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HIGHLY LOCALIZED KERNELS ON THE SPHERE
INDUCED BY NEWTONIAN KERNELS

KAMEN IVANOV AND PENCHO PETRUSHEV

ABSTRACT. The purpose of this article is to construct highly localized summa-
bility kernels on the unit sphere in R that are restrictions to the sphere of
linear combinations of a small number of shifts of the fundamental solution of
the Laplace equation (Newtonian kernel) with poles outside the unit ball in
R9. The same problem is also solved for the subspace R4~ in R%.

1. INTRODUCTION

The shifts of the fundamental solution of the Laplace equation m% in dimen-
sions d > 2 or In ﬁ if d = 2 with |z| being the Euclidean norm of z € R are basic
building blocks in Potential theory. As is customary, we shall term the harmonic
function m% or In % “Newtonian kernel”.

We are interested in the problem for approximation of harmonic functions on
the unit ball B¢ in R? from finite linear combinations of shifts of the Newtonian
kernel. More explicitly, the problem is for a given harmonic function U on B? and
n > 1 to find n locations {y;} in R?\ B? and coefficients {c;} in C such that
(L) 4> 2 i d>2 or o+ Y jln——— if d=2

= e =il = |z — yj

approximates U well (near best) in the harmonic Hardy space HP(B%), 0 < p < oo.

This problem is also important in the case when U is harmonic on R¢\ B¢ and
the poles {y;} are in B¢ or U is harmonic on R? and the poles {y;} are in R?.

An alternative formulation of the problem is to approximate a given potential
U by the potential of n point masses (using terminology from Geodesy) or by the
potential of n point charges (in terms of Electrostatics) or by the potential of n
magnetic poles (in Magnetism).

It should be pointed out that there is a great deal of work done on the Method
of Fundamental Solutions for the Dirichlet problem of the Laplace equation in
Numerical Analysis. This theme is directly related to the problems we consider
here. We refer the reader to [2, 6, 8] for the basics of Potential theory.

The poor localization of the Newtonian kernel makes the above approximation
problem unamenable and challenging. An important step in solving this problem
(see [7]) is to construct highly localized summability kernels on the unit sphere
S91 in R¢ that are restrictions to the sphere of linear combinations of finitely

2010 Mathematics Subject Classification. 31B05, 31B25.
Key words and phrases. Harmonic functions, Newtonian kernel, Localized summability kernels
on the sphere.
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2 KAMEN IVANOV AND PENCHO PETRUSHEV

many (fixed number) shifts of the Newtonian kernel. This is the main goal of this
article.
The simple fact that

(12) ‘xian‘Q :a2+1*2a(9~"'7l)a xvnegdila

implies that the restriction of any shift of the Newtonian kernel to S¢~! is a zonal
function, i.e. it is the composition F(z - n) of an appropriate univariate function
F :[-1,1] — R and the dot product z-n, 2,7 € S?~1. This leads us to the following
explicit formulation of the problem at hand:

Problem 1. Let M > d — 1. For given € € (0,1] find 2m + 1 constants b, € R,
a, > 1 so that the restriction F.(x - n) of the function

(1.3) fon(x _b°+z|x—an|d2’ nesS x e RN\U™ {ayn}, ifd>2,

or
m

(1.4) fen(z _bo—i—Zbln nest zeR*\U™ {an}, ifd=2,

nl’
to the unit sphere S~ C R satisfies the following conditions:

CE_d+1

(L4 tp(x,n))M’

(L5) Fo(a-n)| < va,n € 4

(1.6) F.(x-n)do(z) =1, VneSi!
Sd—1
with constants m € N and ¢ > 0 depend only on M and d.

Here p(z,7) := arccos (z - 1) is the geodesic distance between z,7 € S*~! and o
denotes the Lebesgue measure on S?~!. It should be pointed out that the localiza-
tion required in (1.5)—(1.6) is only on the boundary S?—! of the unit ball. As far
as every such f. , is a harmonic function on B it cannot be well localized in the
interior of the ball.

We shall present two solutions (even three in dimension d = 2) of Problem 1. To
solve this problem it suffices to solve either of the following two problems:

Problem 2. Let M > d — 1. For given € € (0,1] find constants a; > 1 and
b;j,c; € R so that the restriction F.(x -n) of the function

o b = 1
(1.7) Jem(2) :ZWJFZCJ'(”'V)(W)’
j=1 ! =1 ’
neSt x e RN\ {ain,...,amn}, ifd>2 or
(1.8)
fs,n(x):bO‘i‘ZCj(n'V)ln P neglvxeRd\{alnw“aamn}a Zfd:27

2 e — an]

to S satisfies conditions (1.5)—(1.6), where as above the constants m € N and
¢ > 0 depend only on M and d.
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Problem 3. Let M > d — 1. For given € € (0,1] find m + 1 constants by € R and
a > 1 so that the restriction F.(x -n) of the function

(1.9) fe(z) = Zbg(nV)g(‘
=0

d—1 d ; .
W), 7768 ,I'GR \{(17]}, Zfd>2,

or
- 1

(1.10) fop(z) = bo—l—Zbg(n-V)zln T an’ nesSt, zeR*\ {an}, ifd=2,
{=1

to S satisfies conditions (1.5)—(1.6), where as above the constants m € N and

¢ > 0 depend only on M and d.

