{

]
23 \J
%
Y 4

|
\\=‘
@

S
P
( 27
A
K<
“

u
u
o

)
.

1M1

PREPRINT SERIES

INTERDISCIPLINARY
MATHEMATICS
INSTITUTE

2012:06

Heat Kernel Generated Frames in
the Setting of Dirichlet Spaces

T. Coulhon, G. Kerkyacharian, and P.
Petrushev

COLLEGE OF ARTS AND SCIENCES

UNIVERSITY OF SOUTH CAROLINA



HEAT KERNEL GENERATED FRAMES IN THE SETTING OF

1.

1.1.
1.2.
1.3.
1.4.
2.

2.1.
2.2.
2.3.
2.4.
3.

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.
4.

DIRICHLET SPACES

T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

ABSTRACT. Wavelet bases and frames consisting of band limited functions of
nearly exponential localization on R% are a powerful tool in harmonic anal-
ysis by making various spaces of functions and distributions more accessible
for study and utilization, and providing sparse representation of natural func-
tion spaces (e.g. Besov spaces) on R?. Such frames are also available on the
sphere and in more general homogeneous spaces, on the interval and ball.
The purpose of this article is to develop band limited well-localized frames
in the general setting of Dirichlet spaces with doubling measure and a local
scale-invariant Poincaré inequality which lead to heat kernels with small time
Gaussian bounds and Hélder continuity. As an application of this construction,
band limited frames are developed in the context of Lie groups or homogeneous
spaces with polynomial volume growth, complete Riemannian manifolds with
Ricci curvature bounded from below and satisfying the volume doubling prop-
erty, and other settings. The new frames are used for decomposition of Besov
spaces in this general setting.

CONTENTS

Introduction

The setting

Realization of the setting in the framework of Dirichlet spaces
Examples

Outline of the paper

Doubling metric measure spaces: Basic facts

Consequences of doubling and clarifications
Useful notation and estimates

Maximal d-nets

Integral operators

Functional calculus

Smooth functional calculus
Non-smooth functional calculus.

Approximation of the identity and Littlewood-Paley decomposition

Spectral spaces

Linear approximation from spectral spaces
Kernel norms

Finite dimensional spectral spaces

Sampling theorem and cubature formula

1991 Mathematics Subject Classification. 58J35, 42C15, 43A85, 46E35.
Key words and phrases. Heat kernel, Gaussian bounds, Functional calculus, Sampling, Frames,
Besov spaces.

— O © 00 = Wi



2 T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

4.1. The sampling theorem 36
4.2.  Cubature formula for 3} 38
5. Construction of frames 40
5.1. A natural (Littlewood-Paley type) frame for L2 40
5.2. Dual frame 42
5.3. Frames in the case when {32} possess the polynomial property 48
6. DBesov spaces 50
6.1. Characterization of Besov spaces via linear approximation from {3¥} 50
6.2. Comparison of Lipschitz spaces and BS___ 51
6.3. Frame decomposition of Besov spaces 52
6.4. Embedding of Besov spaces 54
7. Heat kernel on [—1, 1] induced by the Jacobi operator 54
7.1. Doubling property of the measure 55
7.2. Poincaré inequality 55
7.3. Gaussian bounds on the heat kernel associated with the Jacobi
operator 57
References 57

1. INTRODUCTION

Decomposition systems (bases or frames) consisting of band limited functions of
nearly exponential space localization have had significant impact in theoretical and
computational harmonic analysis, PDEs, statistics, approximation theory and their
applications. Meyer’s wavelets [39] and the frames (the ¢-transform) of Frazier and
Jawerth [21, 22, 23] are the most striking examples of such decomposition systems
playing a pivotal role in the solution of numerous theoretical and computational
problems. The key to the success of wavelet type bases and frames is rooted in
their ability to capture a great deal of smoothness and other norms in terms of
respective coefficient sequence norms and provide sparse representation of natural
function spaces (e.g. Besov spaces) on R?. Frames of a similar nature have been
recently developed in non-standard settings such as on the sphere [42, 43] and more
general homogeneous spaces [24], on the interval [47, 35] and ball [48, 36] with
weignts, and extensively used in statistical applications (see e.g. [32, 31]).

The primary goal of this paper is to extend and refine the construction of band
limited frames with elements of nearly exponential space localization to the general
setting of strictly local regular Dirichlet spaces with doubling measure and local
scale-invariant Poincaré inequality which lead to a markovian heat kernel with
small time Gaussian bounds and Holder continuity. The key point of our approach
is to be able to deal with (a) different geometries, (b) compact and noncompact
spaces, and (c) spaces with nontrivial weights, and at the same time to allow for
the development and frame decomposition of Besov and Triebel-Lizorkin spaces
with complete range of indices. This will enable us to cover and shed new light on
the existing frames and space decompositions and develop band limited localized
frames in the context of Lie groups or homogeneous spaces with polynomial volume
growth, complete Riemannian manifold with Ricci curvature bounded from below
and satisfying the volume doubling condition, and other new settings. To this
end we will make advances on several fronts: development of functional calculus of
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positive self-adjoint operators with associated heat kernel (in particular, localization
of the kernels of related integral operators), development of lower bounds on kernel
operators, development of a Shannon sampling theory, Littlewood-Paley analysis,
and development of dual frames.

As a first application of our frames we shall develop rapidly and characterize
the classical Besov spaces B, with positive smoothness and p > 1. Classical and
nonclassical Besov and Triebel-Lizorkin spaces in the general framework of this
paper with full range of indices and their frame and heat kernel decompositions are
developed in the follow-up paper [33].

In this preamble we outline the main components and points of this undertaking,
including the underlying setting, a general scenario for realization of the setting and
examples, and a description of the main results.

1.1. The setting. We now describe precisely all the ingredients we need to develop
our theory.

I. We assume that (M, p, u) is a metric measure space, which satisfies the con-
ditions:

(a) (M, p) is alocally compact metric space with distance p(-,-) and p is a positive
Radon measure such that the following volume doubling condition is valid

(1.1) 0 < u(B(z,2r)) < 2%u(B(x,7)) < oo for x € M and r > 0.

Here B(x,r) is the open ball centered at = of radius  and d > 0 is a constant that
plays the role of a dimension. Note that (M, p, 1) is also a homogeneous space in
the sense of Coifman and Weiss [10, 11].

(b) The reverse doubling condition is assumed to be valid, that is, there exists a
constant 8 > 0 such that

diam
(1.2) w(B(x,2r)) > 2°u(B(x,7)) forx € M and 0 < r < diam M

It will be shown in §2 that this condition is a consequence of the above doubling
condition if M is connected.

(c¢) The following non-collapsing condition will also be stipulated: There exists
a constant ¢ > 0 such that

. ' > .
(1.3) xlélj&,u(B(a?, 1)>¢, zeM

As will be shown in §2 in the case p(M) < oo the above inequality follows by (1.1).
Therefore, it is an additional assumption only when u(M) = oco.

Since we consider in this paper inhomogeneous function spaces only, it would
be natural to make only purely local assumptions, and in particular to assume
doubling only for balls with radius bounded by some constant, which would enlarge
considerably our range of examples. This would require however more work and
more space. On the other hand, our next assumptions on the heat kernel are local,
in the sense that they are required for small time only. Clearly, by assuming global
doubling and global heat kernel bounds, one can treat homogeneous spaces as well.

IT. Our main assumption is that the local geometry of the space (M, p, p) is
related to an essentially self-adjoint positive operator L on L?(M,du) such that the
associated semigroup P, = e ' consists of integral operators with (heat) kernel
pi(x,y) obeying the conditions:



4 T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

(d) Small time Gaussian upper bound:
Cexp{ 774)}
W Ju(B(y. V)

One can see that by combining the results in [9, 45] and [13], this estimate and the
doubling condition (1.1) coupled with the fact that e~*" is actually a holomorphic
semigroup on L?(M,dp), i.e. e *L exists for z € C, Rez > 0, imply that e *L is
an integral operator with kernel p. (z,y) satisfying the following estimate: For any
z=t4+iu, 0<t<l,uelR x,ye M,

(1.4) P ( for z,ye M,0<t<1.

C'exp { —cRe?2 ( v) }
Ip=(z,y)| < .
V(B VO)u(B(y. V)

(e) Holder continuity: There exists a constant o > 0 such that

(1.5)

exp{ cp (my)}

V(B /OBy, V)

for z,y,y’ € M and 0 < t < 1, whenever p(y,y’) < Vt.
(f) Markov property:

(1.7) /Mpt(a:,y)du(y) =1 fort>0,

which readily implies, by analytic continuation,

(1.6)  |pe(@,y) — iz, y))] <C( i ))a

(1.8) / p(x,y)du(y) =1 for z =t+iu, t>0.
M

Above C, ¢ > 0 are structural constants that will affect almost all constants in what
follows.

The main results in this article will be derived from the above conditions. How-
ever, it is perhaps suitable to exhibit a more tangible general scenario that guar-
antees the validity of these conditions.

1.2. Realization of the setting in the framework of Dirichlet spaces. We
would like to point out that in a general framework of Dirichlet spaces the needed
Gaussian bound, Hoélder continuity, and Markov property of the heat kernel follow
from the local scale-invariant Poincaré inequality and the doubling condition on
the measure, which in turn are equivalent to the parabolic Harnack inequality. The
point is that situations where our theory is applicable are quite common and it just
amounts to verifying the local scale-invariant Poincaré inequality and the doubling
condition on the measure. We shall further illustrate this point on several examples
and, in particular, on the “simple” example of [—1, 1] with the heat kernel induced
by the Jacobi operator, seemingly not covered in the literature.

We shall operate in the framework of strictly local regular Dirichlet spaces (see
[20, 45, 2, 55, 56, 57, 5, 6, 14]). To be specific, we assume that M is a locally
compact separable metric space equipped with a positive Radon measure p such
that every open and nonempty set has positive measure. Also, we assume that L
is a positive symmetric operator on (the real) L?(M, i) with domain D(L), dense
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in L?(M, ). We shall denote briefly P := LP(M, ) in what follows. One can
associate with L a symmetric non-negative form

E(f,9) =(Lf,g) =E9, 1), E(f, f) = (L, f) 20,

with domain D(£) = D(L). We consider on D(E) the prehilbertian structure
induced by

IF11E = I1£1I5 + ECf. f)

which in general is not complete (not closed), but closable ([14]) in 2. Denote by
& and D(€) the closure of £ and its domain. It gives rise to a self-adjoint extension
L (the Friedrichs extension) of L with domain D(L) consisting of all f € D(&) for
which there exists u € L2 such that £(f,g) = (u,g) for all g € D(§) and Lf = u.
Then L is positive and self-adjoint, and

DE) = D(D)Y?), E(f.9) = (D)'/*1.(D)" ).

Using the classical spectral theory of positive self-adjoint operators, we can as-
sociate with L a self-adjoint strongly continuous contraction semigroup P, = e~*F

on L2(M, ). Then
e*tiz/ e MdE),
0

where E) is the spectral resolution associated with L. Moreover this semigroup has
a holomorphic extension to the complex half-plane Re z > 0.

Our next assumption is that P; is a submarkovian semigroup: 0 < f < 1 and
f € L? imply 0 < P,f < 1. Then P, can be extended as a contraction operator
on L?, 1 < p < oo, preserving positivity, satisfying P;1 < 1, and hence yielding a
strongly continuous contraction semigroup on IL?; 1 < p < co. A sufficient condition
for this [2, 20], which can be verified on D(L), is that for every & > 0 there exists
®. : R — [—&,1+ €] such that ®. is non-decreasing, . € Lipl, ®.(t) = ¢ for
t €[0,1] and

O.(f) € D(€) and E(P:(f),P:(f)) < E(f,f), VfeD(L).

(in fact, this can be done easily only if ®.(f) € D(L)).

Under the above conditions, (D(£), €) is called a Dirichlet space and D (&) N>
is an algebra.

We assume that the form & is strongly local, i.e. E(f,g) = 0 for f,g € D(E)
whenever f is with compact support and g is constant on a neighbourhood of the
support of f. We also assume that & is regular, meaning that the space C.(M) of
continuous functions on M with compact support has the property that the algebra

Cc(M)N D(E) is dense in C.(M) with respect to the sup norm, and dense in D(E)

in the norm /E(f, f) + || f]13-

We next give a sufficient condition for strong locality and regularity ([20], Chap-
ter 3) which can be verified for D(L): € is strongly local and regular if (i) D(L) is
a subalgebra of C.(M) verifying the strong local condition: 0 = E(f,g) = (Lf,g)
if f,g € D(L), f is with compact support, and g is constant on a neighbourhood
of the support of f, and (ii) for any compact K and open set U such that K C U
there exists u € D(L), u > 0, suppu C U, and u =1 on K (thus D(L) is a dense

subalgebra of C.(M) and dense in D(£)).
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Under the above assumptions, there exists a bilinear symmetric form dI" defined

on D(E) x D(E) with values in the signed Radon measures on M such that
£(0£.9)+ E(1.69) ~ (6. f9) =2 [ 6dD(f.g) for f.9.6 € C.M) N DEE),
M

which obviously verifies £(f, g) = [,,dT(f,g) and dT'(f, f) > 0.
In fact, if D(L) is a subalgebra of C.(M), then dI' is absolutely continuous with
respect to u, and

In other words, £ admits a ”"carré du champ” ([8], Chapter 1, §4): There exists a
bilinear function D(E) x D(E) > f,g — T'(f,g) € Lt such that T'(f, f)(u) > 0,

E(0f.9) + E(f.09) — E(6, fg) = 2 / SN (u)duu) VF.0.0 € DE) L.

and E(f, g) =2 fM F(f, g) (U)dﬂ(u)-
One can define an intrinsic distance on M by

p(z,y) = sup{u(z)—u(y) : u € D(E)NC(M), dI'(u, u) = y(u)(x)dpu(x),y(u)(z) < 1}.
We assume that p : M x M — [0,00] is actually a true metric that generates the
original topology on M and that (M, p) is a complete metric space.

As a consequence of this assumption, the space M is connected, the closure of
an open ball B(z,r) is the closed ball B(z,r) := {y € M, p(x,y) < r}, and the
closed balls are compact (see [57, 55, 56]).

We are now in a position to describe an optimal scenario when the needed Gauss-
ian bound (1.4), Holder continuity (1.5), and Markov property (1.6) on the heat
kernel can be effectively realized. In the framework of strictly local regular Dirichlet
spaces with a complete intrinsic metric, the following two properties are equivalent
[57, 28]:

(i) The heat kernel satisfies

2 2
cip Ewy)} c2p 7garfy)}

ch exp{—

(B, V))u(B(y, V1))

ch exp{—
V(B VD)u(B(y, VD)

forz,y e M and 0 <t < 1.

(ii) (a) (M, p, ) is a local doubling measure space: There exists d > 0 such that
w(B(x,2r)) < 29u(B(x,r) for v € M and 0 <7 < 1.

(b) Local scale-invariant Poincaré inequality holds: There exists a constant C' > 0
such that for any ball B = B(z,r) with 0 < r < 1, x € M, and any function
fe D),

(1.9)

<pi(w,y) < \/u

/ I fol? < Cr2/ dr(f, f).
B B

Moreover, it is also well-known that the above property is equivalent to a local
parabolic Harnack inequality, and, furthermore, any of these equivalent properties
implies the validity of (1.6) and (1.7) (see [57], [28], [53], [27], and the references
therein).

Consequently, given a situation which fits into the framework of strictly local
regular Dirichlet spaces with a complete intrinsic metric it suffices to only verify
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the local Poincaré inequality and the global doubling condition on the measure and
then our theory applies in full.

In a future work we will further develop this theory under the more general
assumption of the small time sub-Gaussian estimate:

e Confr )
T (B, ) u(B(y, ™))

where m > 2.

(1.10) Py for z,ye M,0<t<1,

1.3. Examples. There is a great deal of set-ups which fit in the general framework
of this article. We next briefly describe several benchmark examples which are
indicative for the versatility and depth of our methods.

1.3.1. Uniformly elliptic divergence form operators on R?. Given a uniformly el-
liptic symmetric matrix-valued function {a; ;(z)} depending on x € RY, one can

define an operator
0 0
L==2 & (ax)

4,j=1

on L?(R%, dz) via the associated quadratic form. Thanks to the uniform ellipticity
condition, the intrinsic metric associated with this operator is equivalent to the
Euclidean distance. The Gaussian upper and lower estimates of the heat kernel
in this setting hold for all time and are due to Aronson, the Holder regularity of
the solutions is due to Nash [44], the Harnack inequality was obtained by Moser
[40, 41].

1.3.2. Domains in R%. One can define uniformly elliptic divergence form operators
on R? by choosing boundary conditions. In this case the upper bounds of the heat
kernels are well understood (see for instance [45]). The problem for establishing
Gaussian lower bounds is much more complicated. One has to choose Neumann
conditions and impose regularity assumptions on the domain. For the state of the
art, we refer the reader to [27].

1.3.3. Riemannian manifolds and Lie groups. The conditions from §1.2 are verified
for the Laplace-Beltrami operator of a Riemannian manifold with non-negative
Ricci curvature [38], also for manifolds with Ricci curvature bounded from below
if one assumes in addition that they satisfy the volume doubling property, also
for manifolds that are quasi-isometric to such a manifold [25, 51, 52|, also for
co-compact covering manifolds whose deck transformation group has polynomial
growth [51, 52], for sublaplacians on polynomial growth Lie groups [61, 50] and
their homogeneous spaces [39]. We would like to point out that the case of the
sphere endowed with the natural Laplace-Beltrami operator treated in [42, 43] and
the case of more general compact homogeneous spaces endowed with the Casimir
operator considered in [24] fall into the above category. One can also consider
variable coefficients operators on Lie groups, see [54].

