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TWO-LEVEL-SPLIT DECOMPOSITION OF ANISOTROPIC
BESOV SPACES

WOLFGANG DAHMEN, SHAI DEKEL, AND PENCHO PETRUSHEV

ABSTRACT. Anisotropic Besov spaces (B-spaces) are developed based on anisotropic
multilevel ellipsoid covers (dilations) of R™. This extends earlier results on
anisotropic Besov spaces. Furthermore, sequences of anisotropic bases are
constructed and utilized for two-level-split decompositions of the B-spaces and
nonlinear m-term approximation.

1. INTRODUCTION

Anisotropic phenomena appear in various contexts in mathematical analysis and
its applications. The formation of shocks results in jump discontinuities of solutions
of hyperbolic conservation laws across lower dimanional manifolds and sharp edges
often separate areas of little detail in digital images, to name just two examples.
In the first case such jumps cause a serious obstruction to appropriate regularity
theorems since the available regularity scales are either inherently isotropic or co-
ordinate biased or are subject to an uncontrollable restricted regularity range, as
will be pointed out below. In the second case the anisotropy makes it more diffi-
cult to come up with efficient encoding strategies that are entropy optimal when
using cartoons as model classes. The central objective of this paper is to set up a
sufficiently flexible framework for anisotropic regularity notions that at least bear
a potential for dealing with questions of the above type.

Let us briefly relate now the present approach to earlier considerable efforts in
extending the theory of classical Besov and Triebel-Lizorkin spaces to non-isotropic
settings. One line of extension is concerned with function and distribution spaces on
R™ furnished with anisotropic dilation structures. Various authors have considered
dilations of R™ induced by a one parameter family of diagonal matrices of the
form diag (2%1¢,...,2%), b; > 0. Calderén and Torchinsky [4, 5] have developed
the so called parabolic Hardy spaces induces by certain one parameter dilation
groups, which were further extended by Folland and Stein [12]. Bownik [1, 2] and
Bownik and Ho [3] have considered dilations on R™ induced by the powers A7 of
an expansive matrix A with eigenvalues A satisfying |A| > 1, and applied them to
the development of anisotropic Besov and Triebel-Lizorkin spaces.

Yet another line of generalization of the classical spaces originated from the work
of Coifman and Weiss [6, 7], where R™ was replaced by the more general spaces of
homogeneous type. Spaces on homogeneous spaces have been further developed by
several authors, in particular, more recently by Y. Han and his coauthors, see e.g.
[13].

Date: January 17, 2007.
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In this article we introduce and explore a new more general setting for anisotropic
Besov spaces (homogeneous and inhomogeneous) on R™ of any positive smoothness
that allows a lot more flexibility in dealing with anisotropic features of functions e.g.
singularities along curves and lower dimensional smooth manifolds. Our approach
is based on multilevel discrete (or continuous) anisotropic dilations of R™, where
only mild conditions are imposed on the dilation matrices which still allow them to
rapidly change from point to point and in depth, from level to level. These dilations
are much more general than the dilations mentioned above which are shift invariant
and where the different levels are obtained from powers of the same matrix or from
a one parameter family of matrices. Instead of “dilations” we shall use the more
convenient geometric term “ellipsoid cover of R™”.

As will be shown, R™ equipped with a discrete or continuous ellipsoid cover
becomes a homogeneous space and therefore the general theory of Besov spaces
on homogeneous spaces applies. However, this theory only allows one to handle
Besov and Triebel-Lizorkin spaces of smoothness a with |a| < €, where ¢ > 0 is
sufficiently small.

Although very general our setup allows us to overcome this latter principal lim-
itation. For a given discrete multilevel ellipsoid cover © of R™ (see §2.1), we define
the B-spaces B;‘q(@) and B;“q(@) via local polynomial approximation on all ellipsoids
from ©. This approach enables us indeed to develop the anisotropic Besov spaces
(B-spaces) Bg‘q and By, for arbitrarily large o > 0 which is the principle difference
between our theory and the general theory of Besov spaces on homogeneous spaces.
Our B-spaces can be viewed as a generalization of the classical Besov spaces as well
as the anisotropic Besov spaces studied by Bownik [1] with weight 1 (see §5.3). For
the theory of classical Besov spaces we refer the reader to [16, 18, 19].

The highly anisotropic locally and scalewise varying structure of the dilations
considered here prevents us from using Fourier analysis techniques; we use piecewise
polynomials instead. A key ingredient in our theory is a certain two-level-split de-
composition of B-spaces. For any given anisotropic cover © we construct a multilevel
sequence of bases which provide a means for decomposing the associated B-spaces.
The basis elements are compactly supported piecewise polynomials which are well
aligned with the anisotropic space dilations induced by ©. However, since they
do not oscillate sufficiently, they are directly applicable only to B-spaces of posi-
tive smoothness. The two-level-split decomposition of functions originates from [9],
where it is applied in a regular setup and used for the purpose of preconditioning
systems of equations stemming from mesh free discretizations of elliptic boundary
value problems.

Of course, the usefulness of any regularity notion relies on whether it actu-
ally conveys sufficient information about the intrinsic complexity of corresponding
functions, e.g. expressed in terms of (quasi-)sparse representations with respect to
a suitable system of building blocks. Just as one may expect we show that the
B-spaces B2, (©) with 1/7 = a/n + 1/p govern the rates of nonlinear m-term L,-
approximation from the two-level-split bases induced by ©. This suggests to adapt
O to the approximand. Accordingly, we would like to put forward here a new adap-
tive strategy for measuring the smoothness of functions, namely, by choosing from
the collection of all anisotropic B-spaces, induced by an admissible set of ellipsoid
covers of R™, one that maximizes the regularity index viz. rate of best m-term
approximation .



TWO-LEVEL-SPLIT DECOMPOSITION OF ANISOTROPIC BESOV SPACES 3

To better illustrate our adaptive approach to smoothness we discuss two exam-
ples that are very simple but nevertheless reveal some perhaps unexpected effects.
As for the first example, we show in §7.1 that for a suitable ellipsoid cover O the
B-space smoothness of the characteristic function of the unit ball B(0,1) C R?
in B, (0) is essentially 4/p, while in the corresponding (classical isotropic) Besov
spaces it is 2/p. More strikingly, in the adaptive B-space scales BST(@) the smooth-
ness of the characteristic function of any square Q C R? is arbitrarily high, i.e. can
be any a > 0 while in the corresponding isotropic Besov spaces it is essentially 2/p
(see §7.2). However, it is important to note that the cover © needed to describe that
level of smoothness depends on «, a fact that has some interesting consequences
worth a brief discussion (see §7.3). As a consequence, the rates of adaptive m-term
approximation for these model functions from the two-level-split bases are better
than e.g. the rates of m-term approximation from wavelets.

Let us finally mention that more special anisotropic B-spaces of technically dif-
ferent nature but somewhat similar in spirit have been introduced and used in
[14, 10] (see also [8, 15, 17]). These are B-spaces generated by multilevel nested
triangulations and are defined via local piecewise polynomial approximation. They
are specifically designed for the purpose of nonlinear m-term spline approximation,
and consequently are much more specialized than the B-spaces of this paper. More-
over, it is important to note that insisting on hierarchies of nested partitions entails
a distinct lack of flexibility compared to the present approach since, for instance,
the successors of a triangle with a sharp angle will always exhibit angles at least
that sharp. Yet another type of anisotropic Besov spaces has been considered in
[11].

The outline of the paper is the following. In §2 we introduce and give some basic
properties of the continuous and discrete multilevel covers of R™. In §3 we construct
the bases induced by discrete multilevel covers of R” and establish their stability.
In §4 we utilize the bases from §3 for the construction of two-level-split bases and
decompositions. In §5 we define the homogeneous and inhomogeneous B-spaces
induced by multilevel covers of R™ and establish the equivalence of various B-norms.
Section 6 is devoted to nonlinear m-term approximation from two-level-split bases.
In §7 we show that the characteristic functions of the unit ball and any square
in R™ have higher adaptive B-space smoothness than their regular Besov space
smoothness. Section 8 is an appendix where we give the proof of the equivalence
of several B-space norms.

Throughout the paper we use the following notation: |[fl|, = || f|[z,&n); for
a measurable set £ C R™, |E| denotes the Lebesgue measure of E, 1g is the
characteristic function of E; Py denotes the set of all algebraic polynomials in n
variables of degree < k — 1. The Schwartz class of rapidly decaying C'*° functions
on R" is denoted by S and its dual by &’. Positive constants are denoted by
¢, €1, Cs, ... and they may vary at every occurrence; A ~ B means c;A < B < ¢ A
for some unspecified but fixed constants ¢y, co.

2. ANISOTROPIC MULTILEVEL ELLIPSOID COVERS OF R"

We begin with some preliminaries. The image of the unit ball B* := B(0,1) in
R™ via an affine transform will be called an ellipsoid. For a given ellipsoid § C R™,
we let Ay be an affine transform such that 8 = Ap(B*). Denoting by vy := Ap(0)
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the “center” of 0, we have
(2.1) Ap(z) = Moz + vy,

where My is a nonsingular n X n matrix.

It will be convenient for us to use the singular value decomposition of matrices,
that is, any nonsingular real matrix M € R™*"™ can be represented in the form
M = UDYV, where the matrices U and V are n x n orthogonal matrices and D is

diagonal and D = diag(01,02,...,0,) with 09 > 09 > -++ > 0, > 0. It is easy to
see that a% >0 > afL are the eigenvalues of MTM and 0';2 <. < 052 are the
eigenvalues of (M ~1)TM~!. Hence

(2.2) Mgy, =01 and  [|M " |gyp, = 1/

These norms have a clear geometric meaning. Thus if My is as in (2.1), then
diam 6 = QHMgHgQ_,gQ.

2.1. Discrete ellipsoid covers (dilations) of R™. The notion of a discrete mul-
tilevel ellipsoid cover of R™ we introduce and explore here will play a central role
in this study.

Definition 2.1. We call

o= ] on

mEZ
a discrete multilevel ellipsoid cover of R™ if the following conditions are obeyed,
where ag,a1,...,as, and N1 are positive constants:

(a) Every level ©,, (m € Z) consists of ellipsoids 6 such that
a127“°m S |9| S a227a0m

and ©y, is a cover of R", i.e. R" =Jycgo 0.
(b) For each 6 € © let Ay be an affine transform, associated with 6, of the form

Ag(m) = Mpx +vg, MyeR"™™,

such that 8 = Ag(B*) and vg := A(0) is the center of 8. We postulate that
for any 0 € ©,, (m €Z) and 0’ € Opyyy, (v > 0) with 0N O # 0, we have

(2.3) az2” " < 1/[| Mg ' Molley—e, < | My Mo |ley—p, < a527%".

(¢) At most Ny ellipsoids from ©,, can intersect at a time.

(d) For every x € R™ and m € Z there exists 0 € ©,, such that x € 6°, where
0° is the dilated version of 0 by a factor of a7 < 1, i.e. 8° = Ay(B(0,ar)).

(e) If0Nn# 0 with 6 € ©,, and n € O, U BOy,11, then |0 Nn| > ag|n].

Remarks: 1. Any discrete multilevel ellipsoid cover © of R™ depends on a col-
lection of parameters (which are not necessarily independent) that contain all con-
stants appearing in conditions (a)-(e) of Definition 2.1. We shall denote this set of
parameters by p(©).

2. It is important to note that the set of all ellipsoid covers of R” is invariant
under affine transforms. More precisely, the images A(6) of all ellipsoids § € ©
of a given cover © of R™ via an affine transform A of the form A(z) = Mz + v
with |det M| = 1 form an ellipsoid cover of R™ with the same parameters as the
parameters of ©. If |det M| # 1 then only the constants a; and as in condition (a)
should be changed accordingly.



TWO-LEVEL-SPLIT DECOMPOSITION OF ANISOTROPIC BESOV SPACES 5

3. Condition (b) indicates that if # N 6" # 0, then the ellipsoids 6 and 6’
cannot change uncontrollably in shape and orientation when they are from close
levels. More precisely, denote M := M(;lMg/ and let M = UDV be the sin-
gular value decomposition of M, where U and V are orthogonal matrices, and
D = diag (01,09, ...,0,) is diagonal with 04y > 09 > --- >0, > 0. Asin (2.2)

IMlley—e, =01 and  [|Mg Mylles—e, = 1M~ ey—t, = 1/
Therefore, condition (b) is equivalently expressed as
(24) a32_“4” S On S S g1 S a52_“6”.