As is well known the /th directional derivative operator (- V)¢, where V stands
for the gradient operator, is approximated well by the finite difference operator
) Z
Df(n) = t7" Yo (=) F () T(n, kt), where T(n,t)f(2) = f(z + tn), = € R™
More precisely, if d > 2, £ > 1, a > 1, and n € S?!, then

|- 9)' 1 — anfP~* — D)z — an S0 as £ 0,

2—d

| HLoo(ﬁ)
and a similar claim is valid when d = 2. Having in mind that ©¢(n)|z — an|?>~% is
a linear combination of Newtonian kernels with poles at (a — kt)n, k =0,...,¢, we
see that, a solution of Problem 2 or Problem 3 leads immediately to a solution of
Problem 1.

It is easy to see that a properly dilated and normalized version of the Poisson
kernel provides a solution of Problem 2 and Problem 3 in the case M = d. Indeed,
the Poisson kernel for a ball of radius a > 1 in R? takes the form

1 a? — |z
1.11 Ply,z)= —-—— "1 =a, <a,
(1.11) (y,2) YR P— lyl=a, |z]<a
where wq := 21%/2/T'(d/2) is the Lebesgue measure of S?~!. Restricting P(y,z) to
S%1 as a function of = and setting y = an with n € S ! and a := 1 + ¢ we get

P(an,z) = “_2_1d. A straightforward derivation shows that
awq |z—an|

(1.12) (n-V)|z—an* " = (d—2)(2a) Hz—an|*~*+27 (d—2)wgP(an, ), ifd > 2.

Hence, the kernel F(z - n) := P(an,x) is of the forms (1.7) and (1.9) with m = 1.
It is also easy to see that in dimension d = 2

1 1
L S .
|z —an| 2a b lan, )
and hence the kernel F,(z - n) := P(an,z) is of the forms (1.8) and (1.10) with
m = 1.

Furthermore, it is easy to show that (see (3.7))

(1.13) (n-V)ln

(1.14) 57 Y e+ p(x,n)) < |z —an| < 2(e + p(z,n)), xS if 0<e<1.

Therefore, 0 < F.(x-n) < ce~ 1 (1+e1p(x,n))~¢ and hence F.(z-n) := P(an, z)
solves Problem 2 and Problem 3 for M = d.

To solve Problem 2 or Problem 3 for an arbitrary M > d is not so easy. When
trying to solve Problem 3 in the general case the first question that occurs is whether
the mth directional derivative (- V)™ |z —an>~¢if d > 2 or (n- V)™ In1/|z — an|
if d = 2 for sufficiently large m, depending on M, can solve the problem. The well
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known Maxwell formula (see e.g. [1, p. 479, ex. 13]) asserts that if d > 1, n € S~1,
A >0, m €N, then

1 z-n 1
1.15 W) = (— D)™yl () R {0
(L15) )" g = () meR? () e e RA(0)
where 07(# ) is the mth degree ultraspherical polynomial normalized by the iden-
tity Cr(#)(l) = (m+fn“_1). Now, using that lim, o4 p=([t|* — 1) = lnﬁ and
lim,, 04 1~ CYY () = 2m~1T,,(t) one obtains by letting  — 0 in (1.15)

ma 1 z-n) 1 2

(1.16) (n-V)"In— = (=1)"(m— 1)!T,, <) —, x € R*\{0},

|| || ) fa]™
where T, is the mth degree Chebyshev polynomial of the first kind normalized by
Tn(1)=1. Let n €S ! a:=1+¢, >0, and m € N. Then (1.15)-(1.16) yield

(1.17)
(77 . V)m ; — (_1)mm'01(7fbi/2_1) ((JJ — a77) i 77) 1 d> 2,

[ T2 Tean ) o g
(1.18)
m 1 (x —an)-n 1
V)" = (—1)"(m — )Ty, . d=2.
(- V) gy = D" m =) < an ) e —an®

Now, using (1.17) and (1.14) we obtain the sharp estimate

1
|z — an|=2

€—m+15—d+1 B
z e st

< ¢(m,d)

(1.19) ‘(77 V)" = (1+e-1p(x,n))m+d=2’

On the other hand, since (- V)™ |z — an|>~% is a harmonic function we have

[ 09" o) = w09 oy

|z — an|?—2 |z — an|=2

z=0

_ d/2—1 —d42-m _ m+d—3\ 40,  c(m,d)
= wamlC* D (1)a - “dm!( m ) = Aqoymias

Therefore, if we set
F(x-m):=c"(n-V)" o —an*~

with a normalization constant ¢* so that F.(x -n) obeys (1.6) then in light of the
additional multiplier e ™% in (1.19) |F.(z - )| with m > 2 cannot have the decay
from (1.5) for any M > d — 1. The same argument applies if d = 2. The conclusion
is that Problem 2 cannot be solved by using a single mth directional derivative of
the Newtonian kernel.

