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THE ENTROPY IN THE LEARNING THEORY. ERROR ESTIMATES

S.V. KONYAGIN AND V.N. TEMLYAKOV

ABSTRACT. We continue investigation of some problems in learning theory in the setting
formulated by F. Cucker and S. Smale [CS]. The goal is to find an estimator f, on the base
of given data z := ((z1,v1),-- ., (Tm, ym)) that approximates well the regression function f, of
an unknown Borel probability measure p defined on Z = X X Y. We assume that f, belongs
to a function class W. It is known from the previous works that the behavior of the entropy
numbers €, (W, C) of W in the uniform norm C plays an important role in the above problem.
The standard way of measuring the error between a target function f, and an estimator f, is
to use the La(px) norm (px is the marginal probability measure on X generated by p). This
way has been used in the previous papers. We also follow this way in the paper. The use of
the La(px) norm in measuring the error has motivated us to study the case when we make
an assumption on the entropy numbers e, (W, La(px)) of W in the La(px) norm. This is the
main new ingredient of the paper. We construct good estimators in different settings: 1. we
know both W and px; 2. we know W and we do not know px; 3. we only know that W is
from a known collection of classes and we do not know px. An estimator from the third setting
is called universal estimator [DKPT].

1. INTRODUCTION

We discuss in this paper some mathematical aspects of supervised learning theory. Su-
pervised learning, or learning-from-examples, refers to a process that builds on the base of
available data of inputs x; and outputs y;, ¢ = 1,...,m, a function that best represents
the relation between the inputs x € X and the corresponding outputs y € Y. The central
question is how well this function estimates the outputs for general inputs. The standard
mathematical framework for the setting of the above learning problem is the following ([CS],
[PS], [DKPT],[KT]).

Let X C R4 Y C R be Borel sets, p be a Borel probability measure on Z = X x Y. For
f X — Y define the error

Consider p(y|x) - conditional (with respect to x) probability measure on Y and px - the
marginal probability measure on X (for S C X, px(5) = p(S x Y)). Define

fo(z) = /Y ydp(ylz).
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The function f, is known in statistics as the regression function of p. It is clear that
if f, € La(px) then it minimizes the error £(f) over all f € La(px): E(f,) < E(f),
f € La(px). Thus, in the sense of error £(-) the regression function f, is the best to describe
the relation between inputs z € X and outputs y € Y. Now, our goal is to find an estimator
f=, on the base of given data z = ((1,y1), ..., (Zm, ym)) that approximates f, well with high
probability. We assume that (x;,y;), ¢ = 1,...,m are independent and distributed accoding
to p. There are several important ingredients in mathematical formulation of this problem.
We follow the way that has become standard in approximation theory and has been used
in [DKPT] and [KT]. In this approach we first choose a function class W (a hypothesis
space H in [CS]) to work with. After selecting a class W we have the following two ways
to go. The first one ([CS], [PS], [KT]) is based on the idea of studying approximation of
a projection fy of f, onto W. In this case we do not assume that the regression function
f, comes from a specific (say, smoothness) class of functions. The second way ([CS], [PS],
[IDKPT], [KT]) is based on the assumption f, € W. For instance, we may assume that f,
has some smoothness. The next step is to find a method for constructing an estimator f,
that provides a good (optimal, near optimal in a certain sense) error || f, — f.|| for all f, € W
with high probability with respect to p. A problem of optimization is naturally broken into
two parts: upper estimates and lower estimates. In order to prove upper estimates we need
to decide what should be the form of an estimator f,. In other words we need to specify
the hypothesis space H (see [CS], [PS], [KT]) (approzimation space [ DKPT], [KT]) where an
estimator f, comes from.

The next question is how to build f, € H. In this paper we discuss a standard in statistics
method of empirical risk minimization that takes

fz,’H = arg ?Iél?I{l 8z(f),

where

1 m
&)= o 2 (Fla) — )
is the empirical error (risk) of f. This f, 3 is called the empirical optimum.

The paper [CS] indicates importance of a characteristic of a class W closely related to
the concept of entropy numbers. For a compact subset W of a Banach space B we define
the entropy numbers as follows

en(W, B) :=inf{e: 3f1,..., faon € W: W C UL (f; + eU(B))}

where U(B) is the unit ball of Banach space B. We denote N (W, e, B) the covering number
that is the minimal number of balls of radius € needed for covering W. In the papers [CS],
[DKPT], [KT] in the most cases the space C := C(X) of continuous functions on a compact
X C R? has been taken as a Banach space B. This allowed to formulate all results with
assumptions on W independent of p. In this paper we obtain some results for B = La(px).
On the one hand we weaken assumptions on the class W and on the other hand this results in
the use of px in the construction of an estimator. Thus, we have a tradeoff between treating
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wider classes and building estimators that are independent of px. We show in Section 4
that in some special cases of interest in applications we can construct universal estimators
for wider classes. In [DKPT], [KT] the restrictions on a class W have been imposed in the
following form:

(1.1) en(W,C) < Dn™", n=12,..., W cCDU(_).
In this paper we impose a weaker restriction
(1.2) en(W, La(px)) < Dn™", n=1,2,..., W C DU(Lx(px))-

After building f. we need to choose an appropriate norm || - || to measure the error || f, — f.||.
In [CS] the quality of approximation is measured by £(f.) —E(f,). It is easy to see that for
any f € La(px)

(1.3) E(f)—E(fp) = If - fPH%z(PX)'

Thus the choice || - || = || - [|1,(px) Seems natural. This norm has also been used in [DKPT],
[KT] for measuring the error. The use of the La(px) norm in measuring the error is the
main reason for us to consider restictions (1.2) instead of (1.1).