This condition also has a clear geometric interpretation: The affine transform A;l,
which maps the ellipsoid 6 onto the unit ball B*, maps the ellipsoid #’ onto an
ellipsoid with semi-axes o1,09,...,0, satisfying (2.4).

4. Evidently the sign of v in condition (b) can be reversed. Namely, condition
(b) is equivalent to the following condition.

(0') If 6 € ©,, and ¢ € O,,_,, (v > 0), with 6N ¢ # 0, then
(2.5) (1/a5)2%" < 1/[[Mg" Mol e—e, < | Mg Merlley—e, < (1/az)27+".

Therefore, if M := M(;IM(;/ = UDV with D = diag (01,09, ...,0,) as above, then
(2.5) is equivalent to

(2.6) (1/a5)2%" < g, <-+- <01 < (1/a3)2%".

5. We need to interrelate the semi-axes of intersecting ellipsoids from ©. For a
given 0 € © denote

(2.7) Tmax(0) = [|Mglls—e;  and  owmin(8) := | My |10, -
These are the maximum and minimum semi-axes of the ellipsoid 6.

Lemma 2.2. If0€0,,, 0 €0,,.,,v>0, and 0NG £ 0, then

(2.8) 4327 0 ax (0) < omax(0') < a52” %" oax(0)

and

(2.9) 32" " oin (0) < omin (0') < @527 orin(0).

Proof. Let us abbreviate || - || := || - ||¢y—¢,- By property (b) of © we have

M| < 1Mol - [|M M || < as2™ || M|
and by (V')
Mol < || Mgl - || Mg " Mol| < (1/az)2|| Mo ||,
which yield (2.8). One similarly proves (2.9). O

6. Condition (b) can be replaced by the following slightly stronger but more
convenient condition:

(b") For any 6,0' € ©,, (m € Z) with 6N 60" # 0
(2.10) az < 1/||My Myl ey—e, < | My Mor|ley—e, < as, a3 <1< as.
and for any 0 € ©,, and 0’ € ©,,,1 (m € Z) with 6N #£0
(2.11) 274 < 1/|| My, Myley—e, < [|My Moy e, < 27%.
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It is readily seen that this condition implies condition (b).

7. By property (V') (which is equivalent to (b)) it follows that the ellipsoids of
©,, expand to R"™ as m — —oo; more precisely if (6,,)m<o is a sequence of ellipsoids
0 € ©,, which contain a fixed point x € R”, then U,,<¢0,, = R". In the other
direction, property (b) implies that for any compact K C R™

max{diamf: 0 € ©,,,0 N K # 0} — 0 as m — oo.

8. Property (d) indicates that every point = € R™ is “well covered” by at least
one ellipsoid from every level ©,,.

9. Condition (e) may seem restrictive, but the next observation shows that this
is not the case.

Lemma 2.3. Suppose © is a discrete multilevel ellipsoid cover of R™ satisfying
conditions (a) — (d) above. Then there exists a discrete multilevel ellipsoid cover 5)
of R™ with properties (a) — () (with possibly different constants a1 and ar) obtained
by dilating every ellipsoid 8 € © by a factor ry satisfying (a7 +1)/2 <rg < 1.

Proof. The idea is that slight dilations of each 8 € ©, one at a time, allows
one to realize in addition (e). In fact, evidently, there exist constants Ny and N
depending on the parameters of © such that each ellipsoid 6 € 6, (m € Z) can be
intersected by at most N ellipsoids from ©,,11 and by at most Ny ellipsoids from
Opm—1. Now set N :=2(No+ Ny + No)+ 1, b:= (a7 +1)/2, and 6 := (1 — b)/N.

For a fixed 6 € ©,,, denote 0; := Ay(B(0,b+ jo)), j = 0,1,...,N. So, §; is
the dilated version of @ by a factor of b+ j(1 — b)/N = (1 — £)b+ 4. Now, let
S;:=60;\0;_1,5=1,2,..., N, be the shells induced by the ellipsoids ;. Also, set
So := 6y and Sn41 :=R™\ 6. We shall call a shell S; (1 <j < N) a “bad shell” if
there is an ellipsoid n € ©,,_1 UO,, UO,,41, n # 6, such that nNS; # () and either
nNSj—1 =0 ornNS;p = 0. It is readily seen that a single ellipsoid 7 can spoil
at most two shells S; and hence at most 2(Ny + N; + N3) shells can be spoiled by
ellipsoids from ©,,,_1 UO,, UO,, 1. Since there are N = 2(Ny+ Ny + Ny) + 1 shells
at least one shell, say, S;, (1 < jo < N) will be “good”. Then it is easy to see that
if nN6j, # 0 for some n € ©,,_1 UBO,, UO,,11, then |6;, Nn| > ag|n| for some
constant ag > 0 depending only on the parameters of ©. Thus the dilated version
0;, of 6 has the desired property.

One completes the proof of this proposition inductively by processing as above
all ellipsoids from © ordered in a sequence. The rule is that once an ellipsoid from
O has been processed it will never be touched again. [

Examples: A first class of examples is based on the so called Strong Locally
Regular (SLR) multilevel triangulations that have been introduced in [14]. They
provide another means for constructing discrete ellipsoid covers of R2. Given an
SLR-triangulation 7", one considers for each triangle A € 7 the minimum area
circumscribed ellipse. Then one dilates the resulting ellipses by a sufficiently large
factor > 1 to obtain a discrete ellipse cover of R%2. The main advantage of ellipse
covers over SLR-triangulations is that the latter are nested which makes them less
flexible and harder to construct.

It will be shown in Lemma 2.9, how to derive discrete multilevel covers with the
above properties from so called continuous or semi-continuous ellipsoid covers that
will be introduced next and are easier to construct. Any example of such a cover
therefore provides an example for the discrete setting as well.
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2.2. Continuous covers and quasi-distance. As mentioned before, the essen-
tial developments of this paper are based on the above discrete multilevel covers.
Nevertheless, we pause to introduce next two variants, namely continuous and semi-
continuous covers, for the following reasons. First, while on the one hand these
variants are easier to construct, as reflected by several examples given below, we
shall give, on the other hand, a general mechanism that generates from any contin-
uous cover a discrete one satisfying properties (a) — (e). In this sense these relaxed
notions simplify the realization of concrete examples of discrete covers. Second,
they will later be used for the regularity analysis of the examples in § 7. Moreover,
we shall see that (all versions of) covers give rise to quasi-distances which allows us
to relate the present results to previously known results concerning Besov spaces
on homogeneous spaces.

Definition 2.4. We say that

@::U@t

teR
is a continuous multilevel ellipsoid cover of R™ or a continuous system of dilations
of R™ if it satisfies the following conditions, where ag, ... ,as are positive constants:

(a) For every v € R™ and t € R there exists an ellipsoid 0(v,t) € ©; and an
affine transform A, ; such that

10(v,t)| = ay 27,

O(v,t) = Ay +(B*), and Ay is of the form A, () = My, sz +v, where M, ;
18 a monsingular n X n matrix.
(b) For any v,y ER"™, t €R, and s >0, if O(v,t) NO(y,t + s) # O, then

(212) az2”"" < 1/||My_,t1+sMU7t||£2—>£2 < HMv_,thyat-‘rSHfz—JQ < ag27%".

For continuous covers also the scale is allowed to vary continuously. The follow-
ing variant takes us half way towards the fully discrete setting introduced in the
previous setting.

Definition 2.5. We call

o= Jon

meZ
a multilevel semi-continuous ellipsoid cover of R™ if the following conditions are
obeyed, where ag, ..., ag are positive constants:

(a) For every v € R™ and m € Z there exists an ellipsoid 0(v, m) € ©,, and an
affine transform Ay, such that

1279 < |O(v,m)| < ag27 0™,

O(v,m) = Ay, m(B*), and A, m, is of the form A, (x) = M, mx+v, where
M, m is a nonsingular n X n matriz.
(b) For any v,y € R™, m € Z, and v > 0, if O(v,m)NO(y,m +v) # 0, then

(213) ag2” " < 1/||My_,71n+uM’U,mHe2—>@2 < ”M;?lnMy»m-i-l/H@—*éz < as27%".

It is readily see that any continuous ellipsoid cover © of R™ induces a semi-
continuous ellipsoid cover by defining ©,, as ©; with ¢t = m.

Examples. (i) The regular cover of R™ consisting of all balls in R™ is the simplest
example of a continuous ellipsoid (ball) cover of R™.
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(ii) The one parameter family of diagonal dilation matrices
Dy = diag (2711 272 o7y >0, j=1,...,n,

apparently induces a continuous ellipsoid cover of R™.

(iii) In [4, 5] Calderén and Torchinsky developed the so called parabolic Hardy
spaces generated by continuous dilation matrices associated with a continuous semi-
group Ay, t > 0, Ay := A A of affine transforms on R™ leaving the origin fixed
and satisfying

t* < |‘At||22—>£2 < tﬁv t>1,

where 1 < o < 3 < 0co. One can easily see that any such semigroup of matrices
gives rise to a continuous ellipsoid cover (dilation) of R™.

(iv) Consider an arbitrary n x n real matrix A with eigenvalues )\ satisfying
|A] > 1. Then it is easy to see that the affine transforms A, ,,(z) == A"z + v,
v € R", m € Z, define a semi-continuous ellipsoid cover (dilations) in the sense
of Definition 2.5. This particular kind of dilations are used in [1, 2, 3] for the
development of anisotropic Hardy, Besov, and Triebel-Lizorkin spaces.

(v) In Section 7, we construct two nontrivial continuous covers of R?%. These are
examples of anisotropic ellipsoid covers where the ellipsoids change rapidly from
point to point and in depth.

In the following we first show that a quasi-distance is naturally associated with
any continuous or semi-continuous or discrete ellipsoid covers of R™. Second, we
prove that R™ equipped with a distance of this sort and the Lebesgue measure
becomes a space of homogeneous type. Thus the anisotropic Besov spaces we
develop in this paper are in particular spaces on homogeneous type spaces.

We begin by recalling the definition of a quasi-distance on a set X # 0: A map
p: X xX —[0,00) is called a quasi-distance on X if for any z,y,z € X

(i) plz,y) =0 =z =y,
ii) p(x,z) < K(p(z,y) + p(y, 2)) with K > 1.

Definition 2.6. Assuming that © is a continuous or semi-continuous or discrete
ellipsoid cover of R™, we define

(2.14) p(z,y) :=min{|0| : 0 € © and z,y € 0}, =,y R".

Note that in order to cover the standard Euclidean distance we should take the
nth root of p(z,y) defined above. But since this would only change the constant K
in (iii) while adding to technicalities we prefer to work with the above version.

Proposition 2.7. For any continuous, semi-continuous or discrete cover © of R™
the map p : R™ x R™ — [0,00) defined above is a quasi-distance on R™.

We shall prove this proposition only in the case when O is a discrete cover of
R™. The proof when © is a continuous or semi-continuous cover is similar or even
easier. The claim will follow from the following lemma.

Lemma 2.8. There is an integer s, > 1 depending only on p(©) such that for any
ellipsoids 0 € ©,, (m € Z) and 0" € Opyyy, (v > 0) with 0N O # D and any j > s.
there exists an ellipsoid n; € ©,,_; such that 0 U6 C n;.
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Proof. Let o' := A, '(#') and recall that A, '(9) = B*. By property (b) of © it
follows that
diam o' = 2| My My ||ey—0, < 2052777 < 2a5
and hence
(2.15) AN (0U0) = B*UW' C B(0,1+ 2a3).

By property (d) of © for any j > 1 there exists 6; € ©,,_; such that vy €
07, where 65 := Ay, (B(0,a7)) is the dilated 6; by a factor of a; < 1. Denote
wj = Ae_l(ﬂj) and let w} be the dilated w; by a factor of a7. Also, denote by
01 > 09 > -+ > 0, the semi-axes of the ellipsoid w;. By property (b') (see (2.6))
which is equivalent to property (b) it follows that
(2.16) on > (1/a5)2%.