In this article we present two main results. First, modifying Lemma 2.5 in
L. Colzani [3] we show that the function

m

1 f(m nd— .
Fua o) = 317 () (L i P+ o)
j=1
where P is the Poisson kernel (1.11) and m > M — d, solves Problem 2. Secondly,
we show that Problem 3 is solved by the simpler kernel

*x 2m—1

c*e
F.(z-n):=

d—1 . _
= g ¢ €8T with /Sd_lFs(l”'??)do(x)—l,
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where m > (M —d+2)/2, a = 1+ ¢, and ¢* > 0 is a normalization constant.
While the proof of the first result is straightforward, the proof of the second (more
surprising) result is quite involved and this is the main novelty in this paper.

Our solution of Problem 3 (and hence of Problem 1) has an obvious advantage
over Colzani’s solution of Problem 2 - it is amenable to generalizations. Our scheme
can be used for the solution of the analog of Problem 3 and consequently Problem 1
for domains with much more complicated geometry than the ball, while Colzani’s
solution of Problem 2 relying on the Poisson kernel is limited to domains for which
the Poisson kernel is available in a convenient concrete form.

The rest of this article is organized as follows. In Section 2 we presents a solution
of Problem 2 based on an idea of L. Colzani from [3]. In Section 3 we present the
solution of Problem 3 mentioned above. In Section 4 we present a second solution
of Problem 3 in dimension d = 2. Section 5 treats in brief the localization on Sd-1
of harmonic functions on R?\ B. As a natural progression of our development, in
Section 6 we also solve the analogues of Problems 2 and 3 and as consequence the
analogue of Problem 1 with S%~! replaced by R?~1.

2. LOCALIZED KERNELS ON S% ! IN TERMS OF NEWTONIAN KERNELS:
SOLUTION OF PROBLEM 2

In this section we present a solution of Problem 2 from §1 based on the idea from
[3, Lemma 2.1].

Theorem 2.1. Let m € N, d > 2, n€ S, and 0 < e < 1. Consider the function
(2.1)

Fem(@) =) (=1)* (Tjn) (L+7e) P((L+je)na), = € RI\UL {(1+ je)n},

Jj=1

where P is the Poisson kernel (1.11). Then the restriction F.(x-n) of the function
fen(2) on S has these properties:

ce” d—1
(2.2) |F.(z-n)| < A+ e p(a,m))miaT’ Ve,ne S,
and
(2.3) / F.(z-n)do(x) =1, VneSi !,
§d—1

where ¢ > 0 is a constant depending only on m and d. Furthermore, fe ,(x) can be
represented in the form

24)  fonx)=Y —2L—— 4> ¢;(n- V) (———=), if d>2,
(24)  fon(@) ;lx_wd_g Z:j< )(‘m_wd_g)

or

(2.5) fen()=bo+ Y cj(n-V)In

j=1

IR Z.f d= 27
|z — a;n|

where a; == 1+ je.

Proof. From the definition of f. ,(z) and (1.12)—(1.13) it readily follows f. ,(z) can
be represented in the form (2.4) or (2.5).
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From the harmonicity of the Poisson kernel we know that [, , P(an,z)do(z) =
wqP(an,0) = a=%*1 a > 1, implying

fa,n i J+1< ) = 17

Sd—1

which confirms (2.3).
To prove (2.2) we first observe that for z,7 € S¥~! and a > 1 (see (1.2))
(2.6) |z —an)? = (1 —a)?® +asin®(B/2) with B := p(x,n),
and hence, using (1.11),
1 a?—1
awq [(a — 1)2 + asin®(B/2)]4/2°
If p(z,n) < &, then from above it readily follows that |P((1 + je)n,x)| < ce~4*L.

This and the definition of f; ,(x) yield (2.2).
Let p(x,n) > e. Clearly, P(n,z) = 0 since 2,7 € S?~!, 2 # . Hence,

(2.7) P(an,z) =

m

fonla) =3 1)1“(])( ey (14 e, ).

Jj=0

Denote g(u) := (1 +u)? 1P((1 + u)n, x) with 2,7 € S~ fixed. Then

fg,n(.'l,') = (—1)m+1A;ng( — m+1/ / (m) ul N um)du1 d

We claim that

2.8 ) (u)] < -
( ) |g (u)| = |l‘ _ (1 + u)n‘m—&-d—l’

0<u<m,

where ¢ is a constant depending only on m and d. Indeed, from (2.7)
o) = (24 u)(1 +u)d=2 U
wa (w2 + (1+ u) sin?(B/2)) /2
=: ¢p(u)u(u® + (1 +u)sin®(8/2)) =2

Using this representation of g(u) it easily follows that (2.8) holds.
Finally, (2.8) coupled with (2.6) yields (2.2). O

3. LOCALIZED KERNELS ON S ! IN TERMS OF NEWTONIAN KERNELS:
SOLUTION OF PROBLEM 3

The solution of Problem 3 from the introduction is essentially contained in the
following

Theorem 3.1. Let m € N, d > 2, 7€ S¥ !, and0 <e < 1. Seta:=1+¢ and
§:=1—a"2. Consider the function

d/2)m—
]:e(t) — ( / ) 1 a2m§2m— 1((1 +1 —2at) d/24+1— moote [_1’1].
2m)!
The function F. has these properties:

d/2)m—
(3.1) Fe(z-n) = (4/2)m1 /QT)n' 1a2m(52m*1|x —an|74t2Im 0 g e 9L
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cpe—dtl i1
(3.2) 0< Fe(z-nm) < A+ e p(z,y))Pmia2 Va,n e S,
and
(3.3) Fo(x-n)do(x) > cy >0, VneSit

