides it is easy to see that

| arccos u — arccos v| = arccos (uv + /(1 — u?)(1 —v?)), Vu,v e [-1,1].

Therefore,

pr(z1,y1) = |arccos /71 — arccos \/y1| = | arccos \/(x + 1)/2 — arccos \/(y + 1) /2|

Vw2 1
= —| arccos x — arccos y|,
’/,/zﬂ)/z \/1—82 2‘/ \/1—112 ’ 2
which implies (5.12). For the former equality above we applied the substitution

s=+/(v+1)/2.
From (4.24) it follows that for any z; € [0,1] and 0 < r < 1 we have

pr(Br(zy,7)) ~r(l =z +1%)"2(z; + %)™
~r(l—x+ rz)aH/Q(l +x+ r2)5+1/2, z1 = (x+1)/2.
On the other hand, it is easy to see that for any = € [—1,1] (see [2, (7.1)])
w(B(z,r)) ~r(l —z+r?) T2 (1 + x4 02) /2,
Combining the above we arrive at
(5.13) pur(B(z1,7)) ~ w(B(z,r)), where 1= (r+1)/2, z€[-1,1].

We are now prepared to complete the proof of Theorem 5.1. From (5.11) it
follows that

etL(x7y) = 27(a+ﬁ+1)etLT (xl,yl)v where I = (x + 1)/27 Y1 = (y + 1)/2

Therefore, using the two-sided Gaussian bounds on the heat kernel e'“7 (1, ;) from
Theorem 4.1, (5.12), and (5.13) we conclude that the Gaussian estimates (5.7) are
valid. |

Remark 5.2. Theorem 5.1 is also proved in [2, Theorem 7.2] using a different but
related approach. A totaly different proof of Theorem 5.1 in the case o, 3 > —1/2
is given in [21] using special functions. It should also be pointed that in the case
when a = B > —1 estimates (5.7) follow readily by the two-sided bounds for the
heat kernel on the ball in dimension n =1 (Theorem 3.1).
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