On the other hand, by a simple geometric property of ellipsoids
dist(wy, 0w;) = (1 — ar)on,

where dist(E7, F2) denotes the Euclidean distance between the sets Fq, Es C R™.
From this and (2.16) it follows that

1— .
(2.17) dist(w$, Ow;) > a5&7 9asj_
Now, choose s, > 1 so that
1—
(2.18) 2T W gasse > 1 4 9,
as

Let j > s.. Since vg € 07, then 0 € w$ and using (2.15), (2.17) and (2.18) we
infer A, ' (0 U @) C w; which implies 6 U6’ C Ap(w;) =: m;. This completes the
proof. O
Proof of Proposition 2.7. Remark 7 gives property (i). Property (ii) is obvious
by the definition of p(-,-). To show (iii), let x,y, z € R™ and assume that p(x, z) =
0], x,z € 6, and p(z,y) = |0'|, z,y € ¢, where 6 € O, and ¢ € ©,,,. Without
loss of generality we may assume that v > 0. We now apply Lemma 2.8 to conclude
that there exists an ellipsoid € ©,,_5, such that § U ¢ C n and hence

pla,y) < Inl < @27 =) < (az/a1)2%% (|6] + 16']) < K (p(@, 2) + p(z,2)). O

The following observation justifies exploiting the greater comfort of continuous
or semi-continuous covers.

Lemma 2.9. For every continuous or semi-continuous ellipsoid cover © of R™
there is a discrete ellipsoid cover © such that each ellipsoid 0 € O is obtained from
an ellipsoid in © by dilation by a factor rg obeying (a7 +1)/2 <rg < 1.

Furthermore, the quasi-distances p(-,-) and p(-,-) induced by © and © are equiv-
alent, i.e. p(xz,y) ~ p(x,y) for z,y € R™.

Proof. We may assume that © is a semi-continuous ellipsoid cover of R™ for
otherwise we construct one from the given continuous cover.

We first construct for every m € Z a countable set Om C O satisfying condi-
tions (c)-(d) of Definition 2.1. This can be done e.g. in two steps as follows: We
first choose countably many ellipsoids from ©,, so that condition (d) is fulfilled,
and then inductively remove from this collection one-by-one all ellipsoids which do



10 WOLFGANG DAHMEN, SHAI DEKEL, AND PENCHO PETRUSHEV

not destroy condition (d). After that condition (c) will be automatically fulfilled

with some constant Ny because of condition (b) on ©. Conditions (a)-(b) on ©,,
will be inherited from ©,,. ~

Secondly, Lemma 2.3 enables us to correct {©,,} so that condition (e) is obeyed
as well.

The equivalence of p(-, ) and p(+, ) is an easy consequence of the above construc-
tion. O

Proposition 2.10. Let © be a continuous or semi-continuous or discrete ellipsoid
cover of R™ and denote B,(x,7) :={y € R" : p(z,y) <r}. Then

(2.19) |By(x,7)| ~7, xeR", r>0,

where the constants of equivalence depend only on p(©). Therefore, the Lebesgue
measure on R™ is a doubling measure with respect to the quasi-distance p(-,-), i.e.

(2.20) |By(x,2r)| < ¢|By(x,7)|, ze€R", r>0.

In other words, R™ equipped with the distance p(-,-) defined by Definition 2.14 and
the Lebesgue measure, is a space of homogeneous type.

Proof. We only consider the case when p(-,-) is generated by a discrete ellipsoid
cover of R™. We first prove that |B,(z,r)| > cr. Choose m so that @22~ %" < r <
a2~ %(m=1) There exists § € ©,, such that 2 € # and hence by property (a) of ©

a2 < 0] < ap27 %™ <.
From this and the definition of p(-,-) it follows that § C B,(z,r) and hence
|BP(‘T’T)| > |9| > @27 %™ > (al/a2)2*a0r = er.

In the other direction, note first that

B,(z,r) = U 6.

0€O: z€0,|0|<r

Suppose 6 € O, is of minimum level such that € 6 and |8] < r. Let 8 € © be
any ellipsoid such that 2 € 8’ and |#'| < r. Then 6’ € ©,,,4; for some [ > 0. Setting
W' := A, (0"), one has, by property (b) of ©,

diam o' = 2| M, Mg |0y —0, < 2as.
Therefore, A, (B,(z,7)) C B(0,2a5) and hence |A, " (B,(z,7))| < ¢, ¢ = ¢(n, as).
This leads to

|B,(z,7)| < c|det My| =c|f] <cr. O

3. CONSTRUCTION OF A MULTILEVEL SYSTEM OF BASES

Given a discrete ellipsoid cover ©, we shall first construct for each level m € Z
a stable basis ®,,, whose elements are smooth piecewise polynomials supported on
the ellipsoids of ©,,. Second, we shall utilize the bases {®,,} for the introduction
of maps which locally preserve polynomials.
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3.1. Coloring the ellipsoids in ®. We begin by splitting the ellipsoid cover
© into no more than 2N, disjoint subsets (colors) {©”}2M so that neither two
ellipsoids ¢, 0" € ©,, UB,,+1 with 8’ N§” £ () are of the same color. Indeed, using
property (c) of © it is easy to color any level ©,, by using no more than Ny colors.
So, we use at most N colors to color the ellipsoids in {©9;};cz and further at most
N colors to color the ellipsoids in {©2;41}jez.

Thus we may assume that we have the following disjoint splitting

2N, Ny 2N,
31) ©=J©" and Oy =)05, Oyu= ] O, je€Z
v=1 v=1 v=N1+1

where if 0/ € ©%t 0" € O

my? mo

with |m1 —ms| <1, and @’ N 0" # (), then vy # vs.

3.2. Definition of single level bases. We first introduce 2/N; smooth piecewise
polynomial bumps associated with the colors from above. For fixed positive integers
L and k (L > k) we define

(3.2) oo (x) = (1— [zt v =1,2,...,2N;, =4 :=max{z,0}.
Notice that ¢, € CLHvk=1 c OF,

For any 6 € © we let Ay denote the affine transform from Definition 2.1 such
that Ag(B*) = 0 (recall B* := B(0,1)) and set
(3.3) do:=¢,0 A, if €0, 1<v<2N,.

In a standard way we introduce mth level partitions of unity by defining for any
00,

)
(3.4) pp ==
Ze/e@m ¢0’

By the properties of the ellipsoids from © it follows that
(3.5) Z po(z) =1 and 0<c¢ < Z do(x) < cg for z e R™.

0€0,, €O,

Let

(3.6) {Psg:|B|=F1+ -+ 0n<k—1}, wheredegPs=|5|,

be an orthonormal basis in Lo(B*) for the space Py of all polynomials in n variables
of total degree k — 1. Since || Ps||1,(p+) = 1, then || P3| (p+) ~ 1 and hence

(3.7) 1Psoullro(me) ~ 1Psdullpo ey ~ 1.
For any 6 € © and |3| < k we define

(3.8) Py :=0]7Y?Ps0 A"

and

(3.9) 90,8 := oL

Notice that ||gs s/l ~ 1 and in general ||gq |/, ~ |0]*/P71/2 (0 < p < o0); also
go.5 € CL. Now we define the mth level basis ®,,, by

(310) ®,, = {ge,ﬁ 10 € ®7na |6‘ <k-— 1}
and set

(3.11) Sy := span (D),



12 WOLFGANG DAHMEN, SHAI DEKEL, AND PENCHO PETRUSHEV

i.e. S, is the set of all functions f on R™ of the form

(3.12) f(z) = Z co,590,6(z), x€R",
0€0,, |8]<k

where {cp g} is an arbitrary collection of real numbers. Notice that the sum in
(3.12) is finite for any = € R™ and hence well defined. Also, each f € S, is a
piecewise polynomial over the set of all intersections 0 N ¢, 6,0 € ©,,.

Remark 3.1. (a) By the definition of gg g it readily follows that Py C Sp,.

(b) @i, is linearly independent, i.e. if 3 4o, 5<kCo.890,8 = 0 a.e., then
co.pg = 0 V0 € O, V|B] < k. More importantly, ®,, is in a sense locally linearly
independent and L, stable, which will be established in the following theorem.

Theorem 3.2. Any function f € Sy, has a unique representation
(3.13) )= > (f,3s0)905(x),
0€0,,, |B|<k

where for every x € R™ the sum is finite and the functions gge have he following
properties: For every 6 € ©,, there exists an ellipsoid By := Ag(Bj) C 0 for some
ball B C B* with |By| ~ |0] such that for 0 < p < co

(3.14) (90,6 o.6) = 00.0:00.0r, supp o5 C Ba,  |Go,sllp ~ [0]'/77/2.
Moreover, if f € SN Ly, 0 <p < o0, and f = Z@E@m,lﬁ|<k c0,390,8, then
1/p
(3.15) o~ (3 leosgnnll)
0€O,, |BI<k

with the obvious modification when p = co. Here all constants of equivalence depend
only on p(®), L, p, and k.

Proof. We first construct the balls Bj C B*. Fix § € ©,, (m € Z) and let Xy be
the set of all #’ € ©,, such that ' N6 # @. Denote

Xy = {A,1(0): 0 € Xp}.
By the properties of O, for any n € X; we have |[p N B*| > ag|B*| = ¢ > 0 and
there exist balls By, By such that By C n C By and |By| ~ |Ba| ~ 1. From this and
because #X,; < Nj it follows that there exists a ball B C B* such that |Bj| ~ 1
and for each n € X, either B C n or B Nn = (. Define By := Ay(Bj).
Denote by Yy the set of all ' € Xy such that By C 6’ and set

Fo = {9y 5= g0,51B, : 0 € Vo, |B| < k}.

It is an important observation that the set of functions Fy is linearly independent.
Indeed, since all ellipsoids 6’ € Yy contain By, every two of them have distinct
colors. Thus if @ € )y and 8 € Oy for some 1 < vj < 2Ny, then ¢g Py g is a
polynomial of degree exactly L + vjk + |8'| on By and L + vjk < L+ vk +|3'| <
L + v;(k +1). Consequently, the functions {¢g Py slp, : 0/ € Vo,|8] < k} are
linearly independent on By and hence Fy is linearly independent.

Define g;, 5 = |0]"/2g5, 5 0 Ag. Notice that suppg; 5 = By and [lgj 4l ~
g5 glloo ~ 1. Let

Fo={ghp: 0 €Vo,|8l <k} and Ag:={\:=(0,8):0 € Vy,|B| <k}
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As Fy is linearly independent, F; is linearly independent as well. Consequently,
the Gram matrix

Gy = ((g;,75,,g;‘,,7ﬁ,,>>

is nonsingular and hence its inverse

Ge_l =: (R(el’ﬁl),(ew,ﬁ//)>

(67,8"),(6",8") €N

(67,8"),(6",8") €N

exists.
We next show that the functions
(316) gg’ﬁ = Z R(O,B),(G’,ﬂ’)gg’,ﬁ’

(07,8")€Ns

form a dual system to ®,,. Indeed, if § € ©,, and 0’ & Yy, then ¢/ N0 = () and
hence (gg: 5/, go,5) = 0. If 0’ € Yy and || < k, then

(90,60, o.5) = 101{g0r,7 © Ao, Gog o As) = > Riap)05m (960, 9o o)
(6”,8")eAy

= (') S0
( o (6,8),(0",8") (6,8),(6",8")

as claimed.
Our next and most important step is to show that
(3.17) |R(9/’B/)’(0u’,@/,)‘ <ec v(9’76/)7 (9//’5//) c Ag,

where ¢ > 0 depends only on p(0), L, and k. We shall use a compactness argument.
It is readily seen that the set F is a particular case of the general case when we
have a collection of linearly independent functions

V‘P OL' .
F = fj,ﬁ::wf#']lBo:]:1,2,-..,J,|,6|<]€ ,
ijl(ijoLj

where By C B* is a ball with |Bg| > ¢; > 0, the indices
1§I/1<V2<"'<I/JSN1

are fixed, ¢, are from (3.2) and Pg are as in (3.6) with the normalization from
(3.7), i.e. | Pgll2 = 1, which implies ||¢,Pslloc ~ 1. We also assume that L,
j=1,2,...,J, are affine transforms of the form L;(xz) = M;x + v; satisfying the
following conditions:

(i) M; = U;D;V;, where U; and V; are orthogonal n x n matrices,

D; = diag (0],03,...,0]) with 0< ¢z < m@inoi < m?xaﬁ <cz, and |v;| < e

(i) 0 <5 < ijl(gbuj oLj)(z) <c¢; forx e B

(iii) L;(Bo) C B*.
Let A:={\:=(4,0):j=1,2,...,J,|8] < k}. Since F is linearly independent, the
Gram matrix G := ({fx, fr'))axea is nonsingular and hence G=! =: (Rx x/)a xen
exists.