One of important questions discussed in [CS], [DKPT], [KT] is to estimate the defect
function L,(f) :=E(f) — E.(f) of f € W. If  is a random variable (a real valued function
on a probability space Z) then denote

B6) = [ tdpi o) = [ (€~ B©OFdp.

For a single function f the following theorem from [CS] is a corollary of the probabilistic
Bernstein inequality: if [{(z) — E(§)| < M a.e. then for any ¢ > 0

(1.4) Pl"ObzeZm“% >_&(z) = BQ)| 2 e} < 2exp (—Q(Gz@ﬁ Me/3)) |

Theorem 1.1 [CS]. Let M >0 and f : X — Y be such that |f(x) —y| < M a.e. Then,
for all e > 0

me>
P bz m LZ < > 1 - 2 - 9
robuczn{L.(A)] £ & 2 1= 2ewp (~ 5T
where 02 := o?((f(z) — y)?).
We will assume that p and W satisfy the following condition.
(1.5) Forall feW, f:X —Y issuchthat |f(z)—y|l<M ae.

The following useful inequality has been obtained in [CS].
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Theorem 1.2 [CS]. Let W be a compact subset of C(X). Assume that p, W satisfy (1.5).
Then, for all e >0

(16)  Prob.czn{sup |L.(f)] = €} < N(W.¢/(8M).C)2exp (‘2(0—2 + M2e/3>) '

Here 0 := 0*(W) == sup;cy o*((f(x) — y)?).

This theorem contains a factor N(W,e/(8M),C) that may grow exponentially for classes
W satistying (1.1): N(W,¢,C) < 2(D/9)""+1 A stronger (in a certain sense) estimate than
(1.6) has been obtained in [KT]| under assumption that W satisfies (1.1).

Theorem 1.3 [KT]. Assume that p, W satisfy (1.5) and W is such that

Z n~Y2%e,(W,C) < .
n=1

Then for mn? > 1 we have
Probzezm{fsugf ILo(f)] = n} < C(M, e(W)) exp(—c(M)ma’)
€

with C(M,e(W)) that may depend on M and (W) := {e,(W,C)}; c¢(M) may depend only
on M.

By C and ¢ we denote absolute positive constants and by C(+), ¢(-), and Ag(-) we denote
positive constants that are determined by their arguments. We often have error estimates
of the form (Inm/m)® that hold for m > 2. We could write these estimates in the form,
say, (In(m + 1)/m)® to make them valid for all m € N. However, we use the first variant
throughout the paper for the following two reasons: simpler notations, we are looking for
the asymptotic behavior of the error.

In Section 2 we prove that it is impossible to have even a weaker analog of Theorem 1.3
if we use the La(px) norm instead of the uniform norm C. However, it turned out that we
can prove an Lo(px) analog of Theorem 1.3 for the d-net Ns(W) of W in the Lo(px) norm
instead of W for 62 > n (see Theorem 2.2).

It is well known ([CS], [DKPT], [KT]) how estimates of the defect function L.(f), f € H,
can be used for estimating the error £(f, ») — £(f,), fp € W. We prove in Section 2 the
following theorem.

Theorem 1.4. Let f, € W and let p, W satisfy (1.5) and (1.2) with v > 1/2. Then there
exists an estimator f, such that for A > 2

(1.7) Prob.czm{E(f.) — E(f,) < 3AY*(Inm/m)'/?} > 1 — C(M, D, r)m= M4,
Also
Prob.czm {|E.(f.) — E(f,)| < 4AY2(Inm/m)Y?} > 1 — C(M, D, r)m DA,

It is interesting to compare this result with the known result from [KT]| when we assume
(1.1) instead of (1.2).
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Theorem 1.5 [KT]. Let f, € W and let p and W satisfy (1.1) and (1.5). Then there
exists an estimator f, such that for A > Aog(M, D, r)

(1.8) Prob.czm{E(f.) — E(f,) < Am™ T} > 1 — exp(—c(M)Am™7).

We see that for r > 1/2 close to 1/2 the exponent 1/2 from (1.7) is close to the exponent
142_T2r from (1.8). However, for big r (1.8) provides much better error estimates than (1.7).
We do not know if (1.7) can be improved in this case. Surprisingly, in the case r € (0,1/2]
we obtain the error estimates only slightly worse than (1.8) under a weaker assumption

(1.2). We prove in Section 3 the following estimates.

Theorem 1.6. Let f, € W and let p, W satisfy (1.5) and (1.2). Then there exists an
estimator f, such that for A > Ao(M,D,r) > 2

Prob.ezm{E(f.) — E(f,) < 3A((1nm)3/m)1/2} >1—C(M, D)m—c(M,D)A2,

Prob.eczm{|E.(f.) — E(fp)| < 4A((1nm)3/m)1/2} >1— C’(M,D)m*c(M’D)AQ’
provided r = 1/2,

Prob.czn{E(f.) — £(f,) < 3A(In m/m)T7 Y > 1— C(M, D, r)m—dMaDvT)Al+W :

Prob.czn {|€:(f:) — E(f,)| < 4A(nm/m) ™57} > 1 — C(M, D, rym~cM-DnATr
form > C(A, M) provided r € (0,1/2).