§d—1
where c1,co > 0 are constants depending only on m and d. Furthermore, Fc(x - 1)
is the restriction on S of the harmonic function, defined on R\ {an},

m
5271 L
(3.4)  Fom(an,z) := qolz — an*~* + Z g9 a (n-V)z —an>~¢ ifd>3,
‘

— o(d—2)
or
m qg(slflaé , '
3.5 Fem(an,z) = —1n-V)'lIn —— d=2,
( ) €, (077 l’) qo + ; 0 (77 ) n |J? — an| Zf
where the coefficients qq, - .., qm are determined as the solution of the linear system
of m + 1 equations:
m 51
d/2)pg1——qr=20
QO+;(/)€12€! qe )
m—v 14 o v 5k
(36) DRl P [ R P
=0 | k=(t—v)4
v=1,...,m—1,

Here (u)g :=1, (u)g :=u(u+1)---(u+k — 1) denotes the Pochhammer’s symbol
and (u)y4 = max{0,u}.

Remark 3.2. In fact, the function F. ,(an,z) from (3.4) or (3.5) for x € B? is
the harmonic extension of F.(x-n) to BE. Note also that unlike (3.4) identity (3.5)
contains the constant term qq instead of a Newtonian kernel term like qoln m

Theorem 3.1 immediately implies

Corollary 3.3. Letd > 2, M > d—1. Under the hypotheses of Theorem 3.1 define

fen(2) = ffgm(an,x)(/ 1 Fem(an, y)da(y))il, z € R? \ {an},

where Fo p, ts from (3.4) or (3.5) and m = [(M —d+2)/2]. Then the function
fem solves Problem & from the introduction.

We shall carry out the proof of Theorem 3.1 in three steps.

3.1. Proof of (3.1)—(3.3). Representation (3.1) is immediate from the definition
of F. and (1.2).

We claim that
(3.7) 57 (e + pla,n) < |z —an| < 2(e + p(z,n), eSS
Indeed, let z,7 € S%~1 and denote by 3 (0 < B8 < 7) the angle between x and 7.
Using n - ¢ = cos p(z,n) = cos B in (1.2) we get

|z —an|? = sin? B + (a — cos B)? = sin? B + (e + 2sin?(3/2))>.
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Assume 0 < 8 < 7/2. Using the obvious inequalities (2/7)5 < sin 8 < 8 we obtain
(2/7)282% + €2 < |z —an|?* < B2 + (e + $%/2)%, which implies (3.7). In the case
7/2 < f < 7 inequalities (3.7) are trivial. Now estimate (3.2) readily follows by
(3.1) and (3.7).

Also, from (3.1) we derive

1
Folw-n) do(z) = wa_y / Folu)(1— )@ 2y
gd—1 .

1

_ (d/2)m— a2m62m71wd71/ (a2 + 1 2qu)(~2m=d+2)/2(] _ 2)(d=3)/2y,
2m' -1

Restricting the interval of integration to [1 —e2, 1] and using that a®+1—2au < 5¢2

for w in this range we get

1
Fe(z-n)do(z) > ce®™! / g 2mmdt2 (] ) ([d=3)/2 gy,
Sd-1 1—¢2

S e dH1.2((d=3)/2+1) _ ./

with ¢ > 0 depending only on d and m. This proves (3.3).

3.2. Solution of linear system (3.6). Clearly, system (3.6) has an upper triangu-
lar matrix with 1’s on the main diagonal. Hence qq, . . ., ¢, are uniquely determined
by (3.6).
Also from (3.6) we get by induction on ¥ = m — 1,m — 2,...,0 that the ¢’s
satisfy
m—~

(3.8) qe = qe(d,m,d) = Z a&kék, £=0,1,...,m,
k=0

with some coefficients oy, = oy (d,m) depending only on d and m, where g, =
a0 = 1. Moreover, oy 1(d,m) is a polynomial of d of degree k and, hence, ay
does not depend on d. Observe also that ag ., =0, i.e. go is a polynomial of degree
m — 1. The q,’s for m = 1,2, 3,4 are given in Remark 3.7.

Lemma 3.4. For m € N the numbers ag(m) := ago(d,m), £ =1,...,m, satisfy
L2m — ¢ —1)!

(39) a[(m)zm7 £:1,2,...7m,

and ag(m) = —ay(m)/2.

Proof. The numbers ay(m) satisfy the limit case of (3.6) when 6 =0, i.e. ap(m)+
a1(m)/2 =0 and

min{v,m—v}
(310) Z (71)4 (:)Oéy+g(m) :O, V= 1,...,m* 1, anz(m) =1.
£=0

Note that (3.10) has coefficients independent of d, which also justifies that ay(m)
does not depends on d.

In order to remove the dependence of the upper bound of the sum in (3.10) on
m — v we set ag(m) := 0 for £ > m. Then (3.10) becomes

(3.11) Doy (m) = (—1)"0pm, v=12,...,m,
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where §, ,, is the Kroneker § and ©” denotes the vth forward finite difference
operator, i.e. D"z := Y1 _(=1)""* () zj4x.