We refer the reader to [27, Section 2.1] for further details on the above examples.
For more references on the heat kernel in various settings, see [61, 14, 26, 53].
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1.3.4. Heat kernel on [—1, 1] generated by the Jacobi operator. To show the flexibil-
ity of our general approach to frames and spaces through heat kernels we consider
in §7 the “simple” example of M = [—1, 1] with du(z) = wa g(z)dz, where wq g(z)
is the classical Jacobi weight:

Wa,5(2) = w(z) = (1 -2)*(1+2)’, af>-1
The Jacobi operator is defined by

[w(z)a(@)f' ()] >
L = — h =1-
fx) w(@) with a(x) x
and D(L) = C?[—1,1]. As is well-known ([58]), LPy = APy, where P, (k > 0)
is the kth degree (normalized) Jacobi polynomial and A\, = k(k + a + 8 + 1).
Integration by parts gives

/

1
E(f.9) = (Lf.g) = / a(@) f(2)g ()0 p(x)de.

-1
In §7 it will be shown that in this case the general theory applies, resulting in a
complete strictly local Dirichlet space with an intrinsic metric defined by

p(x,y) = |arccosx — arccosy|, =,y € [—1,1],

which is apparently compatible with the usual topology on [—1,1]. Tt will be also
shown that in this setting the measure p verifies the doubling condition and the
respective scale-invariant Poincaré inequality is valid. Therefore, the example under
consideration fits in the general setting described in §1.2 and our theory applies.
In particular, the associated heat kernel with a representation

pi(z,y) =D e P(w) Pi(y)

k>0

has Gaussian bounds (see §7), which to the best of our knowledge appears first in the
present article. Another consequence of this is that our theory covers completely the
construction of frames and the development of Besov and Triebel-Lizorkin spaces
on [—1,1] with Jacobi weights from [35, 47].

Finally, we would like to point out that there are other examples, e.g. the
development of frames and weighted Besov and Triebel-Lizorkin spaces on the unit
ball B in R in [36, 48], which perfectly fit in our general setting, but we will not
pursue in this article.

1.4. Outline of the paper. This paper is organized as follows:

In §2 we give some auxiliary results which are instrumental in proving our main
results. In particular, we collect all needed facts about doubling measures and
related kernels, construction of maximal d-nets, and integral operators.

In §3 we develop some components of a non-holomorphic functional calculus
related to a positive self-adjoint operator L in the general set-up of the paper.
In particular, we establish the nearly exponential localization of the kernels of
operators of the form f(v/L) under suitable conditions on f. These localization
results are crucial for the development of the Littlewood-Paley theory in our setting.
They also enable us to explore the main properties of the spectral spaces and develop
the linear approximation theory from spectral spaces through the machinery of
Jackson-Bernstein inequalities and interpolation. In this section we also give the
main properties of finite dimentional spectral spaces.
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In §4 we establish a sampling theorem in the spirit of the Shannon theory and de-
velop a cubature rule/formula in the compact and non-compact case, which is exact
for spectral functions of a given order. This cubature rule is a critical component
in the development of our frames.

Our main results are placed in §5, where we construct pairs of dual frames of
the form: {1 : € € Xj,j > 0}, {hje : € € X}, j > 0}, where each X; is a §;-net on
M for an appropriate ;. The frame elements ¢, Jjjg are band limited and well-
localized functions, which allow for decomposition of functions and distributions
from various spaces (in particular, Besov and Triebel-Lizorkin spaces) of the form

F=Y> (fdie)e.

j>0EeX;

The most critical point in this paper is the construction of the dual frame {7%5}.
We develop it in two settings: (i) in the general case, and (ii) in the case when
the spectral spaces have the polynomial property under multiplication (see §5.3).
In the second case the construction is simple and elegant, however, the setting is
somewhat restrictive, while in the first case the construction is much more involved,
but the localization of ;¢ is inverse polynomial of an arbitrarily fixed order.

In §6 we develop the classical and most commonly used Besov spaces B, with
indices s > 0, 1 < p < 00, and 0 < ¢ < oo in the setting of this paper. These
spaces are defined through Littlewood-Paley decomposition and characterized as
approximation spaces of linear approximation from spectral spaces. A frame de-
composition of By, is also established. In full generality, classical and non-classical
Besov and Triebel-Lizorkin spaces and their frame decomposition in the general
setting of the paper are developed in [33].

Section 7 is an appendix, where we place the proofs of the Poincaré inequality for
the Jacobi operator and the doubling property of the respective measure. Gaussian
bounds of the associated heat kernel are also established.

Notation. Throughout this article we shall use the notation |E| := u(E) for
E cC M,LP :=LP(M,pn), || - llp == || - llLe, and || T'||p—q will denote the norm of
a bounded operator T : LP — L9. UCB will stand for the space of all uniformly
continuous and bounded functions on M and L*° will be in most cases identified
with UCB. D(T) will stand for the domain of a given operator 7. We shall denote
by C§°(R.) the set of all compactly supported C'*° functions on Ry := [0,00). In
most cases “sup” will mean “esssup”. Positive constants will be denoted by ¢, C,
c1, ¢, ... and they may vary at every occurrence, a ~ b will stand for ¢; < a/b < c.

2. DOUBLING METRIC MEASURE SPACES: BASIC FACTS

In this section we put together some simple facts related to metric measure
spaces (M, p, 1) obeying the doubling, inverse doubling and non-collapsing condi-
tions (1.1)-(1.3) and integral operators acting on functions defined on such spaces.

2.1. Consequences of doubling and clarifications. The doubling condition
(1.1) readily implies

(2.1) |B(z,Ar)| < 2N B(z,7)|, z€M, A>1,r>0,
and, therefore, due to B(z,r) C B(y, p(y,x) + 1)

d
(2.2) Bla,n) <2'(1+ @) |B(y,r)l, x,y €M, r>0.
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In turn, the reverse doubling condition yields
(2.3) |B(z, )| > (\/2)°|B(z,7)|, A>1,7>0,0< )\ < damd
Also, the non-collapsing condition (1.3) coupled with (2.1) implies

(2.4) inf |B(z,r)| >eér?, 0<r <1,
xeM

where ¢ = ¢27¢ with ¢ > 0 the constant from (1.3).

Note that |B(z,7)| can be much larger than cr? as is evidenced by the case of
the Jacobi operator on [—1, 1], considered in §1.3.4 and §7, see (7.1).

Several clarifying statements are in order. We begin with a claim which, in
particular, shows that the non-collapsing condition is automatically obeyed when
w(M) < oco.

Proposition 2.1. Let (M, p, u) be a metric measure space which obeys the doubling
condition (1.1). Then

(a) p(M) < oo if and only if diam M < oco. Moreover, if dlam M = D < oo,
then

(2.5) 12{/[ |B(x,7)| > rY|M|(2D)~%, 0<r <D.

(b) p({z}) > 0 for some x € M if and only if {x} = B(z,r) for some r > 0.

Proof. We first prove (a). Note that if diam M = D < oo, then M = B(z, D) for
any « € M and hence |M| = |B(x, D)| < 0.

In the other direction, let |M| < co. Assume on the contrary that diam M = cc.
Then inductively one can construct a sequence of points {xzg,z1,...} C M such
that if d; := p(zo,x;), then 1 < dy <dp < --- and d;y1 > 3d;, j > 0. One checks
casily that B(x;, %) N B(xy, %) = 0 if j # k. On the other hand, using (1.1),

0 < [B(zo,1)| < |B(;,2d;)| < 47 B(x;, d;/2)].

Therefore, we have a sequence of disjoint balls {B(z;, %)}jzl in M such that
|B(x;, %])| > 474 B(xg,1)| > 0 and hence |M| = oco. This is a contradiction that
proves the claim.

Estimate (2.5) is immediate from (2.1).

To prove (b), we first note that if {x} = B(x,r) for some r > 0, then (1.1)
implies p({x}) > 0. For the other implication, let u({z}) > 0 and assume that
{z} # B(x,r) for all » > 0. Then we use this to construct inductively a sequence

{z1,22,...} C M suchthatif d; := p(z,z;), thendy > dy >--- > 0and d;11 < %,
j > 1. Clearly, the latter inequality yields B(z;, %J) N B(xg, %") =0if j #k. On
the other hand by our assumption, (1.1), and the fact that = € B(x;,2d;) we infer
0 < u({x}) < |B(x;,2d;)| < 49| B(x;,d;/2)].
Now, as above we conclude that |[M| = oo which is a contradiction. O
We next show that the reverse doubling condition (1.2) is not quite restrictive.

Proposition 2.2. If M is connected, then the reverse doubling condition holds,
i.e. there exists B > 0 such that

diam M
|B(z,2r)| > 2°|B(z,r)| forz e M and 0 < r < diamd,
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Proof. Suppose0 < r < M. Then there exists y € M such that d(z,y) = 3r/2,
for otherwise B(x,3r/2) = B(z,3r/2) # M is simultaneously open and close,
which contradicts the connectedness of M. Evidently, B(z,r) N B(y,r/2) = ) and
B(y,r/2) C B(z,2r), which yields |B(z, 2r)| > |B(y,r/2)|+|B(x,r)|. On the other
hand B(x,r) C B(y,5r/2) which along with (2.1) implies |B(z,r)| < 10¢B(y,7/2)
and hence |B(z,2r)| > (107¢ +1)|B(z,r)| = 2°|B(x,r)]. O

2.2. Useful notation and estimates. The localization of various operator kernels
in what follows will be governed by symmetric functions of the form

(26)  Daolw,y) = (1B(z.6)1B(y, o)) (1+ ”(”fs’ y))f", z,y € M.

Here 9,0 > 0 are parameters that will be specified in every particular case.
We next give several simple properties of Ds ,(x,y) which will be instrumental
in various proofs in the sequel. Note first that (2.1)-(2.2) readily yield

1) Do) < 2218z, 8) (14 250) T,

(2.8) Diso(2,y) < (2/N)"Dso(z,y), 0<A< 1L,

(2.9) Dyso(z,y) < X7 Ds o (2,y), A> 1.

Furthermore, for 0 < p < co and ¢ > d(1/2 +1/p)

@10 Dseall = ([ Do) d() < )| Bla5) 7,

2dp/2 )1/p

where ¢(p) = (m is decreasing as a function of p, and

(2.11) / Ds o (x,u)Ds o (u,y)dp(u) < ¢Dso(z,y) if o> 2d,
M

. o+d+1
with ¢ = Q—ZLW-

The above two estimates follow readily by the following lemma which will be
needed as well.

Lemma 2.3. (a) If 0 > d, then for § >0
(2.12) / (1467 'p(z,y)) “duly) < c1|B(z,8)|, z €M, (e = (2_d—2_0)_1).
M

(b) If o > d, then for x,y € M and 6 >0
1 o . |B(®,6)+[B(y,0)|
T G S T G
|B(z,0)|
(L+ 07 p(a,y))7—4

(2.13) <2°(2¢ 4 1)ey

(¢) If o > 2d, then for z,y € M and § >0
1 C2
14 d
(2.14) /M B0+ 3 @)1+ 6 o wr Y S G55 @y

. 9o td+1
with Coy = 2—d_g9d—0o -
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Proof. Denote briefly Ey :={y € M : p(z,y) < 6} = B(z,d) and
Ej:={yeM:27' < p(x,y) < 276} = B(x,276) \ B(z,27715), j>1.
Then using (1.1) we get

[ a5 oo aut) = 3

Jj=0

/ (1+ 67 ple, )" du(y)
E;

< |B(x,5)\+(2d—1)ZM

274 |B(z,9)|
<B,5(1 2d _ 1 .>< O
<IB@O1+@ -1 55 ) < 37a—3-0
7=0
which gives (2.12).
For the proof of (2.13), we note that the triangle inequality implies
1+0 p(z,y) 1 N 1
I+ p(x,u) (1407 p(y,u)) — 1+ p(z,u)  1+61p(y,u)

and hence
(2.15)

(146" p(x,y))° < 27 N 27
55 o, )7 (1401 p(g )~ (L+6 @ w)e |+ (145 15y w)7
We now integrate and use (2.12) to obtain (2.13).
For the proof of (2.14), we use the above inequality and (2.2) to obtain

216 (1+5 0, ))"
[B(u, 0)|(1+ 0~ p(x, u))7(1+ 6~ p(y, u))”
20+d 20‘+d
< —1 —d + -1 —d
|B(,0)[(1 + 6= p(x, u)) [B(y, 0)|(1+ 6~ p(y, u))”
and integrating and applying again (2.12) we arrive at (2.14). O

2.3. Maximal d-nets. For the construction of decomposition systems (frames) we
shall need maximal d-nets on M.

Definition 2.4. We say that X C M is a 6-net on M (6 > 0) if p(§,m) > § for all
&ne X, and X C M is a mazimal 6-net on M if X is a §-net on M that cannot
be enlarged, i.e. there does not exist x € M such that p(z,§) > 6 for all £ € X and
¢ X.

We collect some simple properties of maximal §-nets in the following proposition.

Proposition 2.5. Suppose (M, p, 1) is a metric measure space obeying the doubling
condition (1.1) and let § > 0.

(a) A maximal 6-net on M always exists.

(b) If X is a maximal 0-net on M, then

(217) M =UgeaB(§,6) and B(£,6/2)NB(1,6/2) =0 if £#m, &neX.

(¢) Let X be a mazimal 6-net on M. Then X is countable or finite and there
exists a disjoint partition {A¢}ecx of M consisting of measurable sets such that

(2.18) B(£,0/2) C Ae C B(£,6), &€ X.
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Proof. For (a) observe that a maximal §-net is a maximal set in the collection of
all 5-net on M with respect to the natural ordering of sets (by inclusion) and hence
by Zorn’s lemma a maximal J-net on M exists.

Part (b) is immediate from the definition of maximal J-nets.

To prove (c) we first fix y € M and observe that for any n > § , n € N, by
(2.1)-(2.2) it follows that |B(y,n)| < ¢(n,d)|B(&,6/2)| for £ € X N B(y,n), where
¢(n, d) is a constant depending on n and . On the other hand, by (2.17)

Y IB(&6/2)] < [B(y,2n)| < 2%|B(y,n)].
EeXNB(y,n)

Therefore, #(X N B(y,n)) < 2%(n,§) < oo, which readily implies that & is count-
able or finite.

Let us order the elements of X in a sequence: X = {&;,&a,...}. We now define
the sets A¢ of the claimed cover of M inductively. We set

Ag, == B(&1,9) \ Unex e, B, 6/2)
and if A¢ , Ae,, ..., Ag,_, have already been defined, we set

A¢, = B(&,0) \ [Uvgj1 Ae, Unexmze, B(1,6/2)].
It is easy to see that the sets Ag,, A¢,, ... have the claimed properties. [

Discrete versions of estimates (2.11) and (2.12) will be needed. Suppose X is
a maximal d-net on M and {A¢}ecr is a companion disjoint partition of M as in
Proposition 2.5. Then

(2.19) S 1 Ael (1467 p(,6) " < 2242 B(x, 6))
fex
and
(2.20) ST (146 p(a, ) < 2302,
fex

Furthermore, for any d, > ¢
‘A£| -1 —2d-1 3d+2
2.21 (145, p(a, < 93d+2,
221 &ZXIB(E,CL)l( ol )
andifc >2d+1
(222) Z |A€|D6*,a(xa§)D§*,o(y7§) < 20+3d+3D5*70(33, y)'
fex
Also, for 0 > 2d + 1
(223) Y (140 p(x,8) T (1+6 " p(y, €))7 <27 (14 67 p(a,y)) 7
fex

We next prove (2.21). The proofs of (2.19) and (2.20) are similar. Observe first
that by (2.2) |B(z,6,)| < 2%(1 + 6, 'p(z,€))4B(£,6,)]. On the other hand, for
u € A¢ C B(&,9)

L+6,  pla,u) <1+ 6, p(2,&) + 8, p(é,u) < 2(1+ 8, " p(z,9)).



14 T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

Therefore,
| Ae | —1 —2d—1 24| A¢| 1 —d—1
7l CRE I G < = (6 p(, €
BE 5| (@) Blw,0.)] (@)
22d+1 ( 5 N ( ))*dfld ( )
< ——— 1+4 p(z,u w(u).
|B(, 0|

This leads to
Z |A§| 1+5 —1p(x 5))72d71
B -

£EX;

92d+1 / 1+5 ))7d71d (u) < 234+2
|B x,0,)| H) = ’

where for the last inequality we used (2.12). Thus (2.21) is established.
For the proof of (2.22), we observe that using (2.15)

| Al (1 + 6, " p(z, )"

ADO'7D*O'?:D*U" — —
Al 0 0B 080 = Db s 0, e, 0 (14 0, .0

ST rud )
[B(&; 0.)[(1+ 0, p(x, €))7 |B(& 6:)[(1 46, ply, ))”
Now, summing up and applying (2.21) we arrive at (2.22).

Estimate (2.23) follows in a similar manner from (2.15) and (2.20).

SD(S*,U(

2.4. Integral operators. We shall mainly deal with integral (kernel) operators.

The kernels of many operators will be controlled by the quantities Ds ,(x,y), in-
troduced in (2.6). Our first order of business is to establish a Young-type inequality
for such operators.