We note that the estimator f, from Theorem 1.6 is f. 3, with H := N, ) (W) chosen as
a minimal 0(m, r)-net of W in the Ls(px) norm. The parameter 6(m,r) depends on m and
r that comes from (1.2). Thus, in order to build f, from Theorem 1.6 we need to know the
class W (in particular, a parameter r from (1.2)) and the measure px. It is clear that if W
satisfies (1.1) then a minimal §-net Ns(W,C) of W in the C norm may serve as a d-net of W
in the La(px ) norm for all px. Therefore, it is natural (see Theorem 1.5) that if W satisfies
(1.1) then a good estimator f, does not depend on px. In Section 4 we present a special
example of interest in applications where we build an estimator f, independent of px that
provides good error estimates for classes W satisfying approximation properties imposed in
the Lo(px) norm. The above mentioned example is based on the idea used in [DKPT] of
imposing restrictions on the class W in terms of approximation by linear subspaces rather
than in terms of approximation by finite nets. We formulate here a particular case of
Theorem 4.1 from Section 4.

Let X be a compact subset of R?. Let P,, denote the set of all partitions of X into n
disjoint Borel subsets. Let p,, € P,, n = 1,.... Define L,, as a subspace of all functions
that are piecewise constant on the partition p,. For a finite dimensional linear subspace
L C Ly(px) and f € La(px) we denote by d(f,L)r,(,y) the L2(px) distance between f
and L.



6 S.V. KONYAGIN AND V.N. TEMLYAKOV

Theorem 1.7. Let p be such that |y| < M a.e. For a given sequence {L, }>2 ; and numbers
m, r >0, A> Ag(M,r) there exists an estimator f. such that for any p satisfying

d(fp,Ln)Lg(pX) <Dn™", n=12,...,

we get , , e
Prob.ezm {[|fp = F2ll1, o) < (L+ D7) A(lnm/m) 752w}

1

> 1 — exp(—c(M)A(m(lnm)*")=).

Let us now discuss one more important issue. First, we remind the general scheme that
we follow in constructing an estimator f.. We begin with a function class W. Then we look
for an estimator that provides good estimation for the class W. In examples considered in
Sections 2 and 3 we choose a hypothesis space H where f, comes from depending on the
class W. It is a weak point of the above approach. In many cases we do not know exactly
the class W. However, we may know a collection W of classes where our unknown class W
belongs. Say, if we are thinking about W in terms of Sobolev smoothness classes we may
take as W the collection of all Sobolev classes with smoothness from a certain range. We
now discuss the universal method setting (see [DKPT]). In this setting a collection W of
classes is given and we need to find a procedure for constructing an estimator f, in such a
way that if f, € W € W then ||f, — f.||1,(ox) is close to the optimal error for the class W
with high probability with regard to p x -+ X p (m times). In approximation theory this
approach is known under the name of universal method (see [T1-T4]). We would like to
build a universal estimator f, for a given collection VW of classes. In Sections 4 and 5 we
address this issue. We use different ideas in constructing universal estimators. In Section 4
we prove the following theorem.

Theorem 1.8. Let p be such that |y| < M a.e. For a given sequence {L, }>° ; and numbers
m, A > Ao(M) there exists an estimator f, such that if for some r € (0,1/2] and some p
we have

d(fp, Ln)Lg(pX) < Dn_r7

then
Prob.ezn{||fo — follLa(ox) < C(D)AY?(Inm/m) =2} > 1 — Om~ DA,

We point out that the estimator f, from Theorem 1.8 does not depend on both px and
the specifics of W. This means that f, is a universal estimator.

In Sections 2—4 we build estimators f, as empirical optimums with hypothesis spaces H
suitable for a concrete problem under investigation. In constructing universal estimators in
Section 4 we employ the following two ideas: 1. use the L., balls of finite dimensional linear
subspaces as hypothesis spaces; 2. minimise a penalized empirical risk. The above method
uses the empirical risk function of the form

£ = o 3 (fla) —w’

1
m
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that is designed for measuring the approximation error || f, — f,|| in the La(px) norm. In
Section 5 we discuss a particular setting where we obtain the approximation error estimate in
the Lo (px) norm. In this setting we assume that px is a normalized Lebesgue measure on a
bounded domain Q C R?. Next, we formulate our assumptions and build estimators in terms
of a given sequence of kernels IC,, of integral operators. A special case of IC,, (x,u) = V,,(z—u)
- the de la Valleé Poussin kernel, 2 = [0, 27], has been considered in [DKPT]. The technique
used in Section 5 is a generalization of the corresponding technique from [DKPT].

We note that in [DKPT] the above setting with px the Lebesgue measure has been
interpreted as a particular case of a general setting with estimating a function f, instead
of f,. In this setting we assume that px is an absolutely continuous measure with density
p(x): dpx = pdx. We define f,, := f,u. Then we estimate f,, instead of f,. It is clear
that in the case of px is the Lebesgue measure we have f, = f,. One can find in [DKPT)]
a motivation for considering f,.