Each of the affine transforms L; depends on parameters from a subset, say, K

of the set R™*™ x R™ x R™*™ x R™. The set of all orthogonal n x n matrices is a
compact subset of R"*". Hence the parameters of all affine transforms L; satisfying
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condition (i) belong to a compact subset, say, K7 of R"*™ x R™ x R"*" x R". On
the other hand, condition (iii) on L; can be expressed in the form
max |M;z+v,| <1,
le—zo|<a -

where zo and a (a ~ 1) are the center and radius of By. Therefore, conditions (ii)
and (iii) define K as a closed subset of the compact K7 and hence K is compact.

The entries of G and det G apparently depend continuously on the parameters
of the affine transforms L;, j = 1,2,...,J, and since K is compact

[, P <er VAN eA and 0 < cg <detG < co.
From this it follows that
(3.18) ‘R,\,)\/| <cig VAN EA,

where ¢19 as well as ¢7, c¢s, and ¢g depends only on c1,...,c5, p(©), L, and k.
Finally, Using that there are only finitely many possibilities for the indices 1 <
v < vy < - <vy < Ny we conclude that the constant ¢1g in estimate (3.18) can
be selected independently of these indices.

Applying the above claim to the specific case at hand it follows that estimate
(3.17) holds. Then (3.14) follows by (3.16) and (3.17).

The stability properties (3.15) follow by a standard argument from properties
(3.14) of the dual. 0O

Let us now introduce the more compact notation

(3.19) Ay ={N:=(0,0):0 € ©,,|0] <k},

and if A := (0, 3) we shall denote by 0, and () the components of A.
We denote by @, := {gx : A € A,;} the dual system introduced in Theorem 3.2,
i.e. <g)\/,§)\> =4y v for M eA,,.

3.3. Local projectors onto polynomials. The anisotropic regularity notions we
are aiming at will rely on appropriate multilevel decompositions of functions based
on a given ellipsoid cover. These decompositions, in turn, will be obtained with the
aid of appropriate operators which map L‘}DOC into S,, and locally preserve P and
hence provide good local approximation.

Recall first the definition of local and global moduli of smoothness that are stan-
dard means to describe the quality of approximation. The usual forward differences
of f in direction h € R™ on a set E C R" are defined by Ay f(z) := A} f(z) :=
f(z+h)— f(z) if the line segment [z, z 4+ h] is contained in F and by A, f(z) :=0
otherwise. Inductively, we set

AFf(x) == Ap(AF f(2)) if [z,2 +kh] C E and Af f(z) := 0 otherwise.
Then the kth L,-moduli of smoothness on 6 and R™ are defined by

(3.20)  wi(f,0)p ;= sup ||A’,§f||Lp(9) and  wi(f,t), := sup ||[AFfllp, t>0.
heRn |h|<t
The form of the operators will differ somewhat for p > 1 and p < 1.

(a) The case 1 < p < oo. There are actually a number of ways to construct
suitable operators. While the basic principles are known some of the estimates to
be used are less familiar. Since these notions are essential for what follows we sketch
the arguments for the reader’s convenience. A first natural idea is to use the bases
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®,,} and their duals Cfm to introduce projectors mapping L°° onto the spaces
p
Sm by

(3.21) Qmf =Y (f,a2)9x
AEA,,
with gy for A = (6, 8) from (3.14).
Alternatively, simpler local projectors onto polynomials are obtained as follows.
As in (3.6) suppose {P3 : |3| < k—1} is an arbitrary (but fixed) orthonormal basis
for Py in La(B*). Then for any 6 € ©

(3.22) {Pg)ﬂ = |9‘_1/2P5 OA;1 : |ﬁ| < k/’}

is an orthonormal basis for Py in Ly(6). Using again our compact notation from
(3.9), we can write for go g := woPs g, Pn := Py g, and gx = go 3, A == (0, 5).
We define

(3.23) Tnfi= > > (£ Poplges= Y (f,Pgx

0€0,, |8|<k—1 AEA

where A,, is given by (3.19).
Evidently, T}, is a linear operator which maps LLOC into .S, and preserves locally
all polynomials from Pi. To be more specific, setting

(3.24) 0" = U0 €0, :0N0 £0} for 0 €0O,,

gr = P

it is easy to see that if f g~ with P € Py, then T,,, flo = Plo.

(b) The case 0 < p < 1. Apparently the above operators are no longer
usable, when working in L, with p < 1. Hence, we need to modify them. In fact,
the following construction would cover the full range 0 < p < co. For 0 < p < o0
and a given ellipsoid 6 € ©, we let Ty ,, : L,(6) — Pilg be a projector such that

(3.25) 1f =TopfllL, o) < cwr(f,0)p, | € Ly(0),

where ¢ > 0 depends only on p(©), L, k, and p. Note that Ty ,f can simply be
defined as the best (or near best) approximation to f from Py in L,(f). Then
(3.25) is a consequence of Whitney’s theorem. Also, Ty, can be realized as a linear
projector onto Pile if p > 1 by using, say, the Averaged Taylor polynomials, see
e.g. [10]. Of course, Ty, will be a nonlinear operator if p < 1.

We now define the operator Ty, , : LI°® — Sy, by

(3.26) Tonpf = Y @o(@)Ty,f.
0€0,,

Evidently, the operator T}, , (0 < p < c0) is a local projector onto Py (nonlinear if
p < 1) just like T,,,. Since T, ,f € Sp, it can be represented in terms of the basis
functions gy as

(3.27) Trpf = > > bos(flges= Y br(flox,

0€0,, |8|<k AEAm

where bx(f) := (T pf,dx) depends nonlinearly on f if p < 1.
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In summary, any 1), € {Qm:Tm, Tm p} defined by (3.21), (3.23), or (3.27), has
the representation

R <f7 gz\> if fm = Qma
(3.28)  Tof = Y ba(f)gr, where ba(f) =< (f,Px) if Ty =T,
AE€Am <Tm,pf7 §A> if Tm = Tm,p-

We next record the most important properties of the operators @,,, Tr,, and
Tom,p from above.

Lemma 3.3. Assume that 0 < p < oo and let T, be the operator Q, from (3.21)
or Ty, from (3.23) or Ty, from (3.26) if 1 <p < oo, and T}y, :== Ty if 0 <p < 1.
Then for f € LLOC and 6 € ©,, (m € Z)

(3.29) 1T fllz, ) < el L, o)
and
(3.30) If =Tl <c Y. wkl(f,0)y.

0" €O, : 0/NHAD
; 1
Furthermore, if f € Ly°

(3.31) IIf — Tmf||Lp(K) —0 as m— oo forany compact K C R",
and if f € Ly (Lo := Cp)
(3.32) If = Tmfllp — 0 asm — oco.

Proof. We first prove (3.29) in the case Ty = Qm and 1 < p < 0 (the proof in
the other cases is similar). By (3.21) and (3.14) it follows that

1Qufll,y < D 1 anllloally

AEA L :0xNO#D
< Y M llpeollallylloll, <e Y 1z o0
AE A :05NOLD AE A, :0xNO£D

<clflle,o) A/p+1/p"=1)
as desired.
The proof of (3.30) relies on a Whitney type estimate that will be given first.
For a given set £ C R", denote by Ey(f, E), the best L,(F) approximation of f
from Py, i.e.

(3.33) Ei(f.E)p = juf If = Plle, -

We claim now that for 0 < p < oo and any 6 € O,,

(3.34) Ee(£,07)p <cp Y wil(f,0)p,
0'€Xy

where 6* is defined in (3.24) and Xp := {6’ € O,,, : 'NO # O}. Indeed, by Whitney’s
estimate for a ball it follows by an affine transform that Ex(f,6), < cwi(f,0), for
any ellipsoid 6. For any ¢’ € Xy, let Py € Py be such that ||f — Po|z, @) =
Ey(f,0)p. Then using condition (e) on discrete covers we get

|Por — Pollz, 01y < cllPor — Poll,ormey < cllf — Porllz, om0y +cllf — Pollz,0n0)
<dlf = Polle, o) +cllf = Polln, o) < cwn(f,0')p + cwr(f, 0)p.
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By condition (c¢) on discrete covers, we know that #Xy < N;. From this and the
preceding estimate we conclude that

If = Pollz, oy < ¢ > If = Pallon < ¢ > I1Pr = Pollr, o)

0'cXo 0'€Xy
(3.35) +e Y N = Pollo,en <c Y, wlf,0),,
0’ Xy 0’ €Xo

which yields (3.34).
To prove (3.30) when Ty, is Q, from (3.21) or T, from (3.23) and 1 < p < oo,
we pick P* € Py so that ||f — P*[|L (s~ realizes the estimate in (3.34), i.e.

(3.36) If = P*llz 00 < ¢ > wilf.0),.
0'eXy

Then using that T, (P*) = P* and (3.29) we get

1f = Tt U0 < I = PNl + 1T (P* = Py < ellf = Pl

and (3.30) follows.
We now establish (3.30) when T, := T}, ,. We pick P* € P, as above and using
that T, ,P* = P* and (3.26) we get

P —Tppf =T pP" = Tpf = Y 0o(P* = Tpyf).
96@7?1

Hence
If = TmpfliL, o) < cllf = P¥llz,0) + el P* = Tonp fllL,0)

<elf=Plo,o+c Y, NP =TopflL,0
0/€O,: 0'NOAD

<dlf = Pl,o+e > (1 =Pl + 1 = Topfll,@),
0/€Om: 0'NOAD
which combined with (3.25) and (3.36) yields (3.30).
As was already mentioned in §2.1 (Remark 7), for any compact K C R"
max{diamf: 6 € ©,,,0 N K #0} — 0 asm — oo.

This and (3.30) readily imply (3.31), which leads to (3.32). O

4. TWO-LEVEL-SPLIT BASES

In this section we assume that T; (j € Z) is one of the operators @, or T} or
Tjp, if p>1,and T; := T} ,, if p < 1, defined in §3.3. We shall use these operators
and the bases {®;};cz from (3.10) to define two-level-split bases which will play
an important role in our further development. Further, we shall make use of the
following representation of consecutive level polynomial bases, defined in (3.8):

(4.1) Ppo=t Y mihPg 0€6; nec06;.
|Bl<k
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Then since ) n, = 1, we have

N€EO, 11 ¥

(4.2) Py = Z Z mZ’,%Pn,ﬂ@n on 6.
nEO;+1:0Nn#D |B|<k

This yields

Tipf =15 f

Do D bas(NPrsen— D D boalf)Poave

ne@j+1 |ﬁ|<k} 969j \a|<k

Z ¥o Z Z by,5(f) Py, 5pn

0€0;  n€O 41 |BI<k

=D > beal) Do D myaPuseery

0€0; |a|<k 0Nn#0D |B|<k

SO Y bt = X mEibealh)} Prsenve

n€B 11 0:0Nn#£0 |B|<k la| <k

(4.3)

where by (f) is given by (3.28), depending of the choice of T},. Thus, setting
Mj = {N: (777976) 'n € @j+170 S @j70mn 7& Oa |ﬂ| < k}a .] S Za
the building blocks in (4.3) have the form

(4.4) Fui= Py gonpe, = (n,9,8) € Mj,
where P, g are defined in (3.8) and ¢, ¢ are from (3.4). We define
(4.5) Fi={F,:peM;} and W;:=spanF;, meZ.