Proposition 2.6. Let H be an integral operator with kernel H(x,vy), i.e

~ | HG)s@)dut). and let |H(a)] < ¢ Dsale)
for some0<d<1ando>2d+1. If1 <p<qg< oo, then
(2.24) IH fllg < 6P| £l f L,
/Ad(l/r71)22d+1

where ¢ = (/¢ with ¢ being the constant from (2.4) .

This result is immediate from the following well-known lemma.

Lemma 2.7. Suppose 1 5= E =1-—2+,1<p,q,r <oo, and let H(z,y) be a mea-
surable kernel, verifying the condztzons

(2.25) IIH(' Yir <K and |[H(z,-)|, < K.

I Hf(2) = [y He.y) f(4)du(y), then

HHfIIqSKHfIIp for fel”.

For the proof, see e.g. [19, Theorem 6.36].
Proof of Proposition 2.6. Pick 1 < r < oo sothat 1/p—1/¢g=1-1/r. By
(2.10) and (2.4) we obtain

I 9)ll» < e(r)|Bly, &)~ < e(1)(es) "/
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and a similar estimate holds for ||H (z,-)||,.. These estimates and the above lemma
imply (2.24). O

We shall frequently use the following well-known result ([16], Theorem 6, p. 503).

Proposition 2.8. An operator T : L' — L is bounded if and only if T is an
integral operator with kernel K € L™ (M x M), i.e

=JuK (y)du(y) a.e. on M,

and if this is the case ||T\|1éoC = ||K||Loo. Moreover, the boundedness of T can be
expressed in the bilinear form |(Tf,g)| < c|flltllgll:, Vf, g € L.

We next use this to derive a useful result for products of integral and non-integral
operators.

Proposition 2.9. In the general setting of a doubling metric measure space (M, p, 1),
let U,V : L? — L2 be integral operators and suppose that for some 0 < § < 1 and
o>d+1 we have

(226) |U($7y)| é ClDé,a(xay) and |V((E,y)| S CQDé,a'(‘ray)'

Let R : L2 — 1.2 be a bounded operator, not necessarily an integral operator. Then
URV is an integral operator with the following upper bound on its kernel
c||Rll2—2

fl2 <
VIB(z,0)[[B(y, )]

(2.27) [URV (z,y)| < [[U(z,-)l|l2|| Rll2—2[V (-, 9)

with ¢ = cqc922+1,
Proof. By Proposition 2.6 we get
[URV 100 < [Ul2—00 | Rll2—2 ]V [1—2 < 6| R]|2—2

and, therefore, URV is a kernel operator. Formally, we have
ORV)f = [ Ul w(RV) ()
(225) = [ U [ RVCal ) dut)dut)
— [ (] v wRV e @) fw)dut)
M NIMm

and hence the kernel of URV is given by

(2.29) H(z,y) = /M U(z, w)R[V (-, y)](u)dp(u) = (U(z, ), RV (-, y)])-
This along with (2.26) and (2.10) leads to

cre2c(2))? || Rll2—o
|B(x,0)['/2|B(y, §)[*/%’

which confirms (2.27), taking into account that [¢(2)]? < 224+ by (2.10) if o > d+1.

It remains to justify the manipulations in (2.28). Observe first that in order
to prove (2.29) it suffices to establish identities (2.28) for all f € LL? such that
supp f C B(a,R) an arbitrary ball on M. To this end we shall need Bochner’s
integral. In particular, we shall use the following results (e.g. [62], pp. 131-133):
Suppose B is a separable Banach space and F : (M, u,Y) — B is measurable in

[H (2, y)| < [|U(z; )[RV 9)]ll2 <
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the followmg sense: V¢ € B*, x +— ((F(x)) is measurable. Then Bochner’s integral
Jar (B) F(z)du(x) is well defined and takes its value in B if and only if

/ IF (@) sdulz) < oo
M

Furthermore, if f](f) F(z)dp(z) exists, thenﬁ( f]\(/[B) F(x)du(m)) = [ U(F(x))dp(zx)
for any ¢ € B*. Also, if T': B — B is a bounded linear operator, then

(2.30) T(/(B) F(m)du(w)) = /(B) T(F(z))du(z).

M M

We shall utilize Bochner’s integral in our setting with B = LL2.
Suppose feL?andsupp f C B(a,R),a € M, R > 0. Then using (2.26), (2.10),
and (2.2) we obtain

/ V) f@)lladuy) < / F @By, 8)] " 2du(y)
B(a,R)
. 1/2
(231) <elflo( [, 1B i)
_ il

1/2
|B(a,0)] (/B(a,R) (1+ 571P(yva))ddu(y)) < .

Therefore, ( ) V (-, y)f(y)du(y) exists and for any g € L2
(B) -
(o veniwa.g) = [ ([ T@V ) )
~ [ @[ Ve fdut)dute)) = (V1.9)
M M

Here the shift of the order of integration is justified by Fubini’s theorem and the
fact that

|| vealf@lse) @) <ol [ IV(ny)IIf(y)Idu(y)HQ
M JM

< gl / IVC9)F0)lladnly) < oc.
where we used (2.31). Therefore, V f = f(B) V(- (y)du(y). We now use (2.30)
to obtain
(B) (B)
RVF =B [ Ve f@dnw)] = [ RV (ol )dut),
M M

which implies
(B)
(URV)f(z) = /M U, u) (RV) f (u)dpa(u) = { /M RV )l (0)du(y). T, ))
— [ (] v wRV e ) fw)dut)
M M

Consequently, H(x,y) is given by (2.29) and the proof is complete. [
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3. FUNCTIONAL CALCULUS

The aim of this section is to develop the functional calculus of operators of the
form f(v/L) associated with smooth and non-smooth functions f. The calculus of
smooth operators is in the spirit of [17, 45] and will be needed in most part of this
article, including the construction of frames and the Littlewood-Paley theory, while
the non-smooth calculus will be needed for estimation of the kernels of the spectral
projectors and lower bound estimates.

3.1. Smooth functional calculus. We shall be operating in the setting described
in §1.1. More precisely, we assume that (M, p, 1) is a metric measure space obeying
conditions (1.1)-(1.3) and L is an essentially self-adjoint positive operator on L2
such that the semi-group e *£, ¢ > 0, has a kernel p;(z,y) verifying (1.4)-(1.8).

Theorem 3.1. Let g : R — C be a measurable function such that for some o > 2d
B lall= [ O+ l)7de < oc, where 3(6) = [ gla)e*ds
R R

is the Fourier transform of g. Then g(62L)6_52L, 0 < 6 <1, is an integral operator
with kernel g(52L)e’52L(m,y) satisfying

(3-2) |9(8°L)e™" H(2,y)| < collglleDso(x,y), Yo,y € M,

and

(33) oL ) — 90D (w,01)| < collgll (A22)) " Dy o),

forallz,y,y' € M, if p(y,y') <. Here a > 0 is the constant from (1.6), Ds ,(x,y)
is defined in (2.6), and ¢, > 0 is a constant depending only on o and the structural
constants from (1.5) — (1.6). Moreover,

(3.4) Aﬂw%kﬁﬁuwmmw:gm»

Proof. To prove (3.2) we first show that g(62L)e~% L is a kernel operator. From
(3.1) it follows that [|g]l; < oo which implies g(z) = 3= [; 9(£)e™*dz and hence
lglloc < 5=1lgll1- Then by the spectral theorem

lo@*L)e= " ),y = a8 )e ™|, < @m) 3l

o0

Therefore, invoking Proposition 2.8, in order to show that g(52L)6_52L is a kernel
operator it suffices to prove that

[(9(82L)e~" Fp,9)| < cllelil[vll, Ve,9 € LENL2

Let Ey, A > 0, be the spectral resolution associated with the operator L, then
L= fooc AE). Writing the spectral decomposition of g(52L)e*52L and using the
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Fourier inversion identity, we obtain for ¢, € L' N 1?2

(g(82L)e Lo, ) = /0 9(62N)e (g, )

= [7 5 ([at0e<ie) e aipse.n)

1 [ ® a0l
= o5 /. 9) ( /0 et A f)d<Ew,w>) 3
_ L [ ey eta—ion
=57 | 9©)e g ) dg.

The above shift of the order of integration is justified by Fubini’s theorem and the
fact that for any h € L2

o . o » . ) o .
/R / 1361|2010 B\ R 3de = / 19(6)|de / eS| ErR|2 < gl 12

To go further, we use that =9 (1=i)L ig an integral operator with kernel p, (z, ),

z=62(1 i), and ||p.| s < c to obtain for p,1 € Lt NL?
o0 0.0) =5 [ 4©( [ [ peoiolen)o@iduta)ut)) s
(35) / | L5 | 60wy nde] oo ) dita)auty).

To justify the above shift of order of integration we again use Fubini’s theorem and
the fact that

/ / / 166 1ps2 (i) (@ ) 16(2)] [ (9) [dpa()dia(w)de < el el ]2 < oo.
RJM JM

This also implies |<g(52L)e*52L<p,@/7>\ < cllglilliellalle]ly for all g, € L' N L2
Therefore, g(éQL)e_52L is a kernel operator and by (3.5)

(36) o0 o) = 5o [ (e
From this and (1.5) we infer
(3.7)
2 , —1/2 R CPQ(%ZJ)
l9(8° L) (. )| < ¢ (1B(x,6) || By, 9))) / ale{ ~ G oy pv

Assume p(z,y)/6 > 1. Clearly, sup,>o2°e® = (£)? for 8 > 0. Using this with
8 = 0/2 we obtain

cp?(z, ?(z, c
exp{M}Sexp{(ler (62y)>2(1+u2)}

2 _ _
/ 14 (.73, y) /2 2\o /2 " p($7 y) 7 o
c<1+ 52 ) (1+u) §c(1+ 5 ) (1+ |ul)?.

Therefore,

19(62L)e ™% L (z,y)| < o1 + 2 : i / 1g(w) (1 + |ul)?
~ (IB(,9) ||B y75| )2

/ 9|1+ [ul)?du Dos(e,y),
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which confirms (3.2).
If p(x,y)/6 < 1, then by (3.7)

9(8°L)e (2, )| < ¢ (1B(e, )| By, 5)]) 2 / 16(u)|du

<c / G (1 + [ul)°du Dy s(z,y).

This completes the proof of (3.2).
We now take on (3.3). As g(02L)e %L = g(62L)e~ 25" Le=39°L  the kernels of
these operators are related by

oD ) = [ @D e p)duu),
M

which implies
l9(62L)e =" F (2, y) — g(0°L)e " L (2, y/)|
< /M 19(62L)e™ 2" F (2, ) |[ps2 o (s y) — 2 o,y ) | dpa(u).

We use (3.2) with & replaced by 6/v/2 and g(\) by g(2)\) to estimate the first
term under the integral and (1.6) for the second term, taking into account that

exp{ _ %} < 60(1 + @)_g. Thus we get
19(62L)e_52L(x,y) - g(§2L)e_52L(x7y’)‘

< ol (“%)" [ Do) Dsa i) < elgll (252" Do),

Here for the latter estimate we used (2.11) and that o > 2d.
It remains to prove (3.4). By (1.8), i.e. [y, Ps2—iu(z,y)dy =1, and (3.6) we get

/ g((SQL)e_‘szL(ac,y)dy:2i Q(u)/ Psz—iu (T, y)dp(y)du
M ™ JR M
= 5 [ tw)du = g(0).

Here the justification of the shift of order of integration is by straightforward ap-
plication of Fubini’s theorem. [

Some remarks are in order. Condition (3.1) is apparently a smoothness condition
on g. By Cauchy-Schwartz it follows that

/
[ a1+ 16P)772de < o [ 9@ +1e2)7 ) = clglness
R R

and hence (3.1) holds if ||g||go+: < co. However, it will be more convenient to us
to replace (3.1) by a condition in terms of derivatives of g that is easier to verify.

From £*§(€) = (—)* g (€) we get [€]*|3(€)] < [|g™ || £1. Also, |g(€)] < |lgllz:. Pick
k > o > 2d. Then using the above we obtain

(1 +[EDF21g()] < 25T (19O + 1€17T2(9(€)]) < 25 (gl pr + g% r)
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that implies
gl = / 19(6)](1 + [¢])~de = / 9(E) (1 + [E)5+2(1 + [¢))~2de
R R

< c(llgllzr + g™ 21).

Thus we arrive at the following

Remark 3.2. For the norm ||g||« from condition (3.1) we have ||g|l« < ¢||g|l o+
and |lglls < c(llgler + Ig**2 ) if k > o > 2d.

Corollary 3.3. For any m € N and o > 0 there exists a constant ¢, > 0 such
that the kernel of the operator Lme_52L, 0 < § <1, satisfies

(3.8) ‘Lme_‘52L(x,y)’ < cg,m(S_QmD(;’U(x,y) and

I\ \ o
(3.9) ’Lme_‘SQL(x,y) - Lme_‘szL(:c, y’)’ < cg,mé_Qm(%) Ds o (z,y),

if ply,y') < 0.
Proof. Set g(\) := A™@(A)e > for A > 0, where § € C>®(R), suppf C [~1,00),
and 6(\) =1 for A > 0. Since L > 0, we can write
Lme L — oms=mg(62L)e % with 6, == 271/26
and the corollary follows by Theorem 3.1 and (2.8). O
We next use Theorem 3.1 and Remark 3.2 to obtain some important kernel

localization results. Our main interest is in operators of the form f(5v/L).

Theorem 3.4. Let f € C***4(R,), k > 2d, supp f C [0, R] for some R > 1,
and fP*D(0) =0 forv=0,...,k+1. Then f(6v/L), 0 < § < 1, is an integral
operator with kernel f(6\/L)(x,y) satisfying

(311) [FOVD)a.0) — VD) et))| < (PEE) Dyaan) if plov) <6

where cx = ci(f) = G R* (|| fllpoe + [1FFFF | e + maxy<opa [F)(0)]) with
¢ > 0 a constant depending only on k,d, and the constants in (1.5) — (1.6), and
¢, = ¢, R™; as before o > 0 is the constant from (1.6). Furthermore,

(3.12) /M FOVI) (@, y)du(y) = 1(0).

Proof. We first observe that it suffices to only prove the theorem when R = 1,
then in the general case it follows by rescaling. Indeed, assume that f satisfies the
hypotheses of the theorem and set h(A) := f(RX), A € Ry. Then h verifies the
assumptions with R = 1 and if the theorem holds for R = 1 we obtain, using (2.8),
(3.13)

FOVI) ()| = [hORVI)(@,y)| < cx(h)Dy/m(@.y) < (2R)ex(h) Ds.(w, y)

and similarly

VD))~ f VD). y)| < R)H o () (2L

L2 ) Dslay) if ply.y') < 4
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For % < p(y,y’") < 0, the last estimate follows by (3.13). It remains to observe that
cr(h) = & (|If | o + B FEH | oo + m8t>i4R”|f (0)])

~ p2k+4 (2k+4) )
GRHH(| oo + 1540 e+ max [7¢)(0)])

and hence the theorem holds in general.

We now prove the theorem in the case when R = 1. Choose § € C*°(R) so that
6 is even, suppf C [—1,1], O(A) = 1 for A € [-1/2,1/2], and 0 < 6 < 1. Denote
Pe(A) = Y82 L0002 and let f1(), go(A), and gi(X) be defined for A € Ry
from

FO) = 0PN + (N, 0PN = 90(A)e™, f1(A) = g1 (A)e

Thus go(A) = Pe(1/|N)O(1/|A)e* for A € R, and we use this to define go()\) for
A < 0. Clearly, go € C*°(R), suppgo C [—1,1] and

lgollzs + g8 )er < e(k) sup | £*)(0)].
v<2k+4

Therefore, by Theorem 3.1 the kernel of the operator (5v/L) Py (0v/'L) satisfies the
desired inequalities (3.10)-(3.11) with R = 1.

On the other hand, g1(\) = fi(y/[A])e* for A € Ry and we use this to define
g1(A\) for A < 0. Observe that fi(6V/L) = ¢1(6*L)e=%"L and suppg; C [—1,1].
Furthermore, f; € C2*+4(R,), f(0) =0, v =0,...,2k + 4, and

(3.14) 172 < 1FD e +e max [F(0)], 0<j <2k +4.

We next show that g; € C**2(R) and estimate the derivatives of g;. We have for
1<m<k+2and A >0

(m) (y\y _ — (m o d v )
0 =3 () (33) 1A

and a little calculus shows that for v > 1 and A > 0

( ) [f1 Zc)\ ”+]/2f(J (VA), where |¢j| <l

On the other hand, by Taylor’s theorem |f7 (vVA)| < |A|Cm=/2||f2™)|| o and
hence

‘(di) L1V ‘<C|A|m ., 1<v<m.

Exactly in the same way we obtain the same estimate for A < 0. Denote briefly
h(A) := fi(y/]\]). Observe that since f; € C?***4(Ry) we have h(*t2)()\) = o(1)
as A — 0. This and the above inequalities yield h(*) (0)=0,v=0,...,k+2, and
hence h € C*+2(R), which implies g; € C**2(R). From the above we also obtain

m m—v 2m 2m
™ W< e DDA s < clm+ DI e, AER
v=0
This in turn (with m = k 4 2) implies ||g£k+2)||L1 < elk + 3)||f1(2k+4)HLoo and,
evidently, ||lg1]|z1 < e||fil|z~. We now apply Theorem 3.1 to conclude that f;(6v/L)
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is an integral operator with kernel f;(6v/L)(z,y) satisfying (3.10)-(3.11), where, in
view of Remark 3.2 and (3.14), the constants ¢y, ¢, are of the claimed form.
Putting the above together we conclude that f(6+v/L) is an integral operator with
kernel f(6v/L)(z,y) satisfying (3.10)-(3.11) with R = 1.
Identity (3.12) follows by (3.4). O
Corollary 3.5. Let f : R — C be as in the hypothesis of Theorem 3.4. Then
for any m € N and 0 < 6§ < 1 the operator L™ f(6+/L) is an integral operator with
kernel L™ f(6v/L)(z,y) such that

(3.15) |me((5\/f)(x,y)’ < Comd ™ Dsi(r,y) and

(316) [ FGVI)(r.y) ~ L FOVD)w5')| < chond =2 (P82) Dy,

whenever p(y,y’) < 6. Here the constants cxm, ¢}, ,, are as the constants cy, cj,

in Theorem 3.4 with R**+4+4 replaced by R2F+4+442m and & depending on m as
well.