We shall show that the solutions «, (m) of (3.11) for all m € N are uniquely
determined by the following recursive procedure:

(3.12) ag(m) :=0km, k>m, meN;
(3.13) ag(m):=agr1(m)+ag_1(m—1), k=m-1m—2,...,2, m>3;

(3.14) ai(m) = as(m), m>2,

where (3.13) is applied inductively on m and for given m inductively on k.

In order to establish this we prove by induction on m € N that ai(m), k € N,
from (3.12)—(3.14) satisfy (3.11). Observe that (3.11) trivially follows from (3.14)
for v =1, m > 2, and from (3.12) for v = m, m > 1. Hence (3.11) is true for m =1
and m = 2. For m > 3 assume (3.11) is true for for m — 1. Using (3.13) we get for
v=2,....m—1

D%, (m) = D" Lo, 1(m) — D" La,(m) = D" Ha,(m) — a,y1(m))
= —’D”*lay_l(m — 1) = O

This verifies (3.11) by induction.
Now, one establishes directly that the non-zero entries in (3.12)—(3.14) are given
by (3.9) and hence (3.9) solves (3.10). This completes the proof of Lemma 3.4. O

Remark 3.5. The numbers ay(m) from (3.9) are known as ballot numbers, see
[5, pp. 68, 76]. The numbers C,, = ay(n+1), n=0,1,..., are known as Catalan
numbers, see [5, pp. 6, 17]. Several values of ag(m) are given in the following table.

m\ ¢ 1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 0 0 0 O
2 1 1 0 0 0 0 0 0 0 O
3 2 2 1 0 0 0 0 0 0 O
4 5 ) 3 1 0 0 0 0 0 O
5) 14 14 9 4 1 0 0 0 0 O
6 42 42 28 14 5 1 0 0 0 O
7 132 132 90 48 20 6 1 0 0 O
8 429 429 297 165 7527 7T 1 0 O
9 1430 1430 1001 572 275 110 35 8 1 O
10 4862 4862 3432 2002 1001 429 154 44 9 1

TABLE 1. ay(m) for 1 < ¢,m < 10.

3.3. Completion of the proof of Theorem 3.1. Using the fact that C’é”) and Ty
are even functions for even ¢ and odd functions for odd ¢ we rewrite the derivatives
of the Newtonian kernel (1.17)-(1.18) as

_ _ an —x) - —dta—
(3.15) (77-V)(Z |z — an|? d:é!C'éd/2 D <( |Z17—)x|n) lan — x| 742,

(3.16) (n-V)'In1/|z —an| = (£ — )T, (W) lan — 2| ~*.
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By [9, p. 442, (18.5.10)] for £ > 1 we have

14/2])
(d/2-1) 4y _ (=1)*(d/2)p—s— os
(3.17) C V() = (d/2 - 1) 2::0 RO
2] \eip— s 1)1
(3.18) Ty(t) = g 3 (—18)'((;_ i 1)1(%)4_25.
s=0 ' '

Now, by (3.17) and (3.15) substituted in the right-hand side of (3.4) or by (3.18)
and (3 16) substituted in the right-hand side of (3.5) we get for d > 2

(3.19) Fm(an, z) = qolan — x|2_d
LZ/QJ

P tat 3 C R () 1)y e
a 23' £ —2s)! lan — x| g '

To find a convenient representation of the values of F; ,,,(an, z) for |z| = 1 we denote
by 6 the angle between the vectors an — x and 7, |an — z|cosf = (an — x) - n. By
the Law of Cosines we have

lan — 2|® + a® — 2|an — x|acos O = |z|?,
which, with the notation
(3.20) ri=lan —z|/a, |z|=1,
can be written as (recall § = (a® —1)/a?)
(3.21) 2co80 =7+ 6r L, x| =1.
Using (3.20), (3.21) and (3.23) in (3.19) we get

m 1/2]
(3'22) |G/l7 - $|d 6 m(a'ny ‘|9L" 1 QO + Zlﬂ(si L Z b[ s T + 6T / 2s _[

m L5/2J
= qo +qu5€_1 Z b&s(l _1_674—2)6—2574—23 —. A,
/=1 s=0
where
(=1)°(d/2)¢—s—1
2 bps =bpg(d) i= ——————.
(3 3) 0, E,K( ) 28'([—28)'

We rewrite (3.22) as follows. In the expression

m €/2] ¢—2s (

A=q+Y 3 abes

>6Z+k—1r—25—2k
(=1 s=0 k=0

we set k = v — s and get

m [£/2] ¢—s o
_q0+z Z Zqzbls< _S>5€+V—s—1r—2y
=1 s=0 v=s
AN ! —2s ttv—s—1_—2v
_q0+zz Z (Mbgs< _8>5 o2

=1v=0 s=0
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Separating the terms for v = 0 (which implies s = 0) and shifting the order of
summation in ¢ and v in the triple sum above we get

m m m min{v,l—v}
A=qo+ ;::1 qebeod* ™t + Z Z Z qebe.s (iif) glAv—s—1,.-2v

v=1/{=v s=0

In the triple sum we set s = ¢ — v — k with ({ —2v)y <k < /£ —v and get

(324) A=qo+ Z qebeod* "