To estimate the Ly-norms of the F), we shall make use of the following fact.
Lemma 4.1. The coefficients in (4.1) are uniformly bounded, that is,

(4.6) |mi"ﬁ| < ¢ < oo,

where ¢ depend only on p(©), L, and k.

Proof. Using (3.8) identity (4.1) can be rewritten as

RV R S
|B]<k

and since {Pg} is an orthonormal basis for Py in Lo (B*) we obtain

i =] [ (Pao a5 o AN <

where we have used condition (b) on O (see Definition 2.1). O

Note that supp F), = 06Nn if p = (n,0,0), and ||[F,l2 ~ 1; hence ||F,|lec ~
6N~/ ~ [n[~1/? and

(4.7) 1l ~ |77|1/p—1/2’ 0<p<oo.

The main result of this section reads now as follows.
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Theorem 4.2. Any f € W; has a unique representation

(4.8) =2 culf)Fu

HEM;

where the dual functionals c,(-) are of the following form: For each pn € M;,
p=(n,0,0), there is an ellipsoid B, C 0 Nn with |B,| ~ |n| and B, = A,(B};,) for
some ball B), C B* such that

(49)  cu(f) = (f, Fu), where suppF, C By, |[Full, ~ |n|"/?~ /2.

Moreover, if f € W; and f = Z“GM], a,F,, then

1/p
(4.10) 10~ (2 NlawFully) ™) 0<p <o,

HEM,;

with the obvious modification when p = co. Here all constants depend only on p(©),
L, and k.

The proof of this theorem is a mere repetition of the proof of Theorem 3.2 and
is omitted. We observe, however, that the “coloring” scheme from §3.1 and the
definition of the single level bases {®,,} in §3.2 were specifically designed to ensure
the linear independence of the two-level-split bases.

We are now prepared to derive multilevel decompositions of functions using the
two-level-split bases from above.

Theorem 4.3. For any f € L;OC

(4.11) F=Tof + ) (Tiaf =Tif) =3 > dul

ji>0 j>—1peM;

where the convergence is in L,(K) for all compacta K C R"™. Here for j >0

(4.12) du(f) =bya(f) = > mibos(f), 1= (n,0,5)

la|<k

with m%" from (4.1), while M_y := Ao, Fx 1= gx, and dx(f) 1= bx(f) if A € M_y.
Moreover, if f € L, (Lo := Cy), then (4.11) as well as

(4.13) =) (T -

JEL
hold in L,.

Proof. The relation (4.12 has been derived in (4.3) and the convergence of the left-
hand side identity in (4.11) in L,(K) and L, follows from Lemma 3.3. To prove
the convergence of (4.13) one has to show that ||Tjf||, — 0 when j — —oo. Since
this part of the claim will not be essential for the subsequent developments we only
sketch the argument. Recall from Remark 7 in § 2.1 that each 6 € ©; expands to
R™ as j — —oo. This implies that the basis elements F),, u € M;, become flatter
and flatter as j — —oo, which easily leads to the desired convergence (see also the
proof of Remark 5.1 below). O
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5. ANISOTROPIC BESOV SPACES (B-SPACES)

In this section we introduce anisotropic Besov spaces induced by discrete ellipsoid
covers of R"™ and show that they can be characterized by the two-level-split bases
from the previous section. Our approach to B-spaces is based on local polynomial
approximation on the ellipsoids of the underlying discrete ellipsoid cover © of R™.
Recall that the classical Besov spaces can also be defined via local polynomial
approximation (local oscilations), see e.g. [19]. Furthermore, the anisotropic Besov
space from [14, 10] are defined via local piecewise polynomial approximation. We
maintain that local approximations rather than global means are more natural for
the definition of anisotropic (and even classical) Besov spaces of positive smoothness
since they more adequately reflect the nature of the spaces.

5.1. Homogeneous B-spaces. We now introduce the homogeneous B-spaces B;‘q(@)
induced by an arbitrary discrete ellipsoid cover © of R™. In the definition of the
B-spaces Bz‘fq(@) there is a hidden parameter k£ which we choose to be the minimum
integer satisfying the condition

(5.1) k>

ayp «

ag N

This will guarantee the equivalence of the norms in B;‘q((%) introduced below. Here
ag and ag are two of the parameters of © (see Definition 2.1). It can be shown that
the norms in By, (©) with different £’s satisfying (5.1) are equivalent.

Definition of ng(@) via local moduli of smoothness. For a given discrete

ellipsoid cover © of R™ and o > 0, 0 < p, ¢ < 0o, we define the space Bg‘q(@) as the
set of all functions f € LlpOC such that

(5.2) ||f||ng(@) = (Z ( Z |9|70¢p/n Wk(f,@)g)q/p> 1/q < oo,

JEZ €O,

where wy(f,8), is the kth local modulus of smoothness of f (see (3.20)).

As in (3.33) let Ex(f,0), denote the best L, approximation of f on 6 from P.
By Whitney’s theorem Ey(f,0), ~ wi(f,8), and hence replacing wi(f,0), in (5.2)
by Ej(f,0), will result in an equivalent norm.

The definition of B;}q(@) needs some additional clarification. Evidently the
norm in Bg‘q(@) is not a true norm because HPHB;;q(e) = 0 for P € P;. Hence
ng(@) is a quotient space modulo Pj. We shall use the operators @);, T3, and T}
from §3.3 to construct a representer for each f € ng(@). As before, let T; (j € Z)

be one of the operators Q; or T or T} ,, if p > 1, and T} := T} ,,, if p < 1. We define

) a\ 1/q

(5.3) 1715, o = (3 (2 (T — T A1) )
e jez
On account of property (c) of ellipsoid covers Lemma 3.3 yields
1/p
1 =TSl < e 3 wnlr00)
96@1'

and using that ||(Tj11 — T;) fllp < cllf — Tj+1 fllp +cllf — T fllp, we obtain

(5.4) 17155,0 < ellf 55, o)
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To describe the nature of Bg‘q(@) we have to distinguish two basic cases.

Case 1: 0<a<n/pora=n/pand g <1.
We address first the scale components (Tj41 — 1) f for negative j.

Remark 5.1. Whenever f € B]‘;‘q(G) forO<a<n/pora=n/pandq<1, there
exists P € Py such that the series

-1

(5.5) Y (T —T))f=Tof — P

j=—00
converges uniformly on R™.
Proof. Assume first that 0 < oo < n/p. By (5.4) it follows that
|1 = Tl < 29 ] o 0.
The function (Tj41 — 1) f is piecewise polynomial and hence for any n € © 41

(5.6) 1T = T) o ~ 7 (T = T) e
N Qfaoj/PH(TjH = T5) fllL o)
Therefore,
I(Ty41 = T)flloe < 2207020/ 40 o,

which implies

-1
(5.7) Z ||(T]+1 - Tj)f”oo < CHfHng(@)’
j=—00

since by assumption « < n/p. Setting now P := Ty f — Zfl (Tj41 —T;)f, and

j=—o0

noting that each T} f belongs to C(R™), we infer from (5.7) that P € C(R") and
(5.8) T;f = P asj— —oo, uniformly on R™.

It is easy to see that P € Pi. Indeed, since the ellipsoids in © expand to R™ (see
Remark 7 after Definition 2.1) any compact K C R"™ is contained in a sequence
{05352, of ellipsoids dilated by a factor a; < 1 (see property (d) of ©) such that
0(601) > £(02) > --- and U,>ob, = R™, where £(0) = j means 6 € ©;. This implies
ws, = 1 as v — oo on K. Now, taking into account the definition of T} this leads
to T;f = Pk as j — —oo for some Pg € Pj, on all compact sets K. Therefore,
(5.8) holds for some P € Py and (5.5) follows.
If « =n/p and ¢ < 1, we argue in a similar fashion that

—1

—1 q .
(3 1T =T)fle) < > 1T~ T fI%
j=—00 Jj=—00
-1
< 2 2T - TSR < ellf I, o

j=—c0

which also yields (5.7) and allows us to continue as before. [

We turn now to the series 72 (Tj+1 — Tj) f-
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Remark 5.2. If f B;}q(@), a>0,0<p,q< oo, then

(5.9) YTy =Ty)f=f=Tof in Ly,

j=0
Proof. Let first p > 1. Since by (5.4)

s ) q
(5.10) S (2 (Tya =T f) < el

7=0
we have ||(Tj11 — Tj) fll, < c27%3%/?||f|| 5. and therefore

o0

(5.11) 1541 = T5)fllp < €l g,
j=0

One readily infers from (5.11) that the partial sums Z'j]:o(TjH
Cauchy sequence in L,. By Lemma 3.3 the limit must agree with f
confirms (5.10) for p > 1.

For p < 1 we shall show first that

(5.12) DT = Ty f s < €ll I, -
]:0 Pra
In fact, when ¢ < p we deduce from (5.10) that

Zanja/n||(Tj+1 —T)fllp < cllfll 5,
j=0

—Tj)f form a
— Ty f, which

and therefore ||(Tj11 — Tj)f|[h < 02*“0jpa/”||f||%a which yields (5.12) for ¢ < p.
rq

When g > p we apply Holder’s inequality to

Z [(Tjs1 — Ty) f2 = Z 9—aojap/n (2aoja/nH(TjH ~T)fl,)"
j=0

§=0
with p := ¢/p > 1 to conclude (5.12) in this case as well. Now since
J+l J+1

[ Z(Tjﬂ =Ty fllh < Z [(Tjp1 =T fllE — 0 as J — o0
j=J j=J

and using again that T; f — f in L,(K) on each compact KX C R™ (see Lemma 3.3)

we arrive at (5.9) also in the case p < 1. O

Remarks 5.1-5.2 reveal the structure of the functions in ng(@) under the above

circumstances.

Remark 5.3. Let 0 < a <n/p ora=n/p and g < 1. Then for any f € Bz‘q(G)
there exists P € Py such that f =3 ;5 (Tj41 —1;)f + P in Ly(K) for all compact

sets K C R™. Thus, one can define Bg‘q(@), in this case, as the set of all functions

fe L;OC such that ||f||ng < oo and

(5.13) f= Z(Tj+1 —T,)f in Ly(K) for all compact sets K C R™.

JEZ
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In addition, by (5.7) and (5.12) it follows that
(5.14) 11z, ) < (U + |E[YP)| fll o for all compact sets K C R™.

In order to refine the above observations we consider the following two subcases
corresponding to lower, respectively higher smoothness a.

Casel (a): 0<a<n(l/p—1)or0<a=n(l/p—1)and ¢ > 1.

In this case we necessarily have 0 < p < 1. Moreover, if we were to deal with
the classical Besov spaces, the above condition on o means that embedding in S’
fails. Thus, we are content with the convergence from above in this case.

Alternatively we have
Case 1l (b): n(l/p—1)<a<n/pora=n(l/p—1)and ¢ <1or a =n/p and
qg<1. )

For classical Besov spaces this is known to imply that By, is embedded in S’

which persists to hold here as well, as will be shown next. The main observation
can be stated as follows.

Remark 5.4. Let a > n(l/p—1) or a = n(l/p—1) and g < 1. Then for any
f € By(0)

(oo}

(5.15) (T —T)f=f-Tof in 8.
7=0
Proof. From Remark 5.2 we already know that } o o(Tj41—T;) f converges in L,
and thus in &’ whenever p > 1, i.e. (5.15) holds for p>1.
Suppose now that p < 1. Since (Tj41 —T})f is a piecewise polynomial, then we
have, using the notation of Theorem 4.3,

I Ty =Tl < D duFully ¢ Y Il P Flly

HEM HEM
. 1/p
<@ 0D (N7, Flp)
HEM

<2 aoj(1- 1/p)||( i1 = T5) fllp-

Thus, on account of (5.10), we obtain

oo

q
Z (20,0][04/71 (1/p—1) ]”( 1 — j)f”l)) S CH‘f”qB;‘q’

Jj=0

which implies
Z (T2 = Ty) fll < ell £l g -

By the argument in the proof of Remark 5.2, see (5.11), we conclude that

oo

(5.16) Z(TjJrl T)f=f—-Tof in L; andhencein &',
j=0

which completes the proof. [

In summary, from Remark 5.1 and 5.4 we can state the following.
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Remark 5.5. Let a > 0 and suppose n(1/p—1) <a <n/p ora=n(l/p—1) and
g<lora=n/pandq<1. Then, for any f € By, (©) there exists P € Py such
that f =3 icp(Tj+1 — Tj)f + P converges in S'. Thus, the space B;‘q(@) can be
defined as the set of all regqular tempered distributions f such that || f| g (@) <
and
(5.17) f=2 Tim=T)f in &

jEz
Also, it follows from above that

(.0 < ellfll g @y llolls VO €S,

i.e. Bg‘q(@) is continuously embedded in S'.