Proof. Let h(\) := A?™f()\). Then h(6v/L) = 6*™L™ f(6v/L) and observe that
¥+ (0) = 0 for v = 0,...,k + 1. Consequently, the corollary follows by Theo-
rem 3.4 applied to h. [

Corollary 3.6. Let f : Ry — C be as in the hypothesis of Theorem 3.4. Then
there exists a constant ¢ > 0 such that for any 0 < § <1
IfGVI)ollg < 0P 6], Yo ELP, 1<p<q<oo,

and
Y oo
VD)~ FOVDIOw)| < clolle (P wyens, voer>.
This corollary is an immediate consequence of Theorem 3.4 and Proposition 2.6.

3.2. Non-smooth functional calculus. We need to establish some properties of
operators of the form f(v/L) and their kernels in the case of non-smooth compactly
supported functions f. These are kernel operators with not necessarily well localized
kernels.

Theorem 3.7. Let f be a bounded measurable function on Ry with supp f C [0, 7]
for some T > 1. Then f(\/L) is an integral operator with kernel f(~/L)(z,y)
satisfying

617) VD) Al

= VB, 7 H)[B(y, 71|

) x?yeM7

and for x,y,y € M

(3.18)
VI)e.y) — FVL clrp(y, )% £l
VD @) = FVD @ S = m e

Furthermore, if 1 <p <2< g < o0,

(3.19) 1f (VE)llpg < er®P=HD] fl,

—1

if ply,y) <7

(3.20) IF (VD)) = [fP(VI)(z,2) < e| Ble, 7 )T fl%.  and
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(3.21) APV l1imoo = fgﬁlf\z(\@)(x,w)-

Above the constants depend only on d and the constants in (1.5) and (1.6); the con-
stant in (3.19) depends in addition on p,q.

Proof. Pick a function § € C*°(R,) so that supp6 C [0,2], 8(x) =1 for x € [0, 1],
and 0 < 0 < 1. Then by Theorem 3.4

(3.22) 0(r" VL) (2,y)| < coDy1 4(x,y) for any o > 0.
Choose o > 3d/2. We have
/ FVNAE = / TR F VN0V B
0
(3.23) O(r VL) f(VL)O(r VL)

Now, (3.17) follows by Proposition 2.9, using the above, (3.22), and the fact that

1f (V) |22 < || flloo-

From (3.22)-(3.23) and Proposition 2.9 we also obtain for 1 <p <2 < ¢ < o0

IF(VDllp—q < 10GTVD) =2l f(VI)|2-210(7 VL) 2

< CHfHooT_d(l/q_l/p)y

which confirms (3.19).
For the proof of (3.18), we first observe that

\/Z) = /oo f(\/X)eTﬁZ(ﬁfefo?‘)‘dE)\ = /oog(\/X)efoz)‘dE)\ = g(\/Z)e*TJ“‘L’
0 0
where g(u) == f(u)e™ %, |lgllsc < €|l f]lco, and hence
VL) (,y) = (VL) (@,y') = /M gV (@, w)[e™ Fuy) — e E(uy)]du(w).

We now use (3.17), applied to g(v/L), and (1.6) to obtain

[f(VL)(@,y) = F(VI)(x,y)]

1 —(mp(u,y))?
e M e W e T e AR
_ )l o)
V1B, m DBy, 7 )] Jas [Blu, 7))
However, using (2.2) we have
/MM"“” |B<y?d 7 ], (7ol )t dp(u) < o < oo,

where for the latter inequality we used (2.12). This completes the proof of (3.18).
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We now turn to the proof of (3.20). We have
(VI )2 —/ F(V) (@) 2dy—/ F(VI) (@, 9) F(VE) (&, 9)duly)

- /Mf( VI, ) F (V) (y, 2)duy) = |2V (x,2)
< B, 7 )%

which proves (3.20). Here for the latter estimate we used (3.17).
Finally, using the above we have

PPV, w) /f W) F(VI)(, w)dp(u)

/|f aaPaut) ([ VD0 Pduw)

= (IfP(VID)(a, >>”2<|f| M )(y.p)) '

and hence ||/ P(VE) 1o = sup,., 1P (VE) . )| = sup, [f2(VE)(z, ), which
confirms (3.21). O

3.3. Approximation of the identity and Littlewood-Paley decomposition.
We first give a convenient approximation of the identity in P statement.

Proposition 3.8. Let ¢ € C*°(Ry), suppy C [0,R], R > 0, ¢(0) = 1, and
@t (0) =0 for v =0,1,.... Then for any f € L?, 1 < p < oo, (L := UCB)
one has

f= }ir%go(é\ﬁL)f in LP.

Proof. By Theorem 3.4 it follows that ¢(5v/L) is an integral operator with kernel
©(0v/'L)(z,y) satisfying for any k > 2d
ktd/2

(3:24)  |@(6VL)(z,y)| < crDsi(x,y) < c|B(x,0)| 7 (1 + 6 p(x,y) 7,

where for the last inequality we used (2.2). Now, just as in the proof of (2.12) we
obtain for k > 3d/2 and r > 0

[ eV mlduty) < /) =0 s 50,
M\B(z,r)

Indeed, suppose 2716 < r < 2¢5 and denote F; := B(x,27/6) \ B(z,2/~1§). Then
using (3.24) and (2.1) we get

Lo, POVEN@ ) < B0 S [ (0407 ol )

>4

_ B(x,270 o B
< ¢|B(z,6)] 12:(1+(2j)k_()i|/2 < o~ lk=3d/2) < c(8/r)k 3/2
>t

On the other hand, from (3.12) and ¢(0) = 1 we have [, ©(0VL) (z,y)du(y) = 1.
Using the above and the fact that the vector lattice set of all boundedly supported
uniformly continuous functions on M is dense in L.? (by the Stone-Daniell theorem)
one proves as usual the claimed convergence. [J

We next give precise meaning to what we call Littlewood-Paley decomposition of
LP-functions in this article.
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Corollary 3.9. Let ¢g,p € C°(R4), supppo C [0,b] and suppy C [b~1,b] for
some b > 1, ¢(0) = 1, ¢H(0) = 0 for v > 0, and go(N) + o pb ) = 1
for X€ Ry. Then for any f € LP, 1 <p < o0, (L := UCB)
(3.25) f=0o(VL)+Y o VL)f in L.

j=1
Proof. Let 8(\) := go(A) + (b~ A) and observe that 337 ¢x(A) = (b7 ) for
j > 1. Then the result follows by Proposition 3.8. [

3.4. Spectral spaces. We adhere to the setting of this article, described in the
introduction. As before Ey, A > 0, is the spectral resolution associated with the
self-adjoint positive operator L on L% := L?(M, uu). As elsewhere we shall be dealing
with operators of the form f (\/Z) We denote by F)\, A > 0, the spectral resolution
associated with v/I, that is, F\ = Ey». Then f(vL) = Jo° f(A)dFy and the
spectral projectors are defined by Ex = 1o (L) := fooo Tjo,z (w)dE, and

(3.26) F\ = ]l[o})\](\/Z) = /Ooo ]l[o’)\] (u)dFu = /Ooo ]l[o’)\](\/’lj)dEu.

We next list some properties of F) which follow readily from Theorem 3.7:
The operator F) is a kernel operator whose kernel Fy(z,y) is a real symmetric
nonnegative function on M x M. Also,

(3.27) Fx(z,y) < e[ Bz, A7) 7V2|By, A7/

and F)(x,y) is in Lip « for some a > 0, see (3.18). The mapping property of F)
on ILP spaces is given by

(3.28) IFAflly < XX/ YD) £, 1<p<2<g< oo,
We define the spectral spaces ¥ for 1 < p < 2 by
Y ={fell: Fxf=f}

Notice that F is not necessarily a continuous operator on IL? if p > 2 and, therefore,
Y% cannot be defined as above for 2 < p < co. Instead, we shall use the following
characterization of ¥§: A function f € ¥ for 1 <p <2 if and only if 0(V'L)f = f
for all 0 € C§°(Ry) such that 8 =1 on [0, A]. This characterization follows by the
fact that 5 € ¥2 for 1 < p < 2 and the boundedness of the operator 6(v/L) with
0 as above.

Definition 3.10. For 1 < p < oo we define
SP={feLP:0(VL)f = f forall§ € C(Ry), =1 on [0,\]}.
Furthermore, for any compact K C [0,00) we define
Yho={fell:0(VL)f=f foralld € CF(Ry), 6=1 on K}.
Proposition 3.11. Forany A>1and 1 <p < oo
(3.29) ¥ = NesoX .

Proof. Suppose f € NeoX4,, and let § € C5°(R4), suppd C [0, R], and § =1 on

[0, \]. By Definition 3.10 f = 6(r—*v/L)f for each > 1 and hence
(3.30) If = 0L fllp = 106 VL) f = O(VL) fllpy 7> 1.
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Assuming that 1 < r < 2, Theorem 3.4 implies
0~ VL)(2,y) = 6(VL)(w,y)| < CrDr(z,y),

where Cp = cp RP*FH([[0(r1) = 0()[loo + [(d/dN)**F40(r71) — 0()][|sc). We
now choose k > 2d 4+ 1 and apply Proposition 2.6 to obtain

(3.31) 10 VI) ~ 0(VI))[pp < Ci.

Clearly, for any v > 0 we have lim,_1 ||(d/d)\)”[0(r~*-)—0(")]|ls = 0 and, therefore,
lim,_; C, = 0. This along with (3.30)-(3.31) yields ||f — 8(~'L)f|l, = 0, which
completes the proof. [

With the next claim we establish a Nikolski’s type inequality that relates different
LP-norms on spectral spaces.

Proposition 3.12. If 1 < p < ¢ < oo, then X5 C %, £{ NLP = X, and there
exists a constant ¢ > 0 such that

(3.32) lglly < A?CP=HD g, g€ XX, A1

Furthermore, for any g € ¥°, A > 1,

(3.33) l9(x) = 9| < c(Molz,)) llglloe, 2,y € M,
with o > 0 the constant from (1.6).

Proof. Let g € X5, X > 1, and set § := A~'. Choose 0 € C§°(R) so that § = 1
on [0,1]. Then g = 0(6v/L)g and (3.32)-(3.33) follow readily by Corollary 3.6.  [J

3.5. Linear approximation from spectral spaces. The purpose of this subsec-
tion is to give a short account of linear approximation from ¥ in LP, 1 < p < oo.
Let &(f)p denote the best approximation of f € LP (L := UCB) from X}, that
is,

(3.34) E(f)p = inf [|f = gllp-
geEXY

Our goal is to characterize the approximation space A;, , s > 0, 0 < ¢ < oo,
defined as the set of all functions f € ILP such that

, 1/q )
(335 g, = 1l + (30 (29€(1),)") " <00 if g< oo, and
j=0
(3.36) IFllag.. = 11l +5up27E0:(f)y < 00 if = oo,
J=Z

1/q
ago ~ I8 (S E R are) ",
when ¢ < oo, and || f||as = [ fllp + sup;>1 t°E(f)p < 0o if ¢ = o0.

To characterize Aj, we shall use the well-known machinery of Bernstein and
Jackson estimates and interpolation. In §6.1 it will be shown that A; can be
identified as a certain Besov space.

Due to the monotonicity of &(f), we have || f|
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3.5.1. Bernstein and Jackson estimates. Characterization of spectral spaces. We
begin by proving a Bernstein estimate.

Theorem 3.13. Let 1 < p < oo and m € N. Then there exists a constant c¢* =
c*(m) > 0, independent of p, such that for any g € 5, X > 1,

(3.37) IL™gllp < ¢*A*™ lg]l,-

Proof. As in the proof of Proposition 3.12, pick § € C§°(R4) so that § =1 on [0, 1].
Then for any g € ¥} we have g = 6(6v/L)g with § := A~! and, therefore, L™g =
L™0(6v/L)g. Then (3.37) follows by applying Corollary 3.5 and Proposition 2.6.
(Il

Observe that from spectral theory it readily follows that when p = 2 the Bern-
stein estimate (3.37) holds with constant ¢* = 1.

Our next aim is to show that the spectral spaces ¥4 can be characterized by
means of Bernstein estimates, in the spirit of the previous theorem, but with a
constant (¢, below) independent of m.

Theorem 3.14. Let 1 < p < oo and A > 0. Then the following assertions are
equivalent:

(a) fexk.
(b) f € NinenD(L™) and for any v > X there exists a constant ¢, > 0 such that

L™ fllp < o™ (|fllp,  ¥m > 1.
(c) .
. —z
zeCre Lf:Z%L’“f
k>0
is an entire function of exponential type \2.
Proof. Clearly, (b) <= (c) using the Paley-Wiener theorem.

To prove that (a) = (b) we shall show that the constant ¢* in (3.37) can be
specified as follows: For any 0 < € < 1 there exists a constant ¢(e,d) > 0 such that

(3.38) ¢ = cle, d)m* (1 4 £)>™.

Indeed, let 8 € C5°(R) be so that 8 = 1 on [—1,1], suppf C [-1 —&,1 + ¢,
and also 0 < @ < 1. With § := A~! we have f = 6(SVL)f for any f € X}
and we shall estimate |[L™0(6v/L)f|,. Denote briefly h(u) := u*™6(u). Then

h(5v/L) = 6> L™0(6v/L). To go further, set k := |2d]+2, hence 2d+1 < k < 2d+2.
It is readily seen that

Al < (14€)?™ and ||| < ei(e, d)m* T3 (1 + £)2™,
Now, by Theorem 3.4 we infer
|L™O(6VL) (x,y)| = 672 |W(6VI)(x,y)| < cale, d)m*@H3(1 + )2 N Ds (2, )
and applying Proposition 2.6 (k > 2d + 1) we arrive at
L™ fllp = [IL"OGVI) fllp < e(e, dym* (1 +2)*™ N7 f||, for fe XX,

which confirms (3.38).
Given v > A, choose 0 < ¢ < 1 so that (1 +¢)?X < v. Then from above and the
obvious fact that sup,,~, m***8(1 + &)™ < ¢/(e,d) we get

1™ fllp < (e, d)m* (1 +) 72027 f]l, < (e, )™ | fll, Vf €25,
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Thus (a) = (b).

Now, to prove that (b)) = (a), suppose (b) holds for some function f € L” and
let 8 € C°(R4), 8 =1 on [0, A], as in Definition 3.10. Assume supp 6 C [0, R]. Let
e > 0. We shall show that ||f — 0(v/L)f|, < , which implies f € ¥§. Indeed, for
0 <d <r <1 we have

1F =0(VL)fllp < 1f=0OVL) fllp+06VL)f~0(vVI) fllp+16(rVL) f~0(VI) flp.

By Proposition 3.8, ||f — 0(0vV/L)f|l, — 0 as § — 0 and hence there exists § > 0
such that ||f — 0(0VL)f|, < &/2. Clearly, |0(rvVL)f —0(VL)f|, — 0asr — 1
and hence there exists r < 1 such that ||0(rvL)f — O(VL) f|, < £/2.

It remains to show that ||0(6v/L)f — 0(rvVL)f|, = 0. Let A < v < \/r and
denote briefly h(u) := [6(6u) — (ru)]u=2". Note that supph C [A/r, R/5]. Then
using our assumption we have

10VL)f = 0(VI) fllp = IM(VI)L™ fllp < [B(VL) lp—pl L™ £l

< RV llp—p*™ | fllps  ¥m > 1.
As above, set k := [2d| 4+ 2, then 2d+ 1 < k < 2d 4+ 2. Now, applying Theorem 3.4
and Proposition 2.6 it follows that
1R(VI) p—p < e(R/8)*FHH[[Alloc + [1REH o]
S Clm2k+4(>\/,’,)—2m
and hence
16(3VL)f = 0(rVL) fllp < em™ 5 (rv /)™ £
Here the constant ¢ depends on 4,7, R,d, A\,v, but is independent of m. Since
0 < rv/X < 1 by letting m — oo we obtain [|0(5v/L) f —0(rv'L) f|, = 0. Therefore,
(b)) = (a). O
We now establish a Jackson estimate for approximation from 7.