£=1
m m l—v
2v— 4+ 2k el —oy
+> D> a| > bZ,Zuk( i >5k g2t
v=1/{=v k=(l—2v)4

= Qb 082m Ly 2

)

where we used (3.6) for the last equality. Indeed, if the summation index in the
v + 1-st row of (3.6) is changed from ¢ to ¢ — v and this equation is multiplied by
b0 then

m l—v
=042k
Sar| D bee-vk ( N )5 =0.
l=v k):(zle/)+

Now, (3.24), gm = 1, (3.22) and (3.20) yield F.(x - n) = F. ,n(an, z) for x € S¥1,
which completes the proof of Theorem 3.1. ([l

The asymptotic of F¢ ,(an,0) as e — 0 (and of [o,_, Fe(x - 1) do(z) as well) is
given by

Proposition 3.6. Under the assumptions of Theorem 3.1 we have

m d
(3.25) Fom(an,0) = a®>¢ <QO+Z Chs 3 46"~ 1)

zlalo(m)+0(s) L (2m - 2)

2" B 2ml(m —1)! +0(e)-

Proof. In order to evaluate JF n,(an,0) in the case d > 3 we substitute (3.15) in
(3.4) and use that C’édm_l)(l) (Hd 3) to get

(0+d— 3
(3.26)  F.m(an,0) = a®>¢ (qo + Z + qed* 1) =qo+q1+ O(e).

The validity of (3.26) in the case d = 2 is obtain by substituting (3.16) in (3.5) and
the use of Tp(1) = 1. Note that (3.26) is the first equality in (3.25).

From the first equation of (3.6) we get g = —q1/2 + O(e), which together with
(3.26) and (3.8) gives

(3.27) Fem(an,0) =q1/2+ O(e) = a1,0/2 + O(e).
Finally, (3.27) and (3.9) with £ = 1 prove (3.25). O

Remark 3.7. The values of the q;’s and Fe ,(an, 0) form = 1,2, 3,4 are as follows:
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1
o Ifm=1,thenq=—35,q =1,

_ 1
a®2F. 1 (an,0) = 5
Note that F.1(an,z) = 3(a — |z[*)/lan — x|, ie. lim._oF-q1(an,z) is
a constant multiple of the Poisson kernel.
o Ifm=2 thenqo=—%+2%5, g =1-%45, =1,
d—4

_ 1
a2 5(an,0) = 5+ Té.

o [fm =3, then qp = —1 + %(5 — 7d(’i§2)52, ¢ =2—-(d+1)5+ 7d(d8+2)52,
q2:2_¥67 QB:L

52,

d— d—4)(d—
ad_Qﬁ"E,g(an,O) =1+ 1 65 + ( ié 6)

e Ifm =4, then qo = _% 4 5(‘1;4)5 _ (d+2zéd+4) 52 + d(d+§§id+4) 53,
q = 5— 5(d2+2)5 + (3d+2§(d+4) 52 _ d(d+24%(d+4) 63,
gp =5 — 34105 4 (LD 52 g, — 3 dids gy =1,
5 5(d-8) (d—6)(d—8) (d—4)(d—6)(d—8)

d—2 _ 2 2
a 3"6,4(a7770)—2+ 3 5+ % 6% + 51

4. LOCALIZED KERNELS ON S!: SECOND SOLUTION

5.

In dimension d = 2 we next identify another linear combination of a single shift
of the Newtonian kernel directional derivatives with excellent localization on the
unit sphere S'.

Theorem 4.1. Let 0 < e <1,a=¢°, mE€N, and n € S'. The function

22m—2 8_1 1

4.1 G.(x-n):= , es’,
WO Gl = L e+ e
has the following properties:

-1

€
4.2 0<Ge(z-n) < , e st
- )
with a constant ¢ > 0 depending only on m, and

_ w(2m —2)!

Moreover, G.(z - n) is the restriction to S' of the following harmonic function,

defined on R?\{an},

1 (2m-2) & (2e)¢1at ' 1
(4.4)  Gemlan,z) = T2 mi(m —1)! + ;Qe(%)T(n -V)*In T—an
where
o " E(Qm —k— 1)' Ak—l,ﬁ—l ket
(4.5) Qe(u)—kz:[ mlm =k (k=1)! u" Tt 1<l <m,
i v
(46) Ae= 0 ()5 0 e

v={
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and Sy, denote the Stirling numbers of the second kind, defined by
k

(4.7) uk:ZSk,Vu(u—l)-~-(u—1/+1), k=0,1,....
v=0

Note that Sk,O = (Sk’(), Sk,k =1.
The proof of Theorem 4.1 is based on several auxiliary statements.