In Section 5 we build an estimator for f, by the formula

Zyz 33 1'1

which is simpler than an empirical optimum. In constructing a universal estimator instead
of penalization we use the size of the corresponding dyadic blocks

1 m
z = E ;yi(ICQS (a:,acz) - ICQS_I(I’xi»'

2. THE CASE r > 1/2

In the case of restrictions imposed in the uniform norm C the following theorem has been
proved in [KT] (see Theorem 1.3 from Introduction). We reformulate it here for convenience.

Theorem 2.1 [KT]. Assume that p, W satisfy (1.5) and W is such that

(2.1) Z n~12¢,(W,0) <

Then for mn? > 1 we have

Probzezm{;gg/ IL(F)] = n} < C(M,e(W)) exp(—c(M)mn?).

First of all we will show that Theorem 2.1 cannot be extended onto the case Ly(px) in
its form. The following example shows that if we consider entropy of W in Ls[0,1) rather
than in C[0, 1] then even a fast decay of €, (W, La(px)) (say, €, (W, La(px)) = o(n™") for
every r > () does not guarantee nontrivial estimates for sup;cyy |L.(f)|. We assume that
Y = [—1,1], and thus, the functions f € W and f, are uniformly bounded.
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Proposition 2.1. Let N be a non-increasing mapping (0, +00) — [1,4+00) such that
(2.2) lir&_ log N(u)/log(1/u) = +cc.

Then there exist a set W C U(L[0,1)) and a p such that

(2.3) N(W,e, La(px)) < N(e)

and for every m
Prob.ezm {sup |L.(f)| < 1/2} =0.
few

Proof. Let us take an increasing sequence {K,,} of positive integers so that
(2.4) Kp >2m3, N(K'Y3) > K" (meN).

The existence of K, satisfying (2.4) follows from our assumption (2.2). For every m, every
l=(1,. lm), 1 <li <+ <l < Ky, and every z € [0,1) we define

Fma(z) = { 1, if [Knz]+1e{l,....ln}

0, otherwise.
Let Wo = {fmi}, fo=0, W = {fo} UU,, Wpn. We denote €., = Kn'/*. By (2.4), for any
f € W,, we have

(2.5) £l Laj0.1) < (M/EK )2 < e
and also
(2.6) 112,00 < 1/2.

Let us check (2.3). If € > €1, then {fo} forms a €;-net in the L3[0,1) norm, and (2.3) holds
since N(e) > 1. If € < €1, then we can find m so that €,11 < € < €, and using (2.5) take
the following e-net for W:

A={f}u lJw;
j<m
We have . .
HASTI+Y #W; <1+> K < (m+ 1K) < Kptt,
j=1 j=1
and, by (2.4),

#A < N(€y) < N(e).

So, (2.3) holds.
We now take p so that px is the Lebesgue measure on [0,1) and y is surely 0 for any z.
Clearly, f, = 0. On the one hand, by (2.6), we have for any f € W

E(f) <1/2.
On the other hand, for any z there is f € W, so that f(x;) = 1(i = 1,...,m). Therefore,
E.(f)=1,L.(f) <—1/2, and Proposition 2.1 is proven.

We will prove an analog of Theorem 2.1 in the case of La(px) norm with the set W
replaced by a d-net Nz(W) of W in the Lo(px) norm. We begin with an axiliary lemma.
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Lemma 2.1. If |f;(z) —y| < M a.e. for j =1,2 and || f1 — foll1,(px) < 0, then for 6 >

2

L(f) — L(f2)| < m} > 1 2exp (— i ) |

ProbzGZ'rn{ W

and for %2 <n

PI“ObzeZm{le(fl) - Lz(f2>| < 77} z1- 2exp <_9n]\1;72) '

Proof. Consider the random variable £ = (f1(z) — y)? — (f2(z) — y)?. We use
€] < M2, o(€) < 2M6.

Applying the Bernstein inequality (1.4) to £ we get

Probezn{|L:(f2) — L+(f2)] = 1} = Probzezn { |% > (=) - E©)
1=1

)

< 2e mn2
X —_—
= 2P TouM2e? + M2/3) )

and Lemma 2.1 follows.

Theorem 2.2. Assume that p, W satisfy (1.5) and W is such that
(2.7) > 026, (W, Ly(px)) < 0.
n=1

Let mn? > 1. Then for any & satisfying 6% > n we have for a minimal 5-net Ns(W) of W
in the La(px) norm

Prob.ezn{ sup [L.(f)| = n} < C(M,e(W))exp(—c(M)mn?).
fENH(W)

Proof. 1t is clear that (2.7) implies that

o0

(2.8) D 226y (W, La(px)) < 0.
=0

Denote 0; := €3 (W, L2(px)), j = 0,1,..., and consider minimal d;-nets N; := N5 (W) C
W of W. We will use the notation N; := |[Nj|. Let J be the minimal j satisfying §,; < ¢.
We modify §; by setting 6; = §. Then Ny = Ns(W). For j =1,...,J we define a mapping



10 S.V. KONYAGIN AND V.N. TEMLYAKOV

A, that associates with a function f € W a function A;(f) € N, closest to f in the La(px)
norm. Then, clearly,