Theorem 3.15. Let 1 < p < oo. Then for any m € N there exists a constant
Cm > 0 such that for any t > 1

(3.39) E(f)p S emt™2™|IL™f|, for f€ D(L™)NLP.
Proof. Let 0 € C*(R), 6(u) =1 for u € [0,1], 0 < 0 < 1, and supp C [0,2]. Set
p(u) = 0(u/2) = O(u). Then 1 —0(u) =92 7u), u € Ry. Given t > 0, set
§:=2/t. Assume f € D(L™)NLP. Clearly, (6v/L)f € ¥} and hence

E(Hp S IIF = 06VIVfllp < Y llo(2/6VL) fllp-

Jj=20

Denote briefly h(u) := @(u)u=2". Then p(2776VL)L™™ = (2776)*™h(2-76V/L)
and, therefore,
le@7OVI)fllp < o2 SVI)LT™ L™ fllp < (2776)™ 12770V L) [lpp | L™ [ -

By Theorem 3.4 and Proposition 2.6 it follows that ||[h(2770VL)|p—p < c(d,m)
and hence

E(f)p < ct™2M L™ fllp D272 < TP LT,
=0
which gives (3.39). O
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3.5.2. Characterization of approximation spaces. Once the Bernstein and Jack-
son estimates are established, the approximation spaces A;,, defined in (3.35)-
(3.36), can be characterized by interpolation. In the following we shall denote by
(XO,Xl) 0.q the real interpolation space between the normed spaces Xg, X1, see

e.g. [4, 3].
Theorem 3.16. Let s >0, 1 <p<oo0 and 0 < g <oco. Then for anyr > s
(3.40) Ay, = (L, D(VL)"),,, s=0r

Proof. A classical argument (e.g. [15]) using the Jackson and Bernstein estimates
from (3.39) and (3.37) implies the following characterization of the spaces A3 :
If 2m > s, then

(3.41) A5, = (L7, D(L™)), = (L7, D(VL)*™), . s=20m.
Thus (3.40) holds for = 2m. On the other hand, —/L is the infinitesimal gener-

42 /4s
OOO tgsf/% e *L fdu(s) on LP, and by a

well-known result (e.g. [4]) if 1 <r <k, then

L. p(vI)"),, c D(VI) ¢ . D(VI)"), .. 0=r/k

Therefore, if 1 <r < 2m and 6y = 2L then

m’

p1 = (Lp7D(ﬁ)2m)9o,1 C D(\/E)T C (LP’D(ﬁ)Qm)eo,m = Apoo

This along with (3.41) implies

(L2, (L7, D(VI)™) 5, 1)py € (2. D(VE)), , € (L2, (L2, D(VI)™),, g

)

ator of the subordinate semigroup Q;f =

and by the reiteration theorem (e.g. [3]) this leads to

(L7, D(VL)),, = (L D(VL)™) gy = Abgr 5= 200m = 0r.
The proof is complete. [

Remark 3.17. From the above, A, = (]Lp, D(Lm))e 5= 20m, 0 < s < 2m, but
then as is well-known (e.g. [4])

th)l/q

1
lag, ~ 16+ ([ (20 = Tayms1,) "5

with the usual modification for ¢ = oco. Moreover, since et

semigroup, we also have

is a holomorphic

q@)l/q

1
agy Wl ([ @ 2emyme )"

/]

with the usual modification for q = oco.
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3.6. Kernel norms. Here we derive bounds on the LP-norms of the kernels of
operators of the form 0(5@), which will be important for the development of
frames.

Theorem 3.18. Let § € C°(R,), 6§ > 0, suppf C [0, R] for some R > 1, and
62»+1)(0) =0, v = 0,1,.... Suppose that either
(7) 6(u) >1 foruel0,1], or
(i7) O(u) > 1 for u € [1,b], where b > 1 is a sufficiently large constant.
Then for 0 < p < 00, 0 < § < min{1, M}, and x € M we have
(3‘42) Cl|B(§7 6)|1/p_1 < He(éﬁ)(x? )Hp < 02|B(.7J, 5)|1/p—1’

where ¢ > 0 depends only on p and the parameters of the space, and co > 0 depends
on p and the smoothness and the support of 6 similarly as in Theorem 3.4.

Proof. By Theorem 3.4 we have |0(6v/L)(2,y)| < ¢y Ds»(2,y) for any o > 0. Pick
o > d(1/2 + 1/p). Then the upper bound estimate in (3.42) follows readily by
estimate (2.10).

It is not hard to see that to prove the lower bound estimate in (2.10) it suffices
to have it for p = 2 and p = oo and use the already established upper bound.
However, clearly

||9(5\/Z)($, )H% = 92(5\/2)(*7;537) and He(aﬁ)('% |oo > 9(6\5)(*%'755)’

)|
and it boils down to establishing lower bounds on 62(6v/L)(x, ) and 0(6v'L)(, x).
Further, let f, g € L>°(R;) be bounded, supp f,g C [0, R], and 0 < g < f. Then
f = g+ h for some h > 0, and hence f(vL)(z,z) = g(vVL)(z,z) + h(vVL)(z,z).
On the other hand, by (3.20) f(VL)(z,z) = [,, WF(VL)(z,y)[*du(y) > 0, and we
have similar representations of g(v/L)(z,z) and h(v/L)(z,z). Therefore,

(3.43) 0<g<f = 0<g(VI)(w,2) < f(VD)(z,x).

This allows to compare the kernels of different operators and we naturally come to
the next lemma which is interesting in their own right.

Lemma 3.19. (a) There exist constants cs,cq > 0 such that for any T > 1
(3.44) 03\B(a:,771)\*1 < ]1[077}(\5)(:0,1)) < C4|B(£E,T71)|71.

(b) There exists b > 1 such that if T > 1 and 771 < W, then
(3.45) es|Blz, 77 h)| 7 < ]1[77177](\/5)(33733) < ¢cg|B(z, 77 1),
where c¢5,cg > 0 depend only on the parameters of the space.
Proof. We first show that
(3.46) pe(x,y) = lim 1o (VD)pi(z,y), ¢>0.
Indeed, we have

I[O,T](\/z)eftL + IL(T,OO)(\/Z)e*tL =e L

and since ]l[ofT](\/f)e_tL is a kernel operator (Theorem 3.7), then ]l(T,oo)(ﬁ)e_tL
is also a kernel operator and

(347) ]I[O,T](\/E)pt(m? y) + ]l(T,oo)(\/E)pt(xa y) = eitL(x, y)
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On the other hand,
]l(Tﬁoo)(\E)e_tL —e L []l(Tyoo)(\/Z)e_%L} e_iL,

and by spectral theory |1, o) (VL)e 2Ly = e~%7". Therefore, applying Propo-
sition 2.9 we arrive at

]l(T,OO)(\F pe(z,y) —0 as 7 — oo.

¢w ViR2)||Bly. /i72)|

This and (3.47) imply (3.46).
‘We also need these bounds on the heat kernel:

(3.48) d|B(x, Vt)| 7! < pilz,z) < | Bz, V)|t 0<t<1.

The upper bound is immediate from (1.4). For the lower bound we have for ¢ > 1,
using (1.7),

pa) = [ a2 [ e

- Il3(ac,12‘x/1?)l [/Bmeﬂ) Pute )4 2

27&1 2
71—/ pey2(T,y)du(y)| -
wmmﬂ Mwwm““)wﬂ

However, by (1.4) pi/a2(z,y) < ¢oD s, (,y) for any o > 0 hence, just as in the
proof of Proposition 3.8,

e (2, y)du(y) < 27 <

NN

/M\B(w,zfﬂ)

for a sufficiently large ¢ (the constant ¢ is independent of £). This completes the
proof of the lower bound estimate in (3.48).

We now turn to the proof of (3.44). Since Ly -j(u) < ee™™ %" we obtain, using
(3.43) and (3.48)

Lo (VI)(2,2) < ee™™ VB (2,2) < | Bz, 77|,

which gives the right-hand side estimate in (3.44).
For the proof of the left-hand side estimate in (3.44), we first note that for any
t>0
—tu? —tu? —tu?
€ = ]]‘[077'] (u)e + Z ]]-(2k‘r72k+1‘r} (u)e
k>0

2k 2
< ]]_[07— +Z]]_02k+17.] 27 .
k>0
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From this, (3.43), (3.46), (3.48), and the right-hand side estimate in (3.44) we
obtain
C/|B((E, \/g)|_1 < pt(x, {E)
< 10 (VD)) + Y gt (VE) o)
E>1
< H[O,T](\/EXIH £U) +cy Z e_t22k72 |B(£L‘, 2—k—17_—1)|—1
k>1
< H[O,T](\/E)(l', LE) + C4|B({E, 7—71)|*1 Z 6*t22kT22(k+1)d.
E>1

Here for the latter inequality we used (2.1). Given 7 > 1 and r € N we choose t so
that 74/t = 2". Then from above

co-rd c C42d2 rd 2k 2r
< <1 7 2°F2 k:-‘r'r d
Bl = B v = 0P i

k>0
C42d2 rd o2k
< IL[OJ](\/Z)(x,x) |B x I | Z 27" gkd
k>r

Hence,

2—rd
(c’ — 424 Z 6_22k2kd) < ]l[O’T](\/E)(J:, x).

—1
B, 7)) 2

Taking r € N sufficiently large, this implies the left-hand side estimate in (3.44).

We now take on (3.45). The right-hand side estimate follows by from the right-
hand side estimate in (3.44). Using (3.44) and the reverse doubling condition (1.2)
with 771 < di8mM e obtain for I € N

]1[7.7217_](\/5)(1‘71') = 1[0,217](\/3)(557'%) - 1[0,7’](\/3)(55"%)
N c3 B Cy S 03215 —cy
~ B, 27t Y [B(w,m )] T Bt
which leads to (3.45) with b = 2 for sufficiently large [. O

Completion of the proof of Theorem 3.18. We now focus on the left-hand side
estimate in (3.42). Suppose 0 obeys condition (ii) from the hypothesis of the the-
orem, i.e. f(u) > 1 on [1,b], where b > 1 is the same as in Lemma 3.19, (b) (the
proof in the other case is the same). Then by (3.43) and Lemma 3.19 we have for
0 < § < min{1, diamM3

16(5VL) (. )loe = 06V (2, ) = Lpy 4y (§VL) (2, )
= 151,510 (VL) (2, 2) > 5| B(x, )|

On the other hand
16(3VL)(x, )II3 = 6*(OVL)(w, ) > e5| B(x,0)| ",
where for the last estimate we proceeded as above. Thus so far we have
16(8VL)(z, )l < e2| B, 8)[V/P71, 0 <p< oo,
166V L)(x, oo > c5|B(z,0)|7* and [[0(6VL)(x, )3 > es| Bz, 8)|

(3.49)
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Now, for 0 < p < oo the left-hand side estimate in (3.42) follows from the estimates
in (3.49) in a standard manner. Indeed, set f := 6(6v/L)(z,.). If 0 < p < 2, then
using (3.49) we get

cs| Bz, 0) 7" < IfI3 < WFIBIFIZT < el 151 B, 6)| 7,
which implies ||f|, > ¢/|B(z,8)|*/P~1. If 2 < p < oo, we use (3.49) and Holder’s

inequality to obtain
cs| Bz, 8)[ 7" < IFI5 < IFllpl fllpr < ellfIRIB @, Y7~ (1/p+1/p = 1).
This leads again to | f||, > ¢/|B(z,8)[/P~t. O

3.7. Finite dimensional spectral spaces. It is easy to see that in the case when
w(M) < oo the spectrum of L is discrete and the respective eigenspaces are finitely
dimensional. This and some other related simple facts are collected in the following
statement, where we adhere to the notation from the previous subsections.

Proposition 3.20. The following claims are equivalent:
(@) diam M < oco.

(b) p(M) <

(¢) There ea:zsts 6 > 0 such that fMu (2,8)) " tdu(z) < oo and hence we have
wB
)

(z,7)) " tdu(z) < oo for all r > 0.
(d The spectrum of the operator L is discrete and of the form 0 < A\; < A <.

Ju
= EPHs,. where Hy, =Ker (L —\;Id), and dim(H,,) < oo

(e) There exists t > 0 such that

e s = [ [ e)Paue)dnt) = [t yduta) < e,

and hence this is true for all t > 0.
(f) There exists X > 1 (and hence VA > 1) £° = £} (=24 for all1 < p < 0).

Furthermore, if one of the above holds, then for A > 1
(3.50) dm@ng@mm%xm*ww and  dim(S5) ~ e s,

where Xy =Y ®\K<AHAW In addition,
i

dim(H;)
(3.51) pi(z,y)=> e NPy (z,y), Py (zy)= > e
j>1 =1
where {e} : 1 = 1,...,dim(H;)} is an orthonormal basis for H;, Lei = Xjel.

The convergence is uniform and pi(x,y) is a positive definite kernel.

Proof. As already shown in Proposition 2.1, (a) and (b) are equivalent. Note that,
since in our setting closed balls are compact, (a) or (b) is also equivalent to the
compactness of M.

Clearly (b) implies (f) as X} C ¥ C L*® C L! and ¥ NL! = %1,

To show that (f) implies (b), assume £5° = X3, Then if € C°(Ry), # =1 in
the neighborhood of 0 and supp @ C [0, A] we have (VL) f € 2 = X1 Vf € L*°.
Hence 1 = 0(v/L)(1) € L', which implies u(M) < oo.
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Assume that (a)-(b) hold and fix g € M. Then using (2.1)-(2.2) we get
| B(wo, 1)] < 2%(1 + p(xo, )| B(w, 1)| < (4/8)*(1 + plwo,x))*|B(x,8)], 0 <6 <1,
which readily implies
[ 1Bl du(w) < (4/8)"1Blan, D1+ D)|M] < .
M

Thus (a)-(b) imply (c).

For the other direction, assume that (¢) holds and let X5 be a maximal §-net on
M with a companion disjoint partition {A¢}ecx, of M as in Proposition 2.5. Then
we use (2.1)-(2.2) again to obtain

#X 22 D 5 g < \ =82 /A By ) =8 [ 180 (o)

EEX; ceXs
Hence # X5 < oo, which readily implies diam (M) < co. So, (c) implies (a).
Since [, pe(x,y)?du(y) = pi(z, ), the equivalence of (c) and (e) is immediate
from (1.4).
It remains to show that (c) and (d) are equivalent. Suppose (c) holds true. Since
E3% = E,, we have

352 [ 1Bs@o)Pdus) = [ B Br(w.alduly) = Bi(w,) = Ex(a.a)

and hence, using Lemma 3.19,
/ / |Ex(z,y)|*du(z)dpu(y) / Ex(z x)dm—/ 1, f](ﬁ)(x,w)d,u(x)
|B(z, \""Y2)| " Ydu(z) < 0o, A > 1.

Therefore, Ey (A > 1) is a Hilbert-Schmidt operator on .2 and hence its spectrum
is discrete. Suppose {e;};cs is an orthonormal family, verifying Eye; = e;, and

put
=D ej@)e;(y)
jeJ
Evidently, H* = H and as in (3.52) [,, |H(z,y)|*du(y) = H(z,z) = dies lej(z)]*.
On the other hand F\H = HE) = H and hence

H(r,x) = / By (2, y)H (y, 2)dps(y)

/|E,\xy|du /IHy, Idu())

< VEx(z,2)\/H(z,z).
Consequently, H(z,z) < Ex(z,x). Thus

#J = /Z|ej )| du(x /Hmmdx</E,\xx

jed

= /M Loy (VL) (w,2)dz < ¢ y | B(a, A\71/?)|dp(x) < oo.
Therefore, dim(X ;) < c [y, |B(x,A7"/?)|du(x) < oo, which shows that (c) im-
plies (d).
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Finally, assume that (d) holds true. Let {e;};es be an orthonormal basis of
Exs A > L. Then Ex(z,y) = > cyej(z)e;(y), where #J = dim(X). Now, using
Lemma 3.19 we infer

63/ Bz, \"/2)|dp(x) g/ ]l[o_rﬁ](\FL)(x,x)dx
M M

= [ Ex(z,7)dp(r) = dim(E ) < oo.
M
Thus (d) implies (c).
The estimates in (3.50) follow from above. The last assertion of the theorem is
Mercer’s theorem (see [18]). O

4. SAMPLING THEOREM AND CUBATURE FORMULA

Basic tools for constructing decomposition systems (frames) for various spaces
will be a sampling theorem for ¥} and a cubature formula for X}. In turn these
results will rely on the nearly exponential localization of operator kernels induced
by smooth cut-off functions ¢ (Theorem 3.4): If ¢ € C*(R,), suppy C [0,b],
b>1,0<¢<1,and ¢ =1 on [0, 1], then there exists a constant o > 0 such that
for any § > 0 and z,y,2’ € M

(4.1) p(6VI) (@, y)| < K(0)Ds.o(2,y) and

plz,x' )\
(12) 1p(VD)(w.9) ~ eOVD) ') < K (@) () Dy o 0,0), i) <6
Here K(o) > 1 depends on ¢, o and the other parameters, but is independent of
z,y,x’ and .

The main ingredient in our constructions will be the following Marcinkiewicz-
Zygmund inequality for ¥}, where maximal §—nets (see §2.3) will be utilized.