Lemma 4.2. Let m € N, € > 0 and g, (u) := 2me (1 + (2me~tu)?)™™ for u € R.
Then the Fourier transform of g,, has the representation

m k—1
4.8 Am V)= m (U eiiuv du = e*l’U‘E/(Q‘n’) . B <|’U|E> :
N i (5
where

7(2m — k)!12k
4. m.k = , <k<m.
(49) Bk = T — Ryt O Sk =™
Proof. We have g, (u) = b*™~1(b? +u?)™™ with b := ¢/(27). Clearly, the function
gm 1s even. Hence, it suffices to prove (4.8) only for v > 0. From identity 1.3.7 in
[4, p.11] (which gives the Fourier cosine transform) with v = m — % we get

v \m—1/2 .
%) L(m)™ Kyp—1/2(bv),
where K, /7 is the modified Bessel function of the second kind for half an odd
integer index. According to identity 10.47.9 in [9, p. 262] K,,,_1/ is related to the
modified spherical Bessel function k,,_1 by

2z
(411) Km—l/Q(Z) = 7km71('z)

™

(4.10) G (v) = 202171 /2 (

and k;,,—1 has the explicit form (identities 10.49.12 and 10.49.1 in [9, p.264])

m—1
T, (m—1+v)!  _, 4
(4.12) km—1(2) = 56 VZ:O (m—1—-wv)Wwi2v '
Now (4.8) follows from (4.10), (4.11) and (4.12). O

Lemma 4.3. Let k€ Nandt € C, |t| < 1. Then

9] k
(4.13) Z nFln = Z Ap_1e1(1—)7"
n=0 (=1

where Ay ¢ are defined in (4.6).

Proof. Identity (4.13) for k = 1 reduces to the geometric series > oo t" = (1—¢)~'.
Let k > 2. We differentiate the previous identity v times, then multiply by ¢ and
finaly apply the binomial formula to obtain

o0

donn—1)...(n—v+ " =it (1—t)!

n=0
_ m; (Z) (t— 11—t =l i(—l)”‘ <Z> )
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This coupled with (4.7), where k replaced by k — 1, leads to

o0

inkflt” ZSk 1”2 (n—1)...(n—v+1)t"
" ) k—1 v
=3 s S (-
v=0 =0

which proves the lemma. [l

Theorem 4.4. Let m € N, € > 0, a = ¢, gm(u) := 2me (1 + (2me~1u)?)™™ for
u€R, and z = e 2™ Then

(4.14) ng

veZL
= —fm-1,0 +2 Z Zﬁmf1,k71Ak71,4718k_1a€R€ {(a—2)""}.
=1 k=t

Proof. Applying Lemma 4.2 and the Poisson summation formula:

oo (oo}

Z gm(v +u) = Z o (27m) e~ 2N
V=—00 n=-—oo
we get
e oo
(415) Z gm v+u Zﬂm Lk 15 Z ‘n|k*1€7|’ﬂ|6672ﬂ'2nu'
V=—00 n=—oo

For the evaluation of the inner sum in the right-hand side of (4.15) we use Lemma 4.3
with ¢t = a~ !z and with t = a~'Z to get

(416) Z |n‘k—le—\n|ae—27rinu
k
Z k—1,6—1 17a712)7£+(17&712)7Z7§k71}
k
= —0p1+ ZAk,u,ﬂazRe {(a — z)*g} .
=1
Substituting (4.16) in (4.15) we arrive at (4.14). O

Proof of Theorem 4.1. Due to the rotational invariance we may assume that the
vector 7 = (1,0) in (4.1). For any x = (z1,72) € S! we apply Theorem 4.4 with
z =1 +ire = e 2™ |y| < 1/2. Thus p(z,n) = 27|u| and a — z = |z — anle*?,
_(g=an)n

[z —an]

where cosp = . Using the Maxwell formula (1.18) we get

(4.17) Re{(a—2)""} = Re{(a—2)""}
=<_1)€Te ((90—1177)'77> 1 — (6—11)! (U'V)Zln 1

[z —an| ) |o—anl* |z —an|’
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Now, combining (4.17) with (4.14) we get

(4.18) Z 2me (1 + e 2(p(z,m) + 27v)H) ™™

V=—00

m m _ 1
= Bm-10+2D > Bm-1h-14r-1,4-15" 1aem (n-
=1 k=t '

whenever v > 0. Identity (4.18) is also valid for u < 0 because the left-hand side

of (4.14) is an even function of u. Now, multiplying both sides of (4.18) by 2 ?
we obtain (4.1).
Inequalities (4.2) follow readily by (4.1). From (4.1) and (4.8) we get

2m 2 227n—2 2 —2)!
[ Seontan.a)dota) = _ mem —2)

(1+u®)""du = 9m (0)
which confirms (4.3). O

1

V)Zln _
|z — an|

m™m

R m — (m—1)Im!’

Remark 4.5. Some similarities and differences between the functions Fe m,(an, x)
defined in (3.5) and Ge m(an, z) defined by (4.4) are:

o J..m is defined for every d > 2, while G. , is defined only for d = 2.

e In (3.5) a=1+4¢, while a =e® in (4.4).

e go and Q are polynomials of the same degree and qo(d) — Q(2¢) = O(e),
{=1,...,m
The polynomials Q¢ are given explicitly, while the q;’s are only known re-
cursively.