‘We now turn to

Case 2: @ >n/por a=n/pand g > 1.
As in Case 1 (b) since a > n(1/p — 1), we have
o0
(5.18) D (T —T)f=f~Tof in &
§=0
But now, dealing with the series Zj_:l_oo(TjH —Tj)f is more complicated because
it is not convergent. As in the classical case we need to renormalize this series.

Lemma 5.6. There exist polynomials P € P, and P; € Py, j = —1,-2,..., such
that

-1
(5.19) Tof =P+ lim > (T —T)f - P in &

Jj=m
and also uniformly on every compact set K C R"™. Moreover, if R; is the k — 1
degree Taylor polynomial of the function (Tj41 —Tj)f o Agl based at O for some
0 € Oy, then P; can be defined as Pj := Rj o Ag.

Proof. From (5.4) it follows that

-1

(5.20) S (2T~ T)flp)” < el

j=—00

=: N1,

q.
Bp,(©)

Hence

[(Tjg1 = Ty) fllp < 2727 N,
and by (5.6)
(5.21) [Ty = Tj) flloo < 27 03/m 1PN,

Note that Hf||ng(@) does not change when applying to f and the ellipsoids in ©

an affine transform A(z) = Mx+v with |det M| = 1. Also, A is a homeomorphism
from S onto itself. Therefore, we may assume that B(0,1) € ©.

Let P; be the k — 1 degree Taylor polynomial of (Tj41 — Tj)f based at = 0.
We need to estimate |(Tj41 — 1) f(z) — P;(z)| for all € R™. To this end we next
estimate |0°(Tj+1 — T;) f(z)| whenever |3] = k.
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Let first 6 € ©;, j < 0, be such that 0 € §. By the definition of 7}, the properties
of ©, and (4.10) (with p = 00) it follows that
107 (Tjr =T5) fo Aol LBy < ell(Tja =Ty) fo Aol sy = ell(Tis1—T5) [l v o)
which leads to

09Ty = T) ety < (145 st ) 10° (s = T)7 0 gl

(5.22) < clomin ()] (Tj1 = Tj) fll o o)
< ¢2a6ikg—aoj(a/n=1/p) Nr — CQjEN,

where € := ag(k — £2 - 7 4+ 2) and € > 0 by (5.1). Here, we have used Lemma 2.2

ag n
for the estimate omin(0) > (1/a5)27 % opin(B*) = (1/a5)27 %7,

Now, suppose |z| > 1 and let z € n, n € ©;. Let ¢/ € © be an ellipsoid of
maximum level such that 0,z € #’. Then 6’ € ©;_, for some r > 0. By Lemma 2.2
Omin(0") > (1/a5)27%U=") and since n N @' # () from this and again Lemma 2.2 it
follows that

Tmin (1) = 527 oypin(0) > 27010797 — (g~ (aaas)rymacs,
Now, as above we infer
10° (Tjs1 = Ti) fll e ) < elomin M) 1(Tj1 = T) f | o)
(523) S c2(a4—ag)7‘k2agjk2 aoj(a/n—l/p)N — c2(a4—a6)7'k2j8N.
We need a lower bound for |z| in terms of j and r. By property (d) of © there
exists an ellipsoid #” € ©;_,1; such that 0 € §”°, where #”° is the dilated version

of 6" by a factor of ay < 1. Since §’ was selected of minimum level so that 0,z € 6,
then z ¢ 6" and hence |z| > (1 — a7)0min(0”"). On the other hand, by Lemma 2.2

Omin(0") > comin(0) > 2=
Hence, |z| > ¢27%(=") > 29", Combining this with (5.23) and (5.22), we get
0°(Tj 1 = Ty) f(2)] < (|2 +1)72°N, = €R",
where v := “4&;6“6/9 Now, Taylor’s theorem gives
(Tj1 = Tj) f(z) = Pi(@)] < ¢ Y 10%(Tj1 — T fllz B o, |2[*
|8]=k
(5.24) < cf|x| 4+ 1)7TRIEN,

Therefore, for any R > 0 we conclude that

(5.25) Z I(Tj+1 = T3) f = Pill Lo (B(0,R)) < 00

=0
Setting
-1 1
P:=Tf - Z (Tjs1—=Ty)f = P; and Q;:= ZPV, Qj € P,

Jj=—00 v=j

we evidently have P € C(R™). Then by (5.25) T; f+Q; = P as j — —oo uniformly
on B(0,R) for all R > 0. As in Case 1 one easily shows that P € Py,.
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We now employ (5.24) to find that for any ¢ € S

m m

(Y (T =Ty f =Pl <c D 2°N( - |+ 1), 9)]
j=—00 j=—00
(5.26) < 2™ N p|ly+x — 0, m — —o0,

where [|¢]|s := [[(|z] +1)*¢(2)]|o. Hence
—1
Z (Tj+1 —Tj)f—PJ :Tof—P in & (PGP]C),

j=—00
which completes the proof of Lemma 5.6. O

In summary, from (5.18) and Lemma 5.6 we conclude the following,.

Remark 5.7. Whenever o > n/p or oo =n/p and q¢ > 1 the space ng(Q) can be
viewed as the set of all regular tempered distributions f such that ||f||ng(®) < o0
and
F=> (T =Ty,
JEL
where the convergence is in S’ /Py. This means that there exist polynomials P € Py,
and P; € Py, j € Z, such that

f=P+ lim > (Tjq1—T)f+Pn in §.

j=m

Moreover, Bf,‘q(G) can be defined as the set of all f € 8" such that ||f||ng(@) < 00
and
f=3 T —T)f-F in &,
JEZ
where the polynomials P; are defined as in Lemma 5.6 for j < —1 and P; := 0 if
j > 0. In addition, Bg‘q(@) is continuously embedded in S’, namely, for f € B;‘q(G)

(56 < elfll g o l6llar YO ES.
This last estimate follows from (5.18) and (5.26).

Other norms in B;‘q(Q). The understanding of the B-spaces relies to a great

extent on having several equivalent norms for ng(@) at hand, as will be exempli-
fied later for best m-term approximation with the two-level-split basis functions.
Observe first that if

(Tj-‘rl - Tj)f = Z du(f)F;u
HEM;;
then, using Theorem 4.2, we can write

/p\1/
G20 U5 0~ (30 (2 Umd = du (1) El)?) ")
JEL pEM;
We also define
/
628 Il e =, et (3 (X (= lauBull)) ")

= M Cudp B
ne JEZ  peM;

1/q



TWO-LEVEL-SPLIT DECOMPOSITION OF ANISOTROPIC BESOV SPACES 27

Here the infimum is taken over all representations f = Zue A OuFy, where the
convergence is to be understood as described above.

Central for this part is the equivalence of the above norms.

Theorem 5.8. If « > 0, 0 < p,q < oo, and (5.1) is obeyed, then the norms
Il 0 1 15 o and 1 1 ) are cquivalent.

We defer the somewhat lengthy proof of this theorem to the appendix.

One uses in a standard way the embedding of B;"q in & or (5.14) to show its
completeness. We record this in the following proposition.

Proposition 5.9. For 0 < p,q < 0o and a > 0 the B-space ng s a quasi-Banach
space which is continuously embedded in S’ if a > n(1/p—1) or o = n(1/p — 1)
and g < 1.

5.2. Inhomogeneous B-spaces. Sometimes it is more convenient to use the inho-
mogeneous version Bg‘q(@*) of the B-spaces induced by anisotropic ellipsoid covers
of R™. For the inhomogeneous B-spaces we only need ellipsoid covers with levels

j=0,1,...,i.e. covers of the form

In a certain sense the spaces ng(G)*) are simpler than the homogeneous counter-

parts ng(@) which justifies a fairly brief exposition.

As for the homogeneous B-spaces there is a hidden index k which is also present
in the definition of basis elements. It will always be selected to be the minimum
integer such that

apg «

5.29 k> .=
(529) 0.2

where ag, ag > 0 are from the definition of discrete ellipsoid covers in §2.1.

Definition of ng(®+) via local moduli of smoothness. For given discrete
ellipsoid cover ©F of R” and o > 0, 0 < p, g < 0o, we define the space ng(®+) as
the set of all functions f € L, such that

(5‘30) |f|ng(@+) = (Z ( Z (|9|—ap/n wk(f,a)g)q”’> 1/q < o,

j>0 0€O;

where wy(f, 0), is the kth local modulus of smoothness of f in L,(¢). The norm in
By, is defined by

11l Bg,@+) == Ilfllp + | f1B2, (0+)-

Other norms on B;‘q(@"‘). As in the homogeneous case, let T; (j € Z) be one

of the operators ); or T or T, if p > 1, and T} := T}, if p < 1, defined in §3.3.

In view of the representation of functions f € L, from Theorem 4.3, we define

) 1/
G31) I o0 = 1Tof I+ (32 (2 (T = T 11) ")

720
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By Theorem 4.2 and (4.10)
a/p\1/q
(5.32) 1 o0 ~ (D0 (3 (mal = lau(H) "))

j>—1 peM;
Here M_1 := Ao, F)\ :=gx, and dx(f) :=br(f) if A € M_;.

Finally, we define again yet another norm on ng(®+) via basis elements:

/p\1/
(533 Iflgg e = P nf (X (X (|nu|—a/n||auFu||p)P)q p) ‘

+ @ulip y
HEM j>—1 peM;

where the infimum is taken over all representations f = > pEM* a,F, in L, with
Mt = szfl./\/lj.

It is important that the above norms are equivalent.

Theorem 5.10. Suppose o > 0, 0 < p,q < oo, and (5.1) holds. Then the norms
I IBs,@+) Il - ||£gq(@+), and || - Hggq(eﬂ are equivalent.

The proof of this theorem is quite similar to the proof of Theorem 5.8 and will
be omitted.

Similarly as Bg‘q(@) the inhomogeneous B-space By, (©F) is a quasi-Banach
space. We omit the details.

Remark 5.11. There are continuous and semi-continuous counterparts of the B-
spaces Bp () and Bg,(©%) defined in this section. For instance, the B-space

Bg‘q(@) can be defined for any continuous ellipsoid cover © of R™ as the set of all
functions f € L;,OC such that

(5.34) Hf”B&;(G) = (/OOO (Yf(l/d+1 /n wk(f,ﬁ(v,t))gdv)q/pdt/t)l/q < 00.

Here one should assume that |0(v,t)| is a measurable function of v, t. We omit the
details.

5.3. Interrelation of B-spaces with Besov and other B-spaces. It is quite
easy to show that if © is a regular ellipsoid (ball) cover of R™, then the B-spaces
Bf,‘q(@) and Bj, (©1) considered in this paper are the same as the corresponding
classical Besov spaces (see also [9]).

As already mentioned the powers A7 of a real n x n matrix A with eigenvalues A
obeying |\| > 1 generate a semi-continuous and hence discrete ellipsoid cover of R™.
It can be shown that for a > n(1/p — 1)4 the associated B-space ng are exactly
the same (with equivalent norms) as the anisotropic Besov spaces (with weight 1)
developed in [2].

The B-spaces from this paper have a lot in common with the B-spaces introduced
in [14, 10]. The main distinctions are that the latter B-spaces are based on mul-
tilevel nested triangulations of R? and local piecewise polynomial approximation
while the former are based on ellipsoid covers and local polynomial approximation.
Consequently, the B-norms based on nested triangulations can be in general much
smaller than the B-norms from this paper.