Proposition 4.1. Given X\ > 1, let X5 be a mazximal d—net on M with § =
Y, where 0 < v < 1. Suppose {A¢}ecxs is a companion disjoint partition of M
consisting of measurable sets such that B(§,8/2) C Ae C B(¢,9), £ € Xs. Then for
any f e ¥, 1<p<oo,

(4.3 > [ 1@ - s Pds < (K P,
gex; e
and for any f € X°
(4.4) sup sup |f(z) — f(§)] < K(o:)v* || fllos;
feXs x€Ae

where K (o) is the constant from (4.1) — (4.2) with o, :=2d + 1 and ¢® = 224+1,

Proof. Suppose ¢ is a cut-off function as in (4.1)-(4.2). Then we have f =
S @ADL, y) f(y)dy for f €55, 1 <p< oo, and using (4.2) with § = A~ we
obtain for 1 < p < o0
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52 / &)Pde
/A & / AVE) ) — O VENEw) fday| d

£eXs

<K@? 3 | ([ 0o ) Do @)l w)ldy) s

EeXyd
<K@ [ ([ Dsawnlfldy) de < (KPS,

where for the last inequality we used Proposition 2.6. The proof of (4.4) is similar.
O

4.1. The sampling theorem. The following sampling theorem will play an im-
portant role in the sequel.

Theorem 4.2. Let 0 <y <1 and

(4.5) K(o,)v%c® < %

where K(o.) is the constant from (4.2) with o, = 2d + 1 and ¢© = 224+ For
a given X > 1 let X5 be a mazimal 6—net on M with § := ¥ and suppose {Ag}eex;s

is a companion disjoint partition of M consisting of measurable sets such that
B(£,6/2) C Ae C B(&,9), £ € Xs5. Then for any f € ¥, 1 <p < oo,

(16) sl < (32 1adis@r) " <207,

EEXSs

and for f € ¥
1
(4.7) I fllee = sup [£(E)] < [|£l]oc-
EEXs

Furthermore, if 0 < v < 1 is selected so that

(4.8) K(o.)7"¢" <

w\m

(instead of (4.5)) for a given 0 < e < 1, then for any f € ¥, 1 <p <2,

(4.9) (L=lflIE < D [AIFEF < 1+

£EXs

Proof. We first prove (4.9). It is easy to see that

(4.10) la —bP + b if0<d<1,a,beCandl<p.

1 p < 1
(i

which implies :

1
(411) (1 =9 < 5 la = b + b if0<d<1l,a,beCandl<p<2.
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This inequality with § := ¢/3 implies

p 1 P
(4.12) (16/3)/A5 [f (@)[Pda < /3T /A5 ) dx + [A|| F(E)I,
p 1 P p
(4.13) (1 —¢/3)[A|f (I < /3T /Ag 3] dm+/A§ |f (@)[Pda.

Summing up estimates (4.12) over £ € Xj, we get

(1—e/3)| |2 < # 3 / @)~ FOPdr+ 3 1A

gexs 7 A £EX;
1 @ 0
< Ko e VIsl+ 3 Mdirer
< SIAIE+ 3 lAdllfp
£eXs

which implies the left-hand side estimate in (4.9). Here for the second estimate we
used (4.3).
Similarly, we sum up estimates (4.13) and use again (4.3) to obtain

(=</9) 3 O < s 3 [ 1560 - s@P e+ 171

EEXSs £eXs

(K (e )y e PULIG + 1715 < (T+/3)F15,

<

gp—1

which readily yields the right-hand side estimate in (4.9).
To establish (4.6) note that (using (4.10)) = |al? < |a — b|? + [b|? for a,b € C
and 1 < p < oo, which leads to

. /A s [ 156 - @FE AP

sl ©F < [ 156~ s@rde+ [ i@

Then one proceeds exactly as above and obtains (4.6). The proof of (4.7) is simpler
and will be omitted. O

Remark 4.3. Observe that under the assumptions of Theorem 4.2 one has, using
(1.1) and (2.1),

4/ UNBEAT < 27BE A < Al < [BE A S [BEAT)], €€ A
Then estimates (4.6) imply that for f € X5, 1 <p < oo,
1/p 1/p
(1) Sea" (X IBEADIFOF) T <l <2( X IBEAISE©F)
£eXs §E€Xs

Also, note that estimates (4.9) are immediate for p = oo with the usual modification
and hold when 2 < p < oo with some modification of the constant in (4.8) (v depends
on p). We do not elaborate on this since we shall only need (4.9) for p = 2.
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4.2. Cubature formula for Zi. In this subsection we utilize the Marcinkiewicz-
Zygmund inequality from Proposition 4.1 for the construction of a cubature formula

on E}\.

Theorem 4.4. Let 0 <y <1 and

1

1

Let A > 1 and suppose X5 is a mazximal 6-net on M with 6 := yA~'. Then there
exist positive constants (weights) {w?}ge/yg such that

(4.15) K(g*)'yaco =

(1.16) [ f@dnt) = 3= (o), fe sk
M £EXs

and

(417) 21Be,5/2) < wi < 2AB(E,0)], €€ X,

We shall derive this theorem from Proposition 4.1 and a version of the Hahn-
Banach theorem for ordered linear spaces. We next give a theorem of Bauer of this
sort (adapted to the case of linear normed spaces) that best serves our purposes
and refer the reader to [1] for its proof.

Theorem 4.5 (Bauer). Suppose E is a linear normed space, F' C E is a subspace
of E, and C is a convex cone in E, which determines an order on E (f < g if
g—feC). SetV:={feE:|fl|l <1}. Let A: F — R be a linear functional
on F. Then A can be extended to a linear functional A on E which is (i) positive,
ie. A(f)>0if feC, and (ii) |A(f)| < ||f|| for f € E, if and only if

(4.18) A(f)y>—-1 forall fe FN(V+C).

A simple rescaling shows that the theorem holds if the condition in (ii) above is
replaced by A(f) < || f|| and the condition in (4.18) by A(f) > —c*, where ¢* > 0
18 a constant.

We next show how the Marcinkiewicz-Zygmund inequality implies the existence
of a quadrature rule in a general setting and then apply the result to our particular
case.

Proposition 4.6. Suppose (X, u) is a measure space and let H be a space of
pu—integrable functions defined everywhere on X. Suppose {A;}icr is a finite or
countable disjoint partition of X, i.e. X = U;erA; and A; N A; =0 if i # j, con-
sisting of measurable subsets of X of finite measure (0 < u(A;) < 00). Let & € A,
1€ 1. Also, assume that there exists a constant o < 1 such that

@19) X [ 1@ - sl <o [ @ldp, 7 en

i€l

Then there exist positive constants {v;}ier such that

(4.20) / f@)dp(s) = S wf (&) for feM,
el
and
1—-2a 1+ 2
(4.21) T M) S v S T——uld), i€l
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Proof. Consider the discrete positive measure dv := ). _; u(A;)de, on X, sup-

ported on the set X := {¢ : i € I}, and let L'(v) be the respective (weighted
discrete) L'-space. By (4.19) we obtain for f € H

[ san= [ gav] <o [ iflan
and

(4.22) (A=) fllerg < fllrey < @+ )l fllLrg.

Hence
[ g [ givz-a [ isidnz 2 [ i
X X X l-a/x

which readily implies
(4.23) / fd
X

On the other hand, (4.22) yields that the operator J : f € M+ {f(&)}ier € L' (v)
is continuous and, moreover, if J(H) = H C L'(v), then the operator

J L geHH/

is well-defined and continuous, and by (4.23)

(4.24) / J Y (g9)dp
X
Let the linear functional A : H — R be defined by

(4.25) A:geH— Ag) ::/ JHg)dp — 1—2a/ gdv.
X I—a Jx

\gl

We next apply Theorem 4.5 with E = L'(v), F = H,

C={fel'(v): f(§) 20,6 x}, V={fel'W):|fllw) <1},
and the linear functional A from (4.25). Evidently, in this case, f € F N (V + C)

if and only if f € H and f can be represented in the form f = g + h, where
llgllLivy <1 and h > 0. Then by (4.24) it follows that

M) = Mg+ 1) = =72 [ (g bl =g = v

2 4o 4o
> - —g)dy > ——— dv > — —
> 1704/)((|g| g)dv > 170[/)(|9|V_ T o ¢

Applying now Theorem 4.5 we conclude that there exists a positive continuous
extension A of A to L'(v) such that |[A] < ¢* = = 2. However, as is well-known
(see e.g. [16]) (L'(v))* = L°(v). Therefore, there exists a sequence 8 € L>(v),

B = {Bi}ier, such that [|B]o = sup;c; B < 1% and
£ =Y FE)BnA), fell(v),

iel

Since A is positive, we have 8; > 0, i € 1. Consequently, for any f € H

= [ pau= = S A1) = 3 A0 )
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where 0 < 8; < 2%, which leads to [ f(z)du(z) = 3,c; 7 f(&) for f € H, where

1 -2« 1 -2« 4o 1+ 2«
Ai < i< Al Az =
i) v S 57— h(A) + —nldi) = T—

T w(As).

The proof is complete. [

Proof of theorem 4.4. Let X5 be a maximal —net on M with § = . Then by
Proposition 4.1 we have

2 / O)ldu(z) < K(0.)7°¢" | flls.

£eXs

If v > 0 and K (0.)y*c® < %, then Theorem 4.4 follows at once from Proposition 4.6.
]

5. CONSTRUCTION OF FRAMES

An important part of our development in this article is the construction of well-
localized decomposition systems for spaces of functions or distributions in the gen-
eral setting of this article. The goal will be to construct a pair of dual frames,
where the elements of both frames are band limited and have nearly exponential
space localization.

5.1. A natural (Littlewood-Paley type) frame for 2. We begin with the
construction of a well-localized frame based on the kernels of spectral operators
considered in §3.1.

Let ® € C*(Ry), ®(u) =1 for u € [0,1], 0 < & < 1, and supp ® C [0,d], where
b > 1 is the constant from Theorem 3.18. Set ¥ (u) := ®(u) — ®(bu) and note that
0< ¥ <1andsupp¥ C [b~1,b]. We shall also assume that @ is selected so that
U(u) >c> 0 for u e [b=3/4b3/4]. We set

(5.1) Uo(u) := ®(u) and  ¥;(u) := V(b 7u), j>1.

Clearly, ¥; € C*(R4), 0 < ¥; < 1, supp ¥ C [0,b], supp¥; C [/~ T,
j =1 and 3 ;50 ¥;(u) =1 for u € Ry, By Corollary 3.9 we have the following
Littlewood-Paley decomposition

(5.2) f=> 9,(VL)f for fel?, 1<p<oo. (L*:=UCB)

7>0

From above it follows that

(5.3)

N | =
INA

Y Wiw) <1, ueRy,

3>0

and since [0, (VE) |3 = (¥, (V). U;(V) ) = (W2(VE) f. f), we get
SO f||2—/ S (wd(F. S, f).

7=>0 7>0
and using (5.3) we arrive at

(5.4) *Hfllz <NV IR < IfII5,  f el

7>0
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Here we introduce a constant 0 < € < 1 that is sufficiently small and will be
specified later on in (5.16). Choose 0 < v < 1 so that
(5.5) K(o)v*c® =¢/3,
where K (o,) is the constant from (4.1)-(4.2) with o, := 2d + 1, and ¢® := 22¢+1,
For any j > 0 let X; C M be a maximal J;—net on M (see Proposition 2.5)
with §; := 407772 and suppose {A{}¢cx; is a companion disjoint partition of M
consisting of measurable sets such that B(&,0;/2) C Ag C B(£,9;), £ € &j, as in
Proposition 2.5. By Theorem 4.2 we have

(5.6) (L=allfI3 < D 1AUFEP <A+ fl5 for feSh

£ed;

By the definition of ¥} it follows that W;(v/L)f € £2,,, for f € L?, and hence (5.4)
and (5.6) imply

(5.7) *||f||2 <N ALY,V FOP < 20If15,  f € L
J>0E€X;
Note that
/ £ () W5 (V)€ w)dpu(u)
/ ) U5 (V) (, E)du(u) = (f, 5 (VI)(-,€)).
Consider the system {1;¢} defined by
(5.8) bje(x) = |AL'2U;(VI)(2,8), €€ X;,j>0.

From the above observation and (5.7) it follows that {¢je : £ € Xj,j > 0} is a
frame for 2.
We next record the main properties of this system.

Proposition 5.1. (a) Localization: For any o > 0 there exist a constant ¢, > 0
such that for any & € X;, 7 > 0, we have

(5.9) (i (2)] < co| BED) AL+ pla, )~
and if plx,y) < b

: ie(2) = je(y)| < o B(E,V™) |2 (6 plz, )™ p(2,€)77, a>0.
(5.10) [thje(@) — e ()] < col B b2 pla, y))* (14 b p(x, €)) >0

(b) Norms:

i1

(5.11) [¥jellp ~ [B(&077)[»72, 0 <p<oo.
The constants involved in the previous equivalence depend of p.

(¢) Spectral localization: toe € X} if £ € Xy and )¢ € Zl[’bj,l’bjﬂl ifé& e X
J=1,0<p< o0

(d) The system {j¢} is a frame for L?, namely,
(5.12) A7NAIE <D0 D vl <20f13, vf el

i>0¢€x,

Proof. Estimates (5.9) and (5.10) follow by Theorem 3.4; (5.11) follows by Theo-
rem 3.18. The spectral localization is obvious by the definition. Estimates (5.12)
follow by (5.7). O
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5.2. Dual frame. Our next (nontrivial) step is to construct a dual frame {1;¢}
to {¢;e} with elements of similar space and spectral localization. We begin this
construction by introducing two new cut-off functions by “stretching” ¥y and ¥,
from §5.1:

(5.13) To(u) := ®(b~'u) and Ty(u) := &b 2u) — ®(bu) = To(b~ u) — To(b%u).
Note that supp g C [0,5%], To(u) = 1 for u € [0,b], suppTy C [b~1, 0%, Ty (u) = 1
for u € [1,b%], and 0 < T'y,I'; < 1. Therefore,
(514) Fo(u)\lfo(u) = \IIQ(U>7 Fl(u)\Ill(u) = \Ill(u)
We shall also use the cut-off function ©(u) := ®(b~3u). Note that supp © C [0, b?],
O(u) =1 for u € [0,b%], and © > 0. Hence, O(u)T';(u) = ['j(u), j =0,1.
Parameter o: The dual frame under construction will depend on a parameter
o > 2d + 1 that can be selected as large as we wish. It will govern the localization
properties of the dual frame elements.

With ¢ > 2d + 1 already selected we next record the localization properties of
the operators generated by the above selected functions. Let f =T'g or f =17 or

f = ©. Then by Corollary 3.5 there exists a constant ¢, > 1 such that for § > 0
and 0 < m < o we have

(5.15) L™ f(6VL)(x,y)| < €567 Dy 26 (2, y).
We now select the constant 0 < ¢ < 1 so that

(516) i — C3280+9d+10.

2¢e

Recall that the constant v, which depends on e, was defined in (5.5) so that
K(o.)v*c® =¢/3.

The next lemma will be instrumental in the construction of the dual frame.
Lemma 5.2. Given A > 1, let X5 be a mazimal §—net on M with § := yA~'b=3 and
suppose {A¢tecx, 15 a companion disjoint partition of M consisting of measurable
sets such that B(§,6/2) C Ae C B(§,9), £ € X5, just as in Proposition 2.5. Set
Ke 1= 1%_5|A5\ ~ |B(£,0)|. Let T' =Ty or I' =Ty. Then there exists an operator
Ty : L2 — L2 of the form Ty = Id + Sy such that

(a)

1
<||T <
I1£ll2 < 1T ll2 < T

(b) L™S), with 0 < m < o is an integral operator with kernel L™ Sy (z,y) verifying
L™ Sy (z,y)] < c)\2mD>\_1)U(x,y), x,y € M.

(¢) Sx(L?) C ¥,z f T =T and Sx(L?) C ¥, 1 ey if T =T'1.

(d) For any f € L2 such that T(\"'VL)f = f we have

(5.17) F@) =" ke fOTDAG (@), =€ M,

EEXs

where T'(-,-) is the kernel of the operator T'y := T'(A\~'/L).

Iflla VfeL2

Proof. By Theorem 4.2 we have
(L=allfI3< Y 1AellfOF < A+ fl5 for f € S5,

EEXSs
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and setting ke = iz |Ae| we get

(5.18) 1=29)IF13 < " kel fFOF <IfI3 for f € X3,.

§EXs

Denote briefly © := ©(A"'V/L) and let ©,(,-) be the kernel of this operator.
Consider now the positive self-adjoint operator Uy with kernel

UA(CU,Z/) == Z H§®A(m7£)®)\(§7y)
£eXs

By (5.15) |Ox(2,y)| < coDx-1 25 (x,y) for x,y € M. Therefore, taking into account
that 6 = YA~™16™3 < A7! and 20 > 2d + 1 we can apply (2.22) to obtain

(5.19) U (2, y)| < oy Dy 26 (w,y), g 1= 2203443
Also, if f € 33,5, then (Uxf, f) = Yccx, #e [£(€)]* and hence, using (5.18),
(5.20) (L= 22)lIF113 < (UL ) < (IFIE - for f & 2R

Denote briefly T'y := T(A™'v/L) and let T'y (-, ) be the kernel of this operator (recall
that ' =g or I' =T'1). We define yet another self-adjoint kernel operator by

Ry :=T(Id — U)\)Ty = T3 —T\U\T,.
Set Vi := I'\U,I'x and denote by V,(:,-) its kernel. Since ©(u)I'(u) = I'(u), we
have
Valo) = 3 ke [ [ Ta@u)@a(w@sE o)l (v, ) dude
M JM

£eXs

=Y Kela(@ OTA(E ).