1f = A5 (F)llacpx) < 05

We use the mappings A;, j = 1,...,J to associate with a function f € W a sequence of
functions fy, f;_1,..., f1 in the following way

fr ::AJ(f)v fj ::Aj(fj+1)7 Jj=1...,J—-1L
We introduce an auxiliary sequence
2.9 = 3Mn2Ut D 2, 0 =1,2,. ..,
( 1j n J

and define I := I(M, e(W)) to be the minimal number satisfying

(2.10) > MUV Pey 0 <1/6 or Y my <n/2.
g1 g1

We now proceed to the estimate of Prob.ezm {sup senrw) [L=(f)| > n} with m,n satisfying
mn2 > 1. If J < I then the statement of Theorem 2.2 follows from Theorem 1.2. We
consider the case J > I. Assume |L,(fs)| > n. Then rewriting

L.(fr)=L.(fs) = L(fr-1) +---+ L.(fry1) — Lo(fr) + L. (f71)

we conclude that at least one of the following events occurs:

L2 (f;) — Le(fj—1)l =2 m; for some j € (I,J] or [L.(f1)|=n/2.

Therefore
(2.11) Prob.ezn{ sup |L.(f)| = n} < Prob.ezm{sup [L.(f)| > n/2}
FENs(W) FENT
+ > > Probeegm{|L.(f) = L.(A;1 ()] = 05}
JEWU,J] FEN;

< Prob,ezm{ sup |L.(fr)| > n/2}
fENT

+ Y Njsup Probezm{|L.(f) = Lo(A;1(f))| = n;}.
je,g) W

By our choice of §; = €35 (W, La(px)) we get N; < 22 < 2 Let n, & be such that mn? > 1
and n < §2. It is clear that 532' >n;,j=1,...,J. Applying Lemma 2.1 we obtain

2
m; .
JfélVPi/PTObzeZM{wz(f) — L.(Aj-1(f)) = nj} < 2exp <_9M27522_1> ;g
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From the definition (2.9) of n; we get

2

mn; 29j+1
M2,
and
2
mns; ;
Nyexp [~} < exp(—mip2d).
T
Therefore
mn?
(2.12) Z N; exp( 9M25]2 ) < 2exp(—mn2").
Jje(I,J]
By Theorem 1.2
2
mn
(2.13) Probzezm{fseupI IL=(f)] = n/2} < 2Njexp (_C(M)) '

Combining (2.12) and (2.13) we obtain

Prob.ezm{ sup |L.(f)| > n} < C(M,e(W))exp(—c(M)mi®).
FENs(W)

This completes the proof of Theorem 2.2.
We get the following error estimates for £(f,) — £(fw) from Theorem 2.2.

Theorem 2.3. Assume that p, W satisfy (1.5), (2.7), and also f, € W. Let mn? > 1.
Then there exists an estimator f, such that

Prob.czm {E(f.) = E(f5) < 3n} > 1= C(M,e(W)) exp(—c(M)mn?)

with C(M,e(W)), ¢(M) from Theorem 2.2.

Proof. Let us take 6 = n'/2 and H := N3(W) a minimal d-net for W in the Ly(px) norm,
f» = f. 1. Then we have (fw = f,)

(2.14) E(fem) — E(fw) = E(fn) = E(fw) + E(forrt) — E(forrt) + E(forrt) — E(f)
+E.(fr) — E(fn) S E(fn) — EUfw) + E(fem) — E(fam) + E(fr) — E(f)-

Therefore,

(2.15) E(fom) —E(fw) S n+E(fon) — E(fom) + E(fr) — E(fn),

and to complete the proof it remains to use Theorem 2.2.

Let us now prove an estimate for £(f.) — £(fw) without an assumption f, € W.
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Theorem 2.4. Assume that p, W satisfy (1.5), (1.2) with v > 1/2. Let mn+max(1/r1) >
Ao(M,D,r) > 1. Then there exists an estimator f, € W such that

Probzezn{&(f.) — E(fw) < 5n} = 1= C1(M, D, r) exp(—c1(M)mn?).

Proof. Tt suffices to prove the theorem for r € (1/2,1]. Let us take &y := /2 and Hy :=
N5, (W) to be a minimal dp-net for W. Let § := n/(2M) and H := Ns(W) to be a
minimal d-net for W. Denote f, := f. . For any f € H there is A(f) € H, such that
If = A Ls(px) < 0. By Lemma 2.1,

Probezn{|L:(f) = Lo(A(F) < n} = 1= 2exp (—52 ) -

Using the above inequality and Theorem 2.2 (mn? > 1) we get
(2.16) Probzezm{iug [L=(f)] = 2n} < Probzezm{;ug |L=(f) = L=(A(f))| = n}
€ €

+Prob.czn{ sup |Lo(f)| = n} < 2 Hexp (— 225 ) + C(M, D,r) exp(—c(M)m?)
fGHo 9M
mi

< 4exp ((n7/")(2M D)) exp (5115
Let us specify Ag(M, D,r) := max(18 M?(2M D)*/7 1), r € (1/2,1]. Then
(2.17) mn* YT > 18M?(2M D)Y/"
and (2.16) imply

Prob.czn {sup |L.(f)| = 2n} < dexp (-
fer

) +C(M,D,r) exp(—c(M)mnz).

mn

m) + C(M, D, r) exp(—c(M)mn?).