5. LOCALIZATION ON S%~! OF HARMONIC FUNCTIONS ON R?\ B4

Having solved Problem 1 one can easily solved the analogous problem for local-
ization on S?! of linear combinations of shifts of the Newtonian kernel with poles
inside the unit ball. The answer is given by the simple

Proposition 5.1. For d > 2, n € S ! and a, > 1 the harmonic functions on
R\ UpLy {awn}

60+Z|x_a a2

and the harmonic functions on R4\ U™ {a; 'n}

m
b,la,|>~?
bo+ 1

|z — ay |2

coincide on ST,
Ford=2,n¢€S' and a, > 1 the harmonic functwns on R2\ U™ {a,n}

b0+2b n———

and the harmonic functions on R? \ U™ {a; n}

b0+Zb In +Zb Y Py

‘LL' - au77|

]

coincide on S*.
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The proof follows immediately by the symmetry lemma:

alr —a 'yl = |z —an|, z,meS¥t a>0.

6. LOCALIZED KERNELS ON R?~! IN TERMS OF NEWTONIAN KERNELS
In this section we construct highly localised kernels on the subspace
(6.1) RV ={zeR: 2= (z1,...,24-1,0)} of R%

In this case the problem is less involved compared to the case on S and the
solution is simpler.

Theorem 6.1. Let m e N, d>2,¢>0, and n=(0,...,0,—1). Denote
22m72(d/2)m71 €2m71

* L d—1
(6.2) Fim(w) = - o egptd 2 x e R
The function FZ . has the following properties:

—d+1
* C1€ d—1
(6.3) 0 < F(z) < (T e Taemra?’ Ve e RO,
and
(64) / e m dl‘1 dl‘d_l >co > O7
Rd-1

where ¢1,c2 > 0 are constants depending only on m and d. Furthermore, FZ  is
the restriction to RY~1 of the harmonic function FZ ., defined on R\ {en},

m

yeltem—e—-1) , ., 1

(65) 3¢ — 6—1 Im!(m — £)! (d—2)€ Yo — enld-2 yazs
. - (=D em — - 1)) - 1 e
(6:6) Tem(@) =D (€= 1)lm!(m — 0)! 1241 Mz —en ifd=2

(=1

where 0y stands for the partial derivative with respect to x4.
From Theorem 6.1 we immediately get

Corollary 6.2. Under the hypotheses of Theorem 6.1 define

(6.7) F2 (@) 1= F2 (@) /R f;m(y)dy)_l, z e R,

Then FZ () is a summability kernel with decay just as in (6.3) that can be repre-
sented as a linear combination of 04|x —en|?>~% if d > 2 or 95In1/|x —en| if d > 2
fore=1,....m

Proof of Theorem 6.1. We shall derive this result from Theorem 3.1 by a limiting
process.

Our first step is to obtain a version of Theorem 3.1 for an arbitrary sphere of
radius Rin R Let m € N, d > 2, ¢ >0,n € S, 2 € RY and R > . Set
g = &+ (R + ¢)n. Denote by S(z, R) the sphere in R? centered at # of radius
R, ie. S(z,R) := {z} + RS?!. Scaling by a factor of 1/R the sphere S(z, R)
and the pole location § we arrive at the sphere S(z/R,1) and pole location at
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g/R=z/R+ (1+¢/R)n. By (3.1) with ¢/R and Z/R in the place of € and T we
get for /R € S(z/R, 1)

T — T (d/Qm 1(€/R>2m 1(2+€/R 2m—1 = —d+2—2m
J:E/R,m n| = 2m 5 ‘ .
R 2m/! (14+¢/R)
We multiply both sides above by R'~¢ and factor 1/R out of the norm to obtain
1-d =z N\ _ (d/2)m-1 (2 +e/R™ 5 _ —|—d+2—-2m
B Fermm ( R ) = oml (re/mpe2t 1Y '

Now, using Theorem 3.1 and (3.8) we obtain the follow representations of the
functions R'"4F_ g ,((x — )R~ - n) for x € S(z, R): In the case d > 3 we have

(d/z)mfl (2 + €/R>2m_1 EQm—llaj _ g‘—d+2—2m
oml (It e/R)Zm—2

(68) Z E/R 2+5/R)kal|x _g|2fd

2 (1+e/R)%F
m m—{
(2+¢/R)F1 gt (e/R)*(2 +¢/R)* ' Cod
.V _
+Z 1—|—6/R Z 2€| prt Qo k +€/R)2k (77 ) ‘x y‘

and in the case d = 2

1 (2+4¢/R)P1 2m=t L (¢/RF(2+¢/R)F
) o re/R 2 g ;) N W
T (24e/R)LLTE (¢/R)F(2+¢/R)F 1
+Z (I+e/R)—2 0 & T 1 /R)% (- V)’In iz —g|

We are prepared to prove identities (6.5)-(6.6). Let € > 0 and n = (0, ...,0,—1).
Fix 2* = (27,...,2%_,,0) € R (see ( 1)) and let R > max{|z*|,e}.

We choose T := —Rn, 5 :=en = (0,...,0,—¢), and consider the point x € S(Z, R)
defined by

= (2},...,25_1,2q), where zq:=|z*]*/(R+ /R2— |z*|2).

It is easy to verify that x —z € RSY~1. Then (6.8) and (6.9) hold. Letting R — oo
n (6.8) or (6.9), using Lemma 3.4 and observing that x — z* we conclude that the
restriction of J7 ,,, from (6.5)-(6.6) coincides with F7,, from (6.2) at every point
r* € Ré-L /

Inequalities (6.3)—(6.4) follow trivially from (6.2). O
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