As indicated in Proposition 2.10, R™ equipped with the distance introduced in
Definition 2.6 and the Lebesgue measure is a space of homogeneous type and hence
the general theory of Besov spaces on homogeneous spaces applies (see e.g. [13]).
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In fact, in the specific setting of this paper the anisotropic Besov spaces given by
the general theory are the same as the B-spaces from here for sufficiently small
a > 0. The main distinction between the two theories is that we can handle B-
spaces of an arbitrary smoothness a > 0, while the general theory of Besov spaces
on homogeneous spaces is only feasible for smoothness a with |a] < e for some
sufficiently small ¢.

6. NONLINEAR APPROXIMATION

In this section, we apply the B-spaces to nonlinear m-term approximation from
the two-level-split bases introduced in §4.

6.1. The B-spaces of nonlinear approximation. A specific type of B-spaces
will play an important role in nonlinear m-term approximation in L,. For 0 < p <
oo and « > 0 let 7 be determined by

(6.1) 1/t =a/n+1/p,

which in the case of classical Besov spaces signifies the critical embedding in L,.
For nonlinear approximation in L, := Cp (p = o0) 7 is determined by 1/7 = a/n
and we shall necessarily assume that o > 1 (otherwise the embedding (6.5) below
is not valid).

_ For a given discrete ellipsoid cover © of R", consider the homogeneous B-space
B% := B2 (©) . Then

1/7
(6.2) 11 ge oy == (D181 en(£,0)7) .

UG

Although in general 7 < 1, it can be proved (similarly as in [14]) that for any
0<g<p

— T T 1/7—
(6.3) 11ge oy ~ (101070 (1,007)

0c©

which allows one to work in L, with ¢ > 1 if p > 1.
From (5.27) and (4.7) one readily derives this representation of the norm in
B(0):
1/7
(6.4) 1 lgse) ~ (D2 Ndu(HFl;)
peM

The following embedding result indicates why these spaces work in nonlinear
approximation. In fact, it shows that B(©) lies on the Sobolev embedding line.

Theorem 6.1. The B-space Bf(@), with p, T interrelated by (6.1), is continuously
embedded in L,, that is, each f € BY(O) can be identified as a function f € L, and

(6.5) 1fllp < el fll 5 o)

Proof. Property (a) and (c) of discrete ellipsoid covers imply that for any « € R™
and 6 € ©; (j € Z) such that z € 6

(6.6) Yoo > (emhr<e

m<jnEO,: x€l
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where ¢ is independent of = and §. We now invoke Theorem 3.3 from [14], which
shows that (6.6) leads to

| S mmOl]| el X lanei)” o
pnemM weM

We now consider the inhomogeneous B-space B2 := B2 (©71) associated with a
discrete ellipsoid cover OF = U;>00; of R". The norm in B has a representation
similar to (6.4), namely,

1/7
67 Wflsee ~ (D IaDElF) T MY = Uiy,

HEMT

and an embedding result similar to Theorem 6.1 holds.

6.2. Jackson estimates for nonlinear approximation. Consider nonlinear m-
term approximation from F := UjezF; = {F, : p € M}. We let &,, denote the
nonlinear set of all functions g of the form

9= 2 @l
HE
where I',, C M, #I' < m, and T’ is allowed to vary with g. We denote by o,,(f),
the error of best L,-approximation to f € L,(R™) from &,,:

om(f)p = gie%f ILf = gllp-

Theorem 6.2 (Jackson estimate). If f € B*(0), a >0, 0 < p < oo, then
(6.8) Tm(f)p < em™ || fll pa ey

where ¢ depends only on «, p, and the parameters of ©.

In the case 0 < p < oo, estimate (6.8) follows by the general Theorem 3.4 from
[14], using (6.6). The proof of (6.8) in the case p = oo is more involved and can be
carried out as the proof of Theorem 3.1 in [15]. It will be omitted.

The nonlinear m-term approximation o,,(f), from Ft := U;>_1F;, where
F_1 :={gr : A € Ao}, can be defined as above by simply replacing M by M™.
Then the Jackson estimate (6.8) holds with B%(©) replaced by B*(0). We omit
the details.

The Jackson estimate (6.8) readily yields a direct estimate for nonlinear m-term
approximation from F (or F*) by the K-functional between L, and B2(©) (or
B(0)). It is a challenging open problem to prove a companion inverse estimate
due to the fact that F is possibly redundant and nonnested.

7. MEASURING SMOOTHNESS VIA ANISOTROPIC B-SPACES

It is an ancient question in analysis, what is the smoothness of a given function
and how should the smoothness be measured. In this section we show how the
anisotropic B-spaces B%(0) developed in the previous sections can be employed
for handling this question and how it is related to nonlinear m-term approximation
from the two-level-split bases developed here.

We consider two “simple” examples of discontinuous functions on R?, namely,
15(0,1) the characteristic function of the unit disk B(0, 1) and 1¢ the characteristic
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function of a square Q C R?. Both examples could be generalized at the expense
of additional technical efforts. But in the present simple form they already suf-
fice to reveal some interesting and perhaps surprising facts. Indeed, we shall show
that each of these functions has higher order smoothness « in BS (©) for appropri-
ately selected ellipse cover © compared with its (classical) Besov space smoothness.
Moreover, their smoothness via suitable covers will be seen to differ substantially.

As in the previous section, for given 0 < p < oo and a > 0, 7 is defined by
1/T=a/2+1/p.

7.1. The anisotropic B-space smoothness of 1p(o,1)-

Theorem 7.1. There exists an anisotropic ellipsoid cover © of R? such that
Lg(,1) € B2(O) for any o < 4/p. In comparison, in the scale of Besov spaces
BZ_ one has 1) € BS, for o < 2/p. Here the bounds for o are sharp.

Proof. We begin by constructing an appropriate continuous ellipse cover O¢op
of R2. For arbitrary ¢t < 0 and v € R?, we define the ellipse (v, t) by

O(v,t) :=2"12B(0,1) + v,

that is the disk of radius 2~%/2 centered at v.

Let t > 0. For any v = (v1,0) on the positive z1-axis which obeys the condition
|1 — | <273 we define (v, t) as the set of all point € R? such that

GRS
o1 73

where o1 = (|1 — vy| +271/2)276 and o5 = (|1 — vy | + 271/2)712754/6,

If v = (v1,0), v; > 0, satisfies |1 —vy| > 273, we set 0(v,t) :=27¢/2B(0,1) +v.

For any point v which does not lie on the positive x;-axis we define 6(v,t) by a
rotation of the ellipse §(|v], ) defined above about the origin which takes (|v|,0) to
v.

We now show that the collection of ellipses ©.,, defined above is a continuous
ellipse cover of R? in the sense of Definition 2.4.

Fix v = (v1,0), v1 > 0. Let t,s > 0 and assume that |1 —v;| < 27E+9)/3 (A1l
other cases are similar or trivial.) Denote by o4 (¢) the x;-semi-axis of 6(v,t). By
the definition we have

oi(t+s)  [1—w|427 02 9-s/6

O'l(t> o |1—’l}1|+2_t/2 . ’

which leads to
(7.1) 2723 < oy (t+ ) /o1 (t) < 27%/6.

The case when v does not lie on the positive xzi-axis reduces to the above by
rotation.

Now, fix t > 0 and let 0 := 0(v,t) and ¢ := 6(v',t) be such that § N 6" # (.
Assume that |1 — [v]| < 27%/3 and |1 — |v/|| < 27%/3; the other cases are similar or
trivial. Since Oy is rotation invariant, we may assume that v = (vq,0), v; > 0.
Denote by o1, 02 the semi-axes of 6 and by o{, 04 (07 < 04) the semi-axes of §'.
A simple rotation argument gives

10| = ol S o1 + o1 = (|1 =[] +[1 —Jol| +2-27/2)27/0 < 4. 271/
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which implies
o1 < (1L = Jol| 4 [[o'| = Jol[ +27"2)278 < (|1 = ]| +5-27/%)27%/° < 50,
Therefore,
(7.2) 1/5 < o1/o1 <5, and hence 1/5<c}/os <5.

We may assume that ¢ > 3 (the case ¢ < 3 is trivial). Then 1/2 < |v], |v'| < 3/2.
Since 8 N 0" # 0, the ellipse §’ can be obtained by revolving 6(|v'[,t) about the
origin at an angle v such that

(7.3) Iy < 209 + 207 < 4-271/3,

Asin §2, let Ay be the affine transform which maps B(0, 1) onto 6. Then obviously
Ag(x) = Myx + v, where My = diag(o1,02). The affine transform Ay mapping
B(0,1) onto 8’ is of the form Ay (x) = Mgx +v', where My, can be represented as
the product of a diagonal and a rotation matrices, namely,

. . ;o [ cosy —sinvy
My —A,Ydlag(0'170'2)v A»y —( siny  cosy )

It is straightforward to show that

—1yy _ ( (o1/01)cosy  —(03/01)siny
My My = ( (61/o2)siny  (c4/02) cosy )

From (7.3) it follows that
(oh/o1)|siny| <4 and (0} /o2)|siny| < 4.

This and (7.2) imply that all entries of M, ' My are bounded in absolute value
by 5. Hence

HM0_1M9/||52_,@2 < ¢ and similarly ||M9_,1M0||€2—>e2 <ec.

From this and (7.1) it follows that O, is a continuous ellipse cover of R2.

In applying Lemma 2.9 to O.,, we conclude that there is a discrete ellipse cover
© of R? such that each ellipse # € © is a dilated version of an ellipse from Ocop
by a factor py obeying (a7 + 1)/2 < pg < 1. Also, for any 8 € ©,, we have
a127™ < 10| < a22™™, where a1, ag are positive constants.

It remains to show that 1p,1) € B2(#) for all & < 4/p. Denote by ©’,, the
set of all ellipses from © which intersect the portion S of B(0,1) that belongs to
the positive quadrant. We need to estimate #©’ . By condition (¢) on discrete
ellipsoid covers, only N ellipses from ©,, may intersect at a time. This and the
construction of O, and © yield

#6, < | | o <camamms—cml om0
ocer,

Evidently, #0! < cif m <0.
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We use these to estimate ||f||3a(@), where f := 1p(,1). Evidently, wi(f,0)r =0
if 0 € ©,,, \ ©, and hence
||fHT‘$(@) = Z Z |9|_QT/2wk(fa 0)7

meZoeo],

0 oS
¢ Z gmart/2 _,'_CZ(#@;R)Q—m(l—aT/Q)

m=—oo m=1

<c+ec Z 2 m(2/3-ar/2) < ¢ <« 0,
m=1
where we used that 2/3 — ar/3 = (27/3)(1/p — a/4) > 0, since o < 4/p. Conse-
quently, f € Bﬁ(@) Here the bound 4/p for « is sharp since S* cannot be covered
by < ¢2™/3 ellipsoids of area 2~ whenever ¢ > 0 is sufficiently small.
It is well known that 1p(g,1) belongs to the Besov space By, for a < 2/p and
this bound for « is sharp. [0

IN

As in §6.2 denote by o,,(f), the best m-term approximation of f from F in L.
The following estimate is immediate from Theorem 7.1 and Theorem 6.2.

Corollary 7.2. Let 0 < p < co. Then
om(Lpo,1))p <em™7  forall v <2/p.
At the same time, if oV (f), denotes the best m-term approzimation of f in L,
(p > 1) from any reasonable wavelet basis, then
UXY(]lB(OJ))p <cem™ forall v<1/p.
Here both estimate are sharp.

7.2. The anisotropic B-space smoothness of 1g. We assume the notation
from §7.1.

Theorem 7.3. For any square Q in R? and any o > 0 there exists an anisotropic
ellipsoid cover © of R? such that 1¢ € B%(0), while in the scale of Besov spaces
B2 one has only 1o € BS, for a < 2/p and this bound for « is sharp.

Proof. Without loss of generality we may assume that @Q = [—1,1] x [0,2]. It is
convenient to construct first an appropriate continuous ellipse cover and then get
the desired discrete ellipse cover upon employing Lemma 2.9.