Further, we can assume that n < M? (otherwise, the statement of Theorem 2.4 is trivial).
Therefore, we deduce from the last estimate that

Prob,czm {;ug |L.(f)] >2n} < C1(M,D,r) exp(—cl(M)mUQ).
€

We now observe that, by the choice of 9,

(2.18) E(fr) = EUw) = 1 = Folllo oy — 1w = Foll2aton)
= (fr = follaox) = 1w = FollLaox)) L = Foll Laox) + 1w = FollLa(ox)) < 0

Using (2.14) we see that (2.15) holds. Hence, if sup;cq, [L.(f)| < 27, then E(f. 1) —E(fw) <
5n. This completes the proof of Theorem 2.4.

Theorem 2.5. Let f, € W and let p, W satisfy (1.5) and (1.2) with r > 1/2. Then there
exists an estimator f, such that for A > 2

(2.19) Prob,ezn{E(f.) — E(f,) < 3A1/2(lnm/m)1/2} >1— C(M7D7r)mfc(M)A'
Also
(2.20) Prob,ezm{|E.(f.) — E(f,)] < 4AY2(Inm/m)"/2} > 1 — C(M, D, r)m =<4,

Proof. First, we use Theorem 2.3 with n = AY2(Inm/m)"/? and get (2.19) with f, =
f2N 15 w)- Second, we use Theorem 2.2 with the above n and ¢ = n'/2 and obtain (2.20).
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3. THE case r € (0,1/2]

The following results have been obtained in [K'T] in the case when we impose restrictions
in the uniform norm C.

Theorem 3.1 [KT|. Assume that p, W satisfy (1.5) and W is such that
Z n 1%, =00, €,:= en(W,C).
n=1

Forn >0 define J := J(n/M) as the minimal j satisfying €x; < n/(8M) and
J
SJ = Z 2(j+1)/2€2j—1.
j=1

Then for m, n satisfying m(n/Sy)? > 480M? we have
Probzezm{fugv IL2(f)] = n} < C(M, e(W)) exp(—c(M)m(n/S5)?).
€
Corollary 3.1 [KT]. Assume p, W satisfy (1.5) and €,(W,C) < Dn=2. Then for m, n
satisfying mn*/(1 + (log(M/n))?) > C1(M, D) we have
Probzezm{;ug [L:(f)] = n} < C(M, D) exp(—c(M, D)mn? /(1 + (log(M/n))?)).
€
Corollary 3.2 [KT]. Assume p, W satisfy (1.5) and €,,(W,C) < Dn~", r € (0,1/2). Then
form, n, § >n/(8M) satisfying mn?6*/7=2 > Cy (M, D,r) we have

Prob.czm{ sup |L.(f)| > 2n} < C(M,D,r)exp(—c(M, D,r)mn?5'/7=2),
FENs(W,C)

where N5(W,C) is a minimal 6-net of W in the C norm.

We prove here the following analogs of these results with restrictions imposed in the
Ls(px) norm.
Theorem 3.2. Assume that p, W satisfy (1.5) and
(e.)
Zn_l/Qen =00, €, :=¢€,(W,La(px)).
n=1

Let 1,8 be such that 6> > 1. Define J := J(§) as the minimal j satisfying €o; < § and

J
Spi=) 2002 J>1; Spi=1.
j=1
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Then for m, n satisfying m(n/Sy)? > 36 M? we have

Prob.ezm{ sup |L.(f)| >n} < C(M,e(W))exp(—c(M)m(n/Ss)?),
JENs(W)

where Ns(W) is a minimal §-net of W in the La(px).

Proof. In the case J = 0 the statement of Theorem 3.2 follows from Theorem 1.1. In the
case J > 1 the proof differs from the proof of Theorem 2.2 only in the choice of an auxiliary
sequence {n;}. Thus we keep notations from the proof of Theorem 2.2. Now, instead of

(2.9) we define {n;} as follows
n; = ﬁz(j+1)/2€2j—1
i =

2 Sy
Proceeding as in the proof of Theorem 2.2 with I = 1 we need to check that
2
oi _ M ymln/S,)°
9IM 2632_1 - 362

Indeed, using the assumption m(n/S;)? > 36 M? we obtain

OM252_, T 36M? 3612
We complete the proof in the same way as in Theorem 2.2.

Corollary 3.3. Assume p, W satisfy (1.5) and e,(W, Ly(px)) < Dn='2. Then for m, n
satisfying mn? /(1 + (log(M/n))?) > C1(M, D) we have for §% > n

Prob.czm {feiyr()w) |L:(f)| = n} < C(M, D) exp(—c(M, Dymn?*/(1 + (log(M/n))?)).

mi; o szﬂ _9i > Mg@

Corollary 3.4. Assume p, W satisfy (1.5) and €, (W, La(px)) < Dn~", r € (0,1/2). Then
form, n, 6% > n satisfying mn>6*/7=2 > C1(M, D,r) we have

Prob.ezm{ sup |L.(f)| > n} < C(M,D,r)exp(—c(M, D,r)mi*6"/" 7).
FENs (W)
The proofs of both corollaries are the same. We present here only the proof of Corollary
3.4.