£EXs
Now, by (5.15), (2.11), and (5.19) it follows that for 0 < m < o
IL" R (2, )| < 2™ Dy-1 9, (2,y) + o ey A*™ Dy-1 9, (2, y)
<2624 2N D1 o0 (2, Y).
Here ¢, := 2292442 and as above ¢; := 2293443, To simplify our notation we set
Cy :=2c3¢cyc? = 32097448 Thus we have
(5.21) IL™ Ry (7,y)| < CoA™Dy-1 95(z,y), 0<m<o.
By the definition of R) we have
(Raf, [) = IITAfI3 = (U\DAf.Taf) for fe L2
Since I'y(L?) C ¥3,5, then © '\ f =5 f, and by (5.20)
(1 - 2)ICf I3 < (UADALTaf) < IafI3 f €12

Therefore,
0 < (Raf, f) < 2e|Tafl3 < 2¢lfI5, feL?

where for the last inequality we used that ||T'||s < 1. Consequently,
IRAllz—2 < 2¢ <1 and (1= 2e)[[fll2 < (Id = R fll2 < || fll2,  f€L2
We now define Ty := (Id — R))~! =1d + dok>1 R} =:1d + Sy. Clearly

(5.22) 1£l2 < ITsfll2 < —

A L2
< 7o lfllz Vfe




44 T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

IfI'xf=f, then
F=Tx(f = Bxf) = Ta(f —Taf + Vaf) = ToaVaf.
On the other hand, if I\ f = f, then (Vif)(z) = > cc x, ke f(§)Ta(z, &) and hence
(5.23) f@) =Y mefOTDA 8] ().
EEXSs
Note that by construction
(5.24) Sx:L2 = X% ifD=Toand Sy:L*— X3, 1 e 0 =T

It remains to establish the space localization of the kernel L™Sy(z,y) of the
operator L™Sy. Our method borrows from [37]. Consider first the case m = 0.
Denoting by R%(z,y) the kernel of R%, we have

1Sx(z, )| <D [RY(z,p)].
E>1

But since RY = ©,R50, we get by (5.15) with f = © and the fact that ||[Ry|j2—2 <
2¢, applying Proposition 2.9,

RE (2, y)| < CdCUHRAH%z < (25)'“%102 7
VIB@, DBy, A= ~ /B2, A-D[[B(y, A1)

where cq := 2%?*4, On the other hand, applying repeatedly estimate (2.11) k times
using (5.21) with m = 0 we obtain

(5.26) RS (2, 9)] < CEET"Dyos gp(w,y),  c0 = 22742042,
Therefore, for any K € N

(5.25)

K
(@) <Y Coci™ Do o (a,y) + V|B(@ (if) >\C|dz§<y )
k=1 k>K ’ ’
— L §eg ety 2
< BTG T e =0 T T
Ca { 1 (:Co) (2€)K+1}
- \/|B DBy, 7= L(L+ Ap(z,9))?7 e.Cr =1 1—2¢
200 (e, Oy )KL K
= VB@A By )\{<1+Ap<x,y>>2o +(20)

Choose K > 1 so that (5)%~1 < (1+Xp(z,9))” < (52) and note that 5= = ¢, C,

by (5.16). Then from above we get

z,y)| < i 1
T VIBEATDIBl A (1 Ae(y))7

Let 1 < m < ¢. Since LmR’; = LmOAR’;@,\, with slight modification of the
argument above, (5.15) implies that (5.25) holds for the kernel L™RF(-,.) with
an additional factor A>™ to the right. On the other hand (5.21) implies that estimate
(5.26) also holds for L™RF(-,-) with an additional factor A>™ to the right. Then
proceeding exactly as above it follows that estimate (5.27) holds for L™S(-,-) with
an additional factor A2™ to the right. This completes the proof of the lemma. O

(5.27) |S)\( = 4CUD/\—17U(x,y).
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Armed with this lemma we can now complete the construction of the dual frame.
We shall utilize the functions and operators introduced in §5.1 and above.

Denote briefly I'y, := ['o(VL) and 'y, := [1(b~7 VL) for j > 1, \; := b=9+1,
Observe that since T'o(u) = 1 for u € [O b and T'y(u) = 1 for u € [1,b%], then
I (27) = X7 and T, (E[lﬂ 1 bj+1]) = E[lﬂ Lt J 2 L On the other hand, it
is readily seen that Uo(-,y) € ¥2 and ¥,(-,y) € E[b]_17b1+l] if j > 1. Therefore,
we can apply Lemma 5.2 with X; and {Ag}ge/\»j from §5.1, and A = \; = ¥~ to
obtain

(5:28) W, (VI)(z,y) = > keWi(&y)Th, [Tn, (5 E)(@), ke = (142) 7} Agl.

cex;
By (5.8) we have ¥;¢(z) = |Ag\1/2\11j (&, z) and we now set
(529) 7/73‘5(50) = CE|A2|1/2T)\J' [F)\j(.ﬂg)](‘r)7 5 € Xj7 Ce 1= (1 +€)71'

Thus {1[)]-5 1 & € Xj,j > 0} is the desired dual frame. Observe immediately that
(5.28) takes the form

(5.30) v,(VL = i) e(a
£eX;

We next record the main properties of the dual frame {&jg}.

Theorem 5.3. (a) Representation: For any f € L?, 1 < p < oo, we have
(5.31) F=30 D AFdihie = D {fivie)dye in LP.

>0 E€X; >0 eX;

(b) Frame: The system {zﬁjg} as well as {1j¢} is a frame for L%, namely, there
exists a constant ¢ > 0 such that

(5.32) cHIAB <Y D W ie)* <cllfll3, VfeL2

§>0 £€X;
(¢) Space localization: For any £ € X;, j >0, and0<m <o
(5.33) L™ e ()] < cob™ ™ BE) A1+ ¥ p(e, €))7,
and if p(a,y) < b7
(5.34) e (@) — bie ()] < col BED™) T2V plw, ) (1 + b p(a, €))7
Here 0 > 2d+1 is the parameter of the dual frame selected in the beginning of §5.2.
(d) Spectral localization: ¢ € XY if £ € Xy and V¢ € Z‘ﬁf’bj_%bj”] if £ € Xj,
j>1,d/oc<p<oo.
(e) Norms:
(5.35) [sellp ~ 1BEb)» "% for dfo <p < oo
Proof. By the definition of ﬁjg in (5.29) and Lemma 5.2 we have
bie(w) = | ALVPTy [Ty, (- O)(2) = o ALM? [Ty, (2,€) + Sx, [T, (O] ()]

Then estimate (5.33) follows from the localization of L™T'y,(-,-) given by (5.15),
Lemma 5.2 (b), and (2.11). Estimate (5.34) follows by the fact I'y;(-,-) is Lip a,
given by Theorem 3.4, and the localization of Sy, (,-), given in Lemma 5.2 (b),
exactly as in the proof of Theorem 3.1.
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To establish representation (5.31) we note that (5.30), (5.33), and (2.22) readily

imply 3 cc v, [ie(Y)||1hje(x)| < ¢Dy-s 5_a(x,y). Then (5.31) follows by (5.2) and
(5.30).
The estimate

(5.36) [iellp < e BE,b77)[»~2  for d/o <p< oo

follows by (5.33) and (2.12). On the other hand, Lemma 5.2 (a) and Theorem 3.18
yield

[Diell2 = c| BEb™)|IT, (-, €)]l2 = ¢ > 0.

From this and (5.36) one easily derives ||¢;e||, > c|B(§,b*j)|%_% for 0 < p < o0
(see the proof of Theorem 3.18).

For the proof of (5.32) we shall employ the following lemma which will be in-
strumental in the development of Besov spaces later on as well.

Lemma 5.4. (a) For any f € LP, 1 < p < oo,

~ 1/
(5:37) (2 W dsediellz) ™ < ellfllp, ¥iz0.

ceX;

(b) For any sequence of complex numbers {a¢}teex,;, j >0, and 1 < p < oo,

/p
(5.38) IS el < e 3 llaewells) "

§EX; §EX;

Above each of the {P-norms is replaced by the sup-norm when p = oc. Also (a)
and (b) hold with the roles of {;¢} and {1)j¢} interchanged. The constant ¢ > 0 is
independent of f, {a¢}, and j.

Proof. We shall need the following simple inequalities

(5.39) > 1je@)llbjelh <c and > [Wie(@)llelh < e, @€ M,

fEXj fEXj

where the roles of {1;¢} and {1;¢} can be switched. Using (5.33) with m = 0 and
(5.11) we obtain

D (@) lllsells < e Y (A +Vp(x,6) 7 < e < o,

§EX; £eX;

where for the last inequality we used (2.20) and the fact that o > 2d 4+ 1. This
gives the left-hand side inequality in (5.39). The proof of the other inequality is
the same.

Estimate (5.37) is immediate from (5.39) when p = 1. In the case p = 0o (5.37)
follows readily by the inequality [[Wje||1][%j¢]loo < ¢ < 00 which is a consequence of
(5.11) and (5.35).
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To prove (5.37) in the case 1 < p < oo we just apply Holder’s inequality (1/p +
1/p’ = 1) and obtain

146 Baehtsell < ([ 1£@Die(aldute)) el
(] 1@l el du(o)) el
< [ @I @ dn()ldse 5 1osel
M

This coupled with the obvious inequality

S N B
[0sel ™ el < (1sella e lloo)P M Iwsells < ellibjell,

using |[9j¢ |1 ]|j¢ |0 < ¢ < 00 as above, leads to

S diedsells < ¢ / F@P S Wie@llseldu() < cllf|2.

§EX; EEX;

Here we used (5.39). This confirms the validity of (5.37).

We now turn to the proof of (5.38). This inequality is obvious when p = 1. In
the case p = oo inequality (5.38) follow easily from the right-hand side inequality
in (5.39) and the fact that ||9je||1||1jello0 < ¢ < 00, see (5.11).

To prove (5.38) in the case 1 < p < oo we apply the discrete Holder inequality
and the right-hand side inequality in (5.39) to obtain

|3 et < [ 3 lacllvselT (seC@Mlvels) (el sel) )

£EX; §EX;

-1
< 3 laeP el T e @ el (3 1se(@Ibsells)

£EX; EeX;
1—
< ey lagl el e ()]
£EX,
Integrating both sides we get
2—
1> agijel|) < ¢ D laelPllell 77 < e Y laelPllwjellp
£eX; EeX; £eX;
Here we used that ||1/)j§||%7p ~ |[[thjell5, which follows by (5.11). The proof of
Lemma 5.4 is complete. [

We are now in a position to complete the proof of Theorem 5.3. From (5.4)
applying (5.38) we get

TTEEE) SIEAVATEELY 3l D SETASION HETS 9 SRt A
7>0 j=>0  £eX; j>0&eX;

which confirms the left-hand side inequality in (:5.32). For the other direction, we
first note that since supp W; C [B/~1,b71] and ;e € Sppi—2 pi+2) we have by (5.2)
(f,4¢) = Z]_J o (U, (VL)f, 77[~1j§> (here ¥, := 0 if v < 0) and hence

Jj+2 Jj+2

SOl <s Y. Y (WD fdiel <e > 1w, (VID) 3

£EX; v=j—2§€X; v=j—2



48 T. COULHON, G. KERKYACHARIAN, AND P. PETRUSHEV

Here we used (5.37). Summing up the above inequalities and using (5.4) we obtain
the right-hand side inequality in (5.32). This completes the proof of Theorem 5.3.
O

5.3. Frames in the case when {Zi} possess the polynomial property.
The construction of frames with the desired excellent space and spectral localization
is simple and elegant in the case when the spectral spaces ¥3 have the polynomial
property in the sense of the following

Definition 5.5. Let {F),A > 0} be the spectral resolution associated with the
operator \/L; then VL = fooo MFy. We say that the associated spectral spaces

B ={fel?:Af=[}
have the polynomial property if there exists a constant k > 1 such that
(5.40) ¥3.32 cxly, e fge¥:=— fgexl,.

The construction begins with two pairs of cut-off functions Wy, ¥, Uy, ¥ € C°(R..)
with the following properties:

supp ¥o, Uy C [0, 0], supp ¥, U C b0, 0< U, U, Ty, U <1,

Wo(u), To(u) >c>0, uel0,b¥4], Wu),T(u)>c>0, ue b~ 3/4 b4,

Uo(u) =1 and Uo(u) =1, we(0,1], and

Wo(u)Wo(u) + Y UbIu)(bIu) =1, ueRy.

j>1

As in §5.1, here b > 1 is the constant from Theorem 3.18. The construction of
functions with these properties is quite simple and well-known and will be omitted.
It is worth pointing out that given ¥y, ¥, then ¥y, ¥ can be easily constructed with

the above properties (see e.g. [23], Lemma (6.9)).
Denote ¥;(u) := ¥U(b~7u) and ¥;(u) := ¥(b~7u). Then from above we have

(5.41) > Ui w)T(u) =1, uweR,.
Jj=0

This and Proposition 3.8 imply the following Calderén type decomposition
(5.42) f=Y W(VL)U;(VL)f, fell, 1<p<oo.

j=0

The key idea is that the polynomial property (5.40) of the spectral spaces can be
used to discretize the above expansion and as a result to obtain the desired frames.
Indeed, observe first that supp ¥, ¥y C [0,] and supp \I/j,\i/j C B et
j > 1. From this and above it follows that W;(v/L), ¥;(v/L) are kernel opera-
tor whose kernels have nearly exponential localization and W;(vL)(x,-) € Sy
and W;(v/L)(-,y) € Byi+1. We now invoke the cubature formula from Theorem 4.4.
With 0 < v < 1 the constant from (4.15) and x > 1 from (5.40), we select a
maximal J-net, say X;j, on M with § := yx~'b=7~1 ~ b=J. Theorem 4.4 provides
a cubature formula of the form

/M f@)du(z) = 3 wief(©) for fesi,

§EX;
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where 2|B(,0/2)] < wje < 2|B(&,6)|. Since W;(VL)(z,)¥;(VL)(y) € ki
due to (5.40), we get

(5.43) U (VDU (VL) (2,y) = /M U (VL) (2, w) U5 (VL) (u, y)dpa(u)

We now define the frame elements by
(5.44)

bie() == eV (VI)(@,€), dje(w) = Jwel;(VL)(2,), €€y, j=0.
We next present the main properties of the system {%;¢}, {szf}.

Proposition 5.6. (a) Frame property: For any f € LP, 1 < p < oo, (L*° := UCB)
we have

(5.45) F=Y > (Fdidbie =D Y (fbje)e in LP
J>0£€X; J>0E€X;
and
(5.46) IFIE =D > (£ dsedlfivse) Vf €L
Jj>0EEX;
(b) Space localization: For any o > 0 there exists a constant ¢, > 0 such that
forany § € X5, >0,
(5.47) [je(@)]; [je ()] < eo| BE D) 721+ b p(a, )7,
and if p(z,y) < b~

(5.48) [$je(x) = ie(W)] < eal BEL) TV plar, )™ (1 +V p(ar, €))7

Here o > 0 is the global parameter from (1.6) and the same inequality hold for T;jg
in place of Pj¢.

(c) Spectral localization: voe,voe € X} if £ € Xy and Ve, Vje € Ez[)bj—lvbJ#»l] if
56X37321;0<P§00

(d) Norms:

~ iy 11
(5.49) hiellp ~ lbsellp ~ |B(E,b77)[» 72, 0<p< oo,

Proof. Identities (5.45) follow immediately from (5.42) and (5.43). For the proof
of (5.46), denote Sy f = Z;-V:O > cex, ([, ¥je)vje and observe that

N —_— I EEE—
IFI3 = Jim (f.Snf)= lim 3% " (fded(foge) = D D (Fbsed(foge).

J=0 £€X; J>0E€X;

The localization and Lipschitz property of the frame elements given in (5.47)
and (5.48) follow by Theorem 3.4. The claimed spectral localization is obvious.
The norm bounds in (5.49) follow by Theorem 3.18. [

An interesting special case of the above construction occurs when we choose
Uy =g and ¥ = U. Then ;e = ;e and {¢j¢} is a tight frame for L2, i.e.

A1 =0 3 I wse)l?, Vf el

j>0€eX;
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Remark. The polynomial property (5.40) of the spectral spaces apparently is valid
when the spectral functions are polynomials. This simple fact has been utilized for
construction of frames on the sphere [42], on the interval with Jacobi weights [47],
on the ball [48], and in the context of Hermite [49] and Laguerre [34] expansions.

6. BESOV SPACES

We shall follow the general idea of using spectral decompositions, e.g. [46, 59, 60],
to introduce (inhomogeneous) Besov spaces in the general set-up of this paper. As
explained in the introduction, we shall only consider Besov spaces B, with s > 0
and 1 < p < co. The Besov spaces B, with full range of indices are treated in
the follow-up paper [33]. For another approach to Besov spaces under heat kernel
estimates, but a polynomial upper bound on the volume instead of the volume
doubling condition, see [7].

To introduce Besov spaces we assume that there are given two (Littlewood-Paley)
functions g, ¢ € C>°(Ry) such that

(6.1) supppo C [0,2], cp(()y)(O) =0forv>1, |po(A)|>¢>0 for Ae[0,2%4],
(6.2) suppy C [1/2,2], |p(A\)| > ¢ >0 for A € [273/4,23/4].

Then [po(MN)| + 32554 lp(279N)| > ¢ > 0 for A € [0,00). Set ¢;(N\) := @(279)\) for
Jj=1 -

Definition 6.1. Let s > 0, 1 < p < o0, and 0 < ¢ < oo. The Besov space
By, = B,,(L) is defined as the set of all f € P such that

(6.3) 1 fllBs, == (Z (2SjH<Pj(\/f)f(-)||M)q)1/q .

720

Here the £9-norm is replaced by the sup-norm if ¢ = oo.

Note that by Proposition 6.2 below it follows that the definition of the Besov
spaces B, is independent of the specific selection of g, ¢ satisfying (6.1)-(6.2).
Also, B;, are (quasi-)Banach spaces, which are continuously embedded in L” as
will be seen below.