Our main step is to effectively define the ellipses (v, t) of our continuous cover
Ocon With centers v from the triangle Aq := [(0,0), (1,0),(0,1)] and ¢ > 0. Then
we use symmetry about the xs-axis to define 0(v,t) for v in the triangle

[(_17 0)’ (07 O)v (O’ 1)]
We next apply symmetry about the z1-axis to define the ellipses 6(v, t) for v in the
triangle [(—1,0),(0,—1),(1,0)]. Again by symmetry about the line x5 = —2; + 1
we define (v, t) on the square [(1,0),(2,1), (1,2),(0,1)]. Symmetry about the line
29 = x1 + 1 enables us to define 8(v,t) for v in the rectangle

[(_1’ 0)7 (17 2)v (07 3))’ (_27 1))]

In this way the ellipses 6(v, t) would be defined with centers v from the square
S :=[(0,-1),(2,1),(0,3),(-2,1)].
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Finally, we define the ellipses 6(v,t) with centers v € R? \ S by
(v, t) :=27Y2B(0,1) + .

In going further, for t < 0 we define (v, t) for all centers v € R? by (v, t) :=
27t/2B(0,1) + v.

It remains to define the ellipses 6(v, t) with centers v € Ag and ¢ > 0. We begin
by introducing a parameter  determined by the condition

1 4
7.4 0<§ < mi {,’ 7}
(7.4) <d<minqg, g s
For every v € Ag, v = (v1,v2), set u := u, := 1 —v; — vg and define (v, t) as the
set of all 2 € R? such that
(z1 —v1)® | (22 —v2)”
ot o3

where o7 = (u,2%? + 1)17927%2 and oy = (u,2Y/2 + 1)°~127%/2 Evidently,
0(v,t)| = To102 = m27%. Notice also that 6(v,t) := 27%/2B(0,1) + v if u, = 0
which is the same as v € [(1,0), (0,1)].

We next show that the collection of ellipses O, defined above is a continuous
ellipse cover of R? with parameters depending only on .

Fix v € Ag and for any ¢ € R denote by o1 (t) and o2(t) the semi-axes of 0(v,t).
Then from above we have for ¢,s > 0

oi(t+s) (uv + 2—(t+8)/2)1—52_5s/2
o1(t) Uy + 271/2 ’

<1

)

which readily implies
(7.5) 275/2 < gy (t+ 5) o (t) < 279%/2,
Now, fix t > 0 and let 8(v,t)NO(v',t) # 0, v,v" € Ng. Assume u, > u,. Clearly,
Uy < Uy + o1 (V) + o1 (V)
S Uy + (uv + 2—t/2)1—62—5t/2 + (uv’ + 2—t/2)1—52—5t/2
<y + 2ul02702 9 9mt/2 | 9yl 59=0t/2 g 9-t/2,
If w, > 41/9271/2_ this leads to
Uy < 8(uy +ulT02702 4 97/2) < 16(u, +271?),
which yields
(7.6) o1(v")Jo1(v) <e¢, = c(d).
If uy < 41/927t/2 the same estimate follows immediately with a different constant
c.

Estimates (7.5)-(7.6) readily imply that Oy, is a continuous ellipse cover of R?
in the sense of Definition 2.4.

By Lemma 2.9 the above cover Oy, induces a discrete ellipse cover, say, © of
R2, where every § € O is obtained by dilating an ellipse from O, (with the same
center) by a factor py obeying (a7 +1)/2 < py < 1. Also, for any 0 € ©,,, we have
a12™™ < 16| < a92™™ for some positive constants aj, as.

Our next task is to show that the function 1¢, where @ := [—1, 1] x [0, 2], belongs

to the B-space B%(0). To this end we need an upper bound for the number of all
ellipses from ©,, which intersect the boundary of [—1,1] x [0,2]. Denote this set
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by ©/,. By condition (c¢) on discrete covers and the construction of O, and O it
follows that for m > 0

1
U ¢ ez [ 02(6000,0),2 )
0

[dSSH

m

#@;n S c2m

1
< c2m/2/ ((1— vl)Qm/2 +1)° Ydv, = c20m/2,
0

Evidently #0,, < cif m <0.
We are now prepared to estimate ||f||B°‘(@)’ where f := 1g. Evidently, wi(f,0), =
0if 6 € ©,, \ ©/,. From this and the above estimates of #0/ we get

1oy = 3o 3 1617 2w (£.6)]

meZeeo!,

0 [eS)
¢ Z gmar /2 +CZ(#®;’n)2_m(l_aT/2)

m=—00 m=1

c+c Z 9~ m(1=a7/2-6/2) < ¢ < o,
m=1
Here we used that 1 — ar/2 —§/2 = 7(1/7 — /2 = §/27) = 7(1/p — §/27) > 0
by (7.4). Thus f € B*(0©).
It is standard and well known that 1 belongs to the Besov space B2, if o« < 2/p
and this bound for « is sharp. O

IN

IN

As above Theorem 7.1 and Theorem 6.2 lead to the following approximation
result.

Corollary 7.4. For any o > 0 there exists a discrete ellipse cover of R? such that
forall0 < p < oo
om(lg)p <em™@.

In comparison, for wavelet m-term approzimation of 1o in L, (p > 1) one has only

oW(1g)y <em™  forall v <1/p,

and this estimate is sharp.

7.3. Discussion. One of the basic goals in this paper is to advance regularity
notions that better respect anisotropic features of functions. The key idea is to
measure the smoothness of functions adaptively by means of anisotropic B-spaces,
and in particular by the B-spaces of nonlinear approximation B‘T)‘ (©), by allowing
the underlying ellipsoid covers to adapt to the given function. We have considered
two model problems which clearly shed some light on this idea. First, as was
shown in §7.1-§7.2 for appropriate ellipse covers, the B-space smoothness of the
characteristic functions of the unit ball and any square in R? is higher than their
Besov space smoothness. It is rather obvious that by using adaptive dilations
the anisotropic B-spaces are better able to resolve the singularities along smooth
or piecewise smooth curves. As a result the two-level-split decompositions of these
functions are sparser than their wavelet decompositions, which leads to better rates
of nonlinear m-term approximation. Second, it might surprise that characteristic
functions of polygonal domains have infinite smoothness while those of domains
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with smooth boundaries have limited regularity. Roughly speaking the positive
curvature in the latter case limits the extent to which ellipses are allowed to stretch.
On the other hand, the covers that would yield higher and higher smoothness in
the polygonal case have to become less and less constrained, which means that the
parameters in p(0) are subjected to more and more generous bounds. Keeping
these parameters within a compact set would limit the regularity that could be
described in this way. Thus the idea of describing smoothness by maximizing «
over covers © has to be treated with care. This maximum could be determined
by a saturated smoothness as in the first example. Or such a maximum would be
achieved only when constraining the parameter sets of the covers to some a-priori
chosen compact set which is not an intrinsic property of the underlying function.
Finally, it is a challenging open problem to devise a scheme which for a given
function f finds an optimal (or near optimal) ellipsoid cover © such that f exhibits
the highest order o of smoothness in B%(©) in the above sense.

8. APPENDIX
Proof of Theorem 5.8. Evidently, ||f||4 < IfII% and we have already
$q(©) B34(©)
shown that [1/15, o, < clflls5, 01
It remains to prove that
(81) 1£1135,(0) < €l F 125 o

We only consider the least favorable case when 1 < p < ¢ < oco. Let f =
ZueM a,F,. For any ellipsoid o € ©; we have

alton <o 3 abuo) v S aun,

pil(me)<j pil(nu)>g

> 1/p > 1/p
2 <> (X lwleEeon) e (X aklz)

v=1 p:n,€0;_, v=0 pw:n,€O;41,

Here ¢(n) stands for the level of 7 in ©.

We next estimate wy(F),,0), for any p € M such that 7, € ©;_,, v > 1.
Denote briefly  := n,, 0 := 6, 8 := B,, and F := F,. Also let 0* := Ao =
A TAGB*, 0% = A'9, and F* := F o A,. Recall that F = P, 3p,pg with
Ppg i= [1I"/? Py 0 A7 1. Hence F* = |5 =2 Py, 0 Ay)(0 0 Ay).

For any h € R™ we have with hA* := A;lh

ok _ P
() 7.

Here we assumed that k|h*| < diam o™, since otherwise AF. F*(z) = 0. We also
used that [|(2-)*F*||s < c with ¢ a constant depending only on p(©), k, and L.
Note that ||F*|l« = ||F|l« and hence ||F'||5 ~ |n|||F*||5,. Also, we have

0| = [ det(M," M,)| = | det M, || det M| = |n| ™" o]

and diam o* = 2| M, ' My ||s,—¢, < 2a527%" using property (b) of ©. We use the
above observations in (8.3) to obtain

(8.4) Wi (Fy, 0)b < clollm| =127 2| F, 1.

IALFID () = |det M| AL FH2 . < clnl|n*[*

Zl)/p(a* |U*|

(8.3) < clnllo*|(diam o) || F*|%.
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Combining this with (8.2), we get

ol w(f, 0)

p
P
Nul\ep/n=1__ —an/n 1/pp
<[ % (T ey, e, mp)
v=1

M

3

; o]
wNp€O;_u,muNo#d

<<
e[ 3

where U, == [1,~%7/"||a, Fy |-
Denote briefly € := —aga/n + agk and 0 := apar/n > 0. Notice that ¢ > 0 since
k> g2 2 by (5.1). We use the above in the definition of || f|| 5. o) to obtain

Hf”Ba <CZ{ Z {22_5" aov/p( Z Uu)l/p}p}q/p

[0, |\ ep/m —an/n 1/pp
> () e ]

S
I
o

ﬂue@j+y,n“ﬂ0¢w

Mg

1
_up(—aoa/n+a6k)—aouU ) /p:|p
§ I
L wnu€0 -0 muNo#0

( Z Q—aovap/nUM) 1/17}177

PiNp€O 4y ,muNo#D

N
Il

HMS

JEZ 0€©; v=1 N €60, _y,n,No#d
N s 1/pypya/p
re X X X w)T
JEZ 0€®; v=0 wiNp€O; 1 nuNo#D
= 21 + 22.

To estimate Y7 we apply Holder’s inequality and get

¥ < CZ [ Z (i2—sl/p/2—aoy Z Uu) (irw'/g)p/p/]w

JEZ o0€0; v=1 N €Oy, muNo#D v=1
> a/p
cy(SSree S u)” W,
JEZ o0€O0;v=1 W €O,y nuNo#d

In going further we switch the order of summation and then apply again Hdélder’s
inequality to obtain

M — q/p
m<e [ (S U)#o €0, 00, £0)]
JEL v=1 M €O _y
Mo /2 a/p
<ed [Xer Y v
JEZ v=1 WL €O _y
M — a/P] 1 ,19/p7
<ed [t 3 u) [T e,
JEZ v=1 win €0,y v=1

where we used that #{c € ©; : 0 Nn, # 0} < 2%, which is a consequence of
properties (a) and (c) of ©.
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Finally, we apply the substitution [ := j — v and switch the order of summation
above to obtain

j—1
¥ SCZ jz 2_5(j—l)q/4( Z Uﬂ)‘]/p

JEZ l=—00 N, €0,

a/p & . a/p
<ed (X U)X < (Y )
I€EZ  wn, €6, Jj=Il+1 I€EZ  w:n, €6,

< (£l )"

We estimate Y5 in a similar fashion. Applying Holder’s inequality we get

o0 oo

22 SCZ |: Z (ZQ*(SVP/Q Z Uﬂ)(foéypr/z)l)/P/}Q/P
JEL 0€B; v=0 Wi Np €O 4y, N v=1
< CZ ( Z i27&/p/2 Z U#)Q/P.
JEL o€6; v=0 N €O 1y, nuNa#d

Switching the order of summation and then applying Holder’s inequality, we obtain

5y < CZ {i2—6up/2 Z U#r/p (r:=q/p>1)

JEZ v=0 €O 1y
oo / o0 , / 'I”/

SCZ{ZT‘S”‘”“( Z U#>q P:|[2276upr/4i|qp

JEZ  v=0 MY v=0
ey 3 u)"

JEL l=y Hinp €6y

afp < ) q/p

<ed (X w) T X ety (Y UL

I€EZ  p:n, €6, j=—00 I€Z  wn, €0,
< (17114, )"

This completes the proof of (8.1). O
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