Proof of Corollary 3.4. We use Theorem 3.2. Similarly to the proof of Theorem 3.2 it is
sufficient to consider the case J > 1. We estimate the S; from Theorem 3.2:

s - i 21/, | < 21/2+TD§ 21 (1/2=1) < Oy () D27 (1/2-7)
j=1 7=
Next,
D2 "D > eys s > 6 implies 27 < 2(D/8)Y"
Thus
Sy < Ca(D,r)(1/6)F 1.

It remains to apply Theorem 3.2.
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Theorem 3.3. Let f, € W and let p, W satisfy (1.5) and (1.2). Then there ezists an
estimator f, such that

(3.1) Prob,eczm{E(f.)—E(f,) <3n} >1-C(M, D) exp(—c(M, D)mn?/(14+(og(M/n))?)),

(3.2)
Prob.czm{|E.(f2) = E(f,)| < 4n} > 1 — C(M, D) exp(—c(M, D)ymn? /(1 + (log(M/n))?)),

provided r = 1/2, mn?/(1 + (log(M/n))?) > C1(M, D),

(3.3)  Prob.ezm{E(f.) —E(f,) <3n}>1-C(M,D,r) exp(—c(M, D, r)ymn'+1/ ),

(3.4)  Probiezm{|E.(f:) — g(fp)| <dn} >1-C(M,D,r)exp(—c(M, D, T)m771+1/(2r)),

provided r € (0,1/2), mn*+1/ 2" > C (M, D, r) with constants C(M, D), ¢(M, D), Cy(M, D),
C(M,D,r), ¢(M,D,r), C1(M,D,r) from Corollaries 3.3 and 3.4.

Proof. We combine the proof of Theorem 2.3 with Corollaries 3.3 and 3.4. In the case
r = 1/2 we take n such that mn?/(1 + (log(M/n))?) > C1(M, D) and set § = /2. Denote
H := Ns(W). Then similarly to (2.14), (2.15) we obtain

(3.5) E(fort) —E(fy) <P+ E(for) — E(forr) + E(fr) — E(fr0)-

Using Corollary 3.3 we continue
<3n

with probability at least 1 — C'(M, D) exp(—c(M, D)mn?/(1 + (log(M/n))?)). This proves
(3.1). Applying Corollary 3.3 one more time we obtain (3.2).

We proceed to the case r € (0,1/2). We now take 1 such that mn'+/") > C (M, D, r)
and set § = 1'/2. Denote as above H := N;(WW). We now use (3.5) and apply Corollary 3.4.
We get

E(fom) = E(f,) < 8% 421 < 3n
with probability at least

1—-C(M,D,r)exp(—c(M, D, r)mnHl/(QT)).

This proves (3.3). Applying Corollary 3.4 again we get (3.4). The proof of Theorem 3.3 is
now complete.

We give a direct corollary of Theorem 3.3.
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Corollary 3.5. Let f, € W and let p, W satisfy (1.5) and (1.2). Then there exists an
estimator f, such that for A > Ao(M,D,r) > 2

Prob.czm {E(f.) = £(f,) < BA((Inm)* /m)"/?} > 1 — C(M, Dym MDA

Prob.ezn{|€:(f:) — £(f,)] < 4A((Inm)*/m)"/2} > 1 — C(M, Dym~<M-DA%,

provided r = 1/2,
2r 1
Prob.czm{E(f.) — £(f,) < 3A(Inm/m) T} > 1 — C(M, D, r)ym—c(M-D:n A2

Prob.eczm {|E.(f.) — E(f,)| < 4A(Inm/m) T} > 1 — C(M, D, r)ym—c(M-D:n A2

for m > C(A, M) provided r € (0,1/2) with constants C(M,D), ¢(M,D), C(M,D,r),
c¢(M, D,r) from Corollaries 3.3 and 3.4.

We now prove an analog of Theorem 2.4.

Theorem 3.4. Assume that p, W satisfy (1.5), (1.2) with r € (0,1/2]. Let mn'*/7 >
Ao(M,D,r) > 1. Then there exists an estimator f, € W such that

Prob.czm{E(f.) = E(fw) < 51} > 1 — C(M, D) exp(—c(M, D)ymay® /(1 + (log(M /n))?))
provided r = 1/2,
Prob.czm {g(fz) - g(fW) < 577} >1- C<M7 D, T‘) eXp(—C(M, D, T)mnl_H/(Qr))

provided r € (0,1/2).

Proof. The proof in both cases r = 1/2 and r € (0,1/2) is similar to the proof of Theorem
2.4. We will sketch the proof only in the case r € (0,1/2), n < 1. We use the notations
from the proof of Theorem 2.4. We choose Ay(M, D,r) > C1(M, D,r) - the constant from

Corollary 3.4. Then we can use Corollary 3.4 with § = 1'/? because
mi 84T = D > YT > Ao (M, D, r) > C1(M, D, ).
We obtain the following analog of (2.16)

Prob,eczm{sup |L.(f)| > 2n}
fer

mmn
9M?

< dexp (/") @MD)Y") exp (= ) + C(M, D, ) exp(—e(M, D, rymn* /1),

We complete the proof in the same way as in the proof of Theorem 2.4.
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4. SOME SPECIFICATIONS

Assume that n-dimensional linear subspaces L, have the following property: for any
probability measure w on X one has

(4.1) I1PE L w)—=Lcw) S K, n=12,...
where P}’ is the operator of Lo(w) projection onto L. First of all we note that

d(men)Lz(pX) = ||fp - PE: (fp)HLz(pX)‘

In this section we will assume that |y| < M a.e. Then by (4.1) we get

1PLX (folll Lo (o) S MK.