6.1. Characterization of Besov spaces via linear approximation from {3}}.
Here we show that the Besov spaces B, with s > 0 and p > 1 are in fact the ap-
proximation spaces of linear approximation from ¥, ¢t > 1. As in §3.5, we let
& (f)p denote the best approximation of f € L from X} and A, will denote the
associated approximation spaces, defined in (3.35)-(3.36).

Proposition 6.2. Let s >0, 1 <p < o0, and 0 < g < oco. Then f € B, if and
only if f € A;,. Moreover,

(6.4) 10z, ~ 1 fllag, = 151 + (32 (29821(£),)")

j=0

1/q

Proof. Let ¢; be as in the definition of the Besov spaces with the additional
property: > .5, ¢;(A) = 1 for A € [0,00) (see §3.3). Suppose f € LP. Then by

Corollary 3.9 we have f = . ¢;(VL)f and since ¢;(VL)f € E’éj,qu we

obtain
Exm (f)p < Z lles (VL) flp

jzm
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and the standard Hardy inequality
q
(6.5) 2(28’”217) gcz@smbm), by >0,5>0,0<q< o0,
j>m m>0

leads to the estimate [|f|las. < c[|f| 5,
For the estimate in the other direction, we note that for any g € X8, , we have

@J(\/E)f = @](\/Z)(f — g) and hence
le; (VD) Fllp = lo; (VD) = 9)lp < el f = gl

where we used the boundedness of the operator ¢;(v/L) on LP. This implies

i (VL) fllp < c€ai-1(f)p, 4 = 1, and obviously [po(VL)f[l, < ¢l f]l,. We use
these estimates in the definition of B}, to obtain || f|/ps, < O
We next record the heat kernel characterization of Besov spaces. Denote

4ty 1/
©6) Wl =1+ ([ @ enep) @)

with the usual modification for ¢ = oo

S

Corollary 6.3. For admissible indices s,p,q a functz’on I € By, if and only if

1£ll5, a1y < 00 and if f € B2y, then || fllss, ~ If]
This corollary follows readily by Proposition 6.2 takmg into account Remark 3.17.

Bc

6.2. Comparison of Lipschitz spaces and BZ_ _ . The Lipschitz space Lip~,
~ > 0, is defined as the set of all f € IL°° such that
[f(z) = ()l
(6.7) [fllLip~ = ”fHoo—i_iiI;W < 00.
We would like to record next the fact that in the setting of this article the spaces
Lips and BY__, coincide provided 0 < s < «, where « is the structural constant
from (1.6).

o000

Proposition 6.4. The following continuous embeddings hold: (a) For any s > 0
Lips C B3

(b) For any 0 < s < «
BS, . C Lips.

Proof. (a) Let f € Lips and choose § € C*[0,00) so that § > 0, § = 1 on
[0,1] suppf C [0,2]. Then using Theorem 3.4 and (2.10) we obtain for ¢ > 1 and
k>s+3d/2

m@4¢mﬂ@_f@n:yAfa*¢Dxawwww—ﬂmwmw
Sﬂﬂmm/ m4M%wf@wMMw
M

saﬂwmw/zk%ﬂ@wW@Sdﬂwmw

On the other hand A(t~'vL)f € £ and hence E2(f)oo < [0 VL) — flloo-
From this and above we infer £u(f)oo < ct™°|| f|Lip s, which implies (a).

(b) Let ¢g := 6 with 6 the function from above. Set @(X) := 0(\) — 6(2))
and ¢;(A) = @(277A). Then 3,5, 9;(A\) = 1 for A > 0, suppypo C [0,2] and
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supp; C [2971,29%1] j > 1. Now, assuming that f € B3 . we apparently have
eo(VL)f € 35°, v;(VL)f € 55,1, and by the Littlewood-Paley decomposition
(Corollary 3.9) f = > 7,5, ¢;(VL)f. Evidently, BS ., can be defined using the
above constructed functions {¢;} and hence ||¢; (VL) f|loc < ¢277%(|f|lps__, j > 0.

Therefore, using (333) we have for 0 < s < o and any J > 1

[f(@) = F)I <D 1o (VL) f(2) = 0; (VL) f(y)]

]>0

<CZ||‘PJ fHOO(pr z +22”§01 L) fllo

i>J

Bs... (Z 279%(27 p(x, 2))" + Z Z*js)
=0

j>J
B (2J(afs)p(1,7 Z)a + 27.15)'

Assuming that 0 < p(x, ) < 1 we choose J > 1 so that 277/ ~ p(x,y) and the above
yields [f(z) — f(y)| < cllfllBs, p(z,y)*. If p(x,y) > 1 this estimate is immediate
from || flloo < ¢||fllBs,_, which follows trivially using the decomposition of f from
above. This completes the proof of (b). O

6.3. Frame decomposition of Besov spaces. Our aim here is to show that the
Besov spaces introduced by Definition 6.1 can be characterized in terms of respective
sequence norms of the frame coefficients of functions, using the frames constructed
in §5. We shall utilize the pair of dual frames {1;¢}, {¥;¢} constructed in §§5.1-5.2
or in §5.3. To make the idea of frame decomposition of By, more transparent we
first introduce the sequence B-spaces by,

Definition 6.5. For s >0, 1 <p < oo, and 0 < g < oo the sequence space by, is
defined as the space of all complez-valued sequences a := {aje : j > 0, € X'} such
that

) ) pya/p\1/q
6.8)  lallyg, = (D0 30 (IBE M 2asel) | T) T < oo
j=>0 §EX;
Here b > 1 is the constant from §5, and the (P or €9 norm is replaces by the sup-

norm if p =00 or g = oo

In our further analysis we shall use the “analysis” and “synthesis” operators
defined by

(6.9) Sy f = {{f )} and Ty:f{aje} — > D ajerhe.

7>0 fEXj

Theorem 6.6. Let s > 0,1 < p < oo, and 0 < q < co. Then the operators SQ; :

By, — by, and Ty 2 by, — Bi;'q are bounded and Ty S; = 1d on B;,. Consequently,
f € By, if and only if {{f,Vj¢)} € b,,. Moreover, if f € By, then

a/p
630) [ Fllsg, ~ KU sl g, ~ (070 32 s el ™)

7=>0 £EX;

with the usual modification when p = 0o or ¢ = co. Above the roles of {1;¢} and
{Wje} can be interchanged.
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Proof. Let ¥; € C§°, j > 0, be the functions from the definition of the frames
in §5.1. Recall that supp ¥y C [0,b] and supp¥; C [¥~1 6T, j > 1. Also,
Y>>0 Vj(u) =1, u € Ry, and hence f =3, U,;(VL)f for f € LP. Tt is easy to
see that Proposition 6.2 implies (with the obvious modification when ¢ = o)

(6.11)
s~ Wt (S e ,)") " ~ (T 1w /D))

IfllBg, ~ [If]
320 >0

Here the second equivalence follows by the monotonicity of & (f), and the last
equivalence follows exactly as in the proof of Proposition 6.2.

Let f € By, and assume q < oo (the case ¢ = oo is easier). By (5.11) and (6.8)
it follows that

(6.12)  |[Sgf

by = IHCEBie Hlog, ~ (D007 [ S0 1K, e el }Q/p)

7>0 £EX;

Using that f = ijo ‘I’J(\/Z)fa \Ifj(\/f)(~,y) € Z[ij—17b.7‘+l]a and T/st € E[ij—2,ba‘+2]
we obtain
(fodie)ie = > (U,(VL)fdje)vje, £ €A,

v=j—2

where U, (v/L) := 0 if v < 0. This readily implies

Jj+2 Jj+2
S e selln < ¢ Y IO (VL) i) ielh < e > [, (VL) fIE.
£EX; v=j-—2 v=j-2

Here for the last inequality we used Lemma 5.4, (a). We insert the above in (6.12)
and use (6.11) to obtain [|Sg fllps, < B3, Hence the operator Sj : By, — by,
is bounded.

To prove the boundedness of Ty, : b5, — By, we assume that a = {aje} € b5,
and denote briefly f =Tya =3, dexj ajetje. Assume g < oo (the case ¢ = oo
is easier). Using (5.38), Holder’s inequality if ¢ > 1, and (5.11) we obtain
(6.13)

/ . /p\1/
171 < 30 (3 Hasesel) " < e 3 09 3 agersel] ™) < clal,.

J>0 E€X; J>0 gex;

Therefore, Tya is well-defined. Further, since ¢;¢ € ¥}, and applying again (5.38)
we get

/
e Do < |0 Y anctomell, <e 3 (X lametimel)

. 1/q
This and the Hardy inequality (6.5) give (ijo (ngbj(f)p)q) <
turn, this and (6.11) yield || f||ps, < c[lallss,. Thus the operator Ty : by, — By, is
also bounded.
The identity TyS; = Id on Bp, follows by (5.31). [

b;q . In
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6.4. Embedding of Besov spaces. Finally we show that the Besov spaces By,
embed “correctly”.

Proposition 6.7. Let 1 <p<p; <00, 0<qg<q <00, 0<s; <s<oo. Then
we have the continuous embedding

(6.14) By, C By if s/d—1/p=s1/d—1/p:.

P1q1

Proof. This assertion follows easily by Proposition 3.12. Indeed, let {¢;};>0 be
the functions from the definition of Besov spaces (Definition 6.1). Given f € B,

we evidently have ¢;(VL)f € 3,1 and using (3.32)
s (V) FC)llp, < 990D 05 (VL) £l

g <cflf]

Pr1491

which readily implies || f| Bs,-
Compare the above result with [12], where embeddings between Besov spaces
defined via the heat semigroup are proved under an assumption of polynomial

decay of the heat kernel.

7. HEAT KERNEL ON [—1, 1] INDUCED BY THE JACOBI OPERATOR
We consider the case when M = [—1, 1], du(z) = wa,g(x)dz, where
W p(z) =w(z) = (1—-2)*1+2)° o f>-1,
and

Lf(z) = _lw@al@) f@)f a(z) = (1-2?), D(L)=C?*-1,1].

Integrating by parts we get E(f,g9) = (Lf,g) = f_ll a(z)f'(z)g' (z)w(z)dz. Clearly,
the domain D(&) of the closure £ of £ is given by the set of weakly differentiable
functions f on | — 1, 1] such that

1 1
11 = | lf@Puds+ [ a@lr@Pu@d < .
Note that D(L) D P the space of all polynomials, and L(Pg) C P, k > 0, with Py
being the space of all polynomials of degree k. As is well known [58] the (normalized)
Jacobi polynomials Py, k = 0,1,..., are eigenfunctions of L, i.e. LPy = \; Py with
Ar = k(k 4+ a+ B+ 1). By the density of polynomials in L?([—1,1], ) it follows
that
e () =Y e W f, PPy, > 0.
k>0

We next show that e~ 'L is submarkovian. Let ®, € C*[R) and 0 < &, < 1.

Then for any f € C%[—1,1] we have (®.(f)) = ®L(f)f € C*[—1,1] and

1 1

5(‘I>s(f),<1>a(f))=/ a(x)l(fbe(f))’lzw(w)dxé/1a(x)\f’(w)\2w(x)d$=5(f,f)-

—1 _
Hence e~ 'L is submarkovian (see §1.2).
Moreover, this Dirichlet space is evidently strongly local and regular and also

I'(f,9)(u) = a(u) f'(u)g' (u).
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We now compute the intrinsic metric. We have for z,y € [-1,1], z < y,
p(z,y) = sup{u(z) —u(y) : u € C*[~1,1], a(z)[u’(z)| < 1}

—sup{/ Dt - u € C-1,1], a(t)u/ (1) < 1)

\/7 = | arccos x — arccos y|.
a(
Evidently, the topology generated by this metric is the usual topology on [—1, 1],
and [—1,1] is complete.

It remains to verify the doubling property of the measure and the scale-invariant
Poincaré inequality.

7.1. Doubling property of the measure. The doubling property of the measure
du(z) = we,g(z)dx follows readily by the following estimates on |B(z,)|: For any
e[-L,]]Jand 0<r<m

(7.1) a|Bz,r)| < r(1 — x4+ r2)FY2(1 4 2 4 r2)PHY2 < | Bz, 7)),

where ¢, co > 0 are constants depending only on « and S3.
To prove these estimates, assume that x = cosf, 0 < 6 < 7. Then evidently

|B(z,7)| = fccozs[fX((ng:))]] wWa,3(u)du, where a V b := max{a, b} and a A b := min{a, b}
as usual. Assume 0 < z <1 and 0 < r < 7/4. The following chain of similarities

with constants depending only on «, 3 is quite obvious:

cos[0V(60—1)] 0+r
|B(x,r)| ~ / (1 —w)*du ~ / (1 — cos ) sin pdp
cos(0+r) ov(6—r)

O+r
~ / ©** T dp ~ r(0 +1r)* T ~ r(sin 6 + )2t
oV (6—r)
~r(V1—a2 )ttt o r(l— 2 4 7‘2)“+1/2,
which implies (7.1). The case when —1 <z < 0 and 0 < r < 7/4 is similar and in
the case /4 < r < m we obviously have |B(z, )| ~ 1, which again leads to (7.1).

7.2. Poincaré inequality. As was explained in §1.2 a critical ingredient in estab-
lishing Gaussian bounds for the heat kernel is the scale-invariant Poincaré inequal-
ity, which we establish next.

Theorem 7.1. For any f € D(E) and an interval I = [a,b] C [-1,1]

(7.2) /|f(x) — f1l*w(z)dz < ¢(diam , /|f 2(1 — 2®)w(x)dx
I

where diam ,(I) = arccos a—arccos b, fr = w(l 5 S x)dx withw(I) = [, w(

and ¢ > 0 is a constant depending only on «a, (3.

Proof. Denote briefly w[e, d] := f w(u)du. We have for I = [a,b] C [-1,1] and
zel

1 1 v
@)~ 1 = 275 / (1) = Sy = —o5 / / £ (w)duw (y)dy

:Lﬂ@K@@m
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where K(z,u) w(l){w[a u)L[q,2) — w[u, b]1[5 5} It is easy to see that
/\Kxu|du— /|ac ylw(y)dy < ( a) and

2wla, ujwlu, b}
/|K:cu|w )

Using the above we obtain

/1|f( — frlPw( dm—/‘/f xudur()dm
< [ ([ir@pirewi [ 1K@ o)
<500 [17@P( [ Kewlds)i

—-a) [17 P

Therefore, the theorem will be proved if we show that

wla, u]wlu, b / 2
7.3 b—a)—————— < )(1—
(7.3) - = S =) | =)
for some constant ¢ > 0 depending only on «, .
Suppose [a,b] C [-1/2,1]. Then it is readily seen that

(7.4) w(u)(1 —u?) /m >277(1 —w)*" (V1—a—V1-0)>%

On the other hand, since w(z) < 2%(1 — 2)®, we have
wla, ulwlu, b _ 2271 [(1 — )+ — (1 —w)* 1 —w)*H — (1 - )]
w([) Ta+1 (1 —a)tl — (1 =b)atl '
We need the following inequality whose proof is straightforward: If v > 0 and
0< A< X < B, then
X7 —A")(BY - X" B—-+VA
( ) ) §(7V1)X7Q.
B VBT VA
Applying this inequality we get
b 1 vi—a—+v1-b
(b _ a)w < 23\ﬁ| (7 Vi 1)(1 _ u)a-i—l(b o a)
w(I) a+1 Vi—a++v1-=0
= ()1 -0 VT - VT D
This coupled with (7.4) gives (7.3). The proof of (7.3) in the case when I = [a,b] C
[—1,1/2] is the same.
Let now —1 < a < —-1/2 < 1/2 < b < 1. Suppose u € [0 b] (the case when
(7.3)

(7.5)

u € [a,0) is similar). Then evidently w(a,u] ~ 1, w(
follows by
1 918l
wlu, b] < 21! / (1—y)dy < ?(1 —u)* and w(u)(1 —u?) ~ (1 —u)*T.
w et

The proof of the theorem is complete. [
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7.3. Gaussian bounds on the heat kernel associated with the Jacobi op-
erator. As a consequence of the Poincaré inequality and the doubling property
of the measure, established above, we obtain (§1.2) Gaussian bounds for the heat
kernel p;(z,y) associated with the Jacobi operator:

Theorem 7.2. For any z,y € [-1,1] and 0 <t <1,

c 21:, C x,
1Pt( y)} 20( y)}

¢y exp{— <»p ch exp{— .
V1B, VD) Bly. V1) wB VD)|[B(y. V)

Here |B(z,Vt)| ~ Vt(1 — x4+ t)*TY2(1 42 +)5+Y/2 p(z,y) = | arccos x — arccos 3|
or p(x,y) =0 —@| if x = cosl and y = cosp, 0 < 0,¢ < 7, and c1,¢a,¢),¢5 >0
are constants depending only on o and (3.

Furthermore,

(7.7) pelw,y) =D e M P (2)Pily), Ak =k(k+a+B+1),
k>0

(7.6)

where the series converges uniformly.

The above results and Theorem 3.4 yield the nearly exponential localization of
kernels as in the following

Corollary 7.3. Let f € C5°(Ry) and f(2”+1)( ) =0, v > 0 and consider the
kernel As(x,y) = > pso f(OVA) Pe(x)Pr(y), 0 < § < 1. Then for any o > 0 there
exists a constant ¢, > 0 such that

(7.8) Mo < e (1Bl 8)| 1B, 0)) (14 ZE2)

where |B(-,8)| and p(x,y) are as above.

This result is more complete than the similar estimate (2.14) in [47] (see also
[29, 30]) which is proved under the restriction a, 8 > —1/2.
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