Denote V,, ;= M KU (Ls(px)) N Ly,.

Theorem 4.1. Let p be such that |y| < M a.e. Assume that a sequence {L,}% , satisfies
(4.1). For given m, r >0, A > Ao(M, K,r) there exists an estimator f, such that for any

p satisfying
d(fos Ln)Ly(px) S Dn™", n=1,2,...,

we get
2r
Probaezn{[lfp = fal1,(0x) < (1 + D) A(lnm/m) =" }

>1—exp(—c(M)A(m(In m)QT)TI%’).

Proof. We set € = A(lnm/m)%, n =[] +1and f, := f.v,. We now estimate
E(fzv,) — E(fp). Let f*:= P/*(f,). Then by (4.1) f* € V,, and

“fp - f*||L2(PX) <Dn "< DAI/Q(lnm/m)H-#,

Therefore,
(4.2) E(F) = E(F,) = /X (*(2) = f,(@))%dpx < D2A(Inm/m) 5.
We have

0<E(fzv,) —E(fp) =E(fov) —E() +ET) = E(fp)-
Denote for a compact subset H of La(px)

fr = arg?éiﬁé'(f).

It is clear that f* = fy, . We will use the following theorem from [CS].
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Theorem 4.2 [CS]. Suppose that either H is a compact and convex subset of Lo (px) or
H is a compact subset of Loo(px) and f, € H. Assume that for all f € H, f: X — Y is
such that | f(x) —y| < M a.e. Then, for all e >0

Prob.ezm{E(fon) — E(frn) < €} 21— N(H,€/(24M), Lo (px))2 exp (_ 287;;42> '

It is well known that [P,p.63]
N(V,,6,Lo(px)) < (1 +2MK/e€)".

Using this estimate and taking into account the choice of € = A(Iln m/m)% and n =
[/ ()] + 1 we get from Theorem 4.2 for A > Ay(M, K, )

(4.3) Prob.czm{E(f-v.) — E(f*) < A(lnm/m) T }

>1—exp(—c(M)A(m(In m)QT)leT).
Using (4.2) we obtain from here

(4.4) Prob.czm{E(fov,) — E(f,) < (1+ D?) A(lnm/m) 75}

> 1 — exp(—c(M)A(m(Inm)?>" ) 7777).
This completes the proof of Theorem 4.1.

We note that the estimator f, = f,y;, from Theorem 4.1 does not depend on px and
depends on the class W (n is chosen using ). We will formulate one result on construction
of universal estimators f, in a spirit of Theorem 2.6 from [DKPT]. For a given sequence
L ={L,}> satisfying (4.1) and for a given m we define an estimator f, by the formula

fz = fZ,Vk
with
k=arg min (£.(f.v,)+ Anlom/m).

1<n<m

Theorem 4.3. Assume that L satisfies (4.1) and p is such that |y| < M a.e. Then if for
some r € (0,1/2]

(4.5) d(fos Ln)ry(px) <Dn™", n=1,2,...,

then we have

(4.6) Prob.ezm{||fo — follLa(ox) < C(D)AY?(Inm/m) ™2}
>1—Cm~ A A > Ay(M,K).

The proof of this theorem is similar to the proof of Theorem 2.6 from [DKPT].

Proof. We will use the following result from [CS] (it is a direct corollary to Proposition 7
from [CS]).
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Lemma 4.1. Let H be a compact and convez subset of Lo (px). Assume that for all f € 'H,
f:X =Y issuch that |f(x) —y| < M a.e. Then for all € > 0 with probability at least

me

1= N(H, 288M2)

€
UM’ Loo(px)) exp(—

one has for all f € H

E(f) < 28.(f) + 2 = E(fn) + 2(E(fn) — E(fn))-
By Bernstein’s inequality (1.4) we have

(4.7) Probzezm{ max ( (fv,) —E.(fv,)) < A(lnm/m)l/Z}

> 1 — 2m (M)A

Applying Lemma 4.1 with H = V,,, e = Anlnm/m, f = f, v, and using that £(fv, ) > £(f,)
we get for n € [1,m], A > Ao(M, K)

E(fov,) <2(&:(f2v,) +Anlnm/m) — E(f,) + 2A(lnm/m)1/2

—c(M)A

with probality at least 1 — Cm . Therefore, for these z

(4.8)  E(f.) =&(fvi) < min 2(E (fzv)+An1nm/m)—S(fp)+2A(lnm/m)1/2.

née(l,m]

We estimate min,, ¢(1 ) 2(E.(f2,v;, ) +An Inm/m) by the value at n = n(r) := [(m/In m)Tl?r]—l—
1. We have

(4.9) Efe Vi) < E(Fvuy):
Similarly to (4.7) we get

(4.10) E(fvniry) < E(fvy) + Allnm/m)'/?
with probability > 1 — 2m—¢)4 Next,

(4.11) Efviy) —EF0) = vy = FollTa(on)

= d(fy, Lnr)? < Dn(r) ™" < D*(Inm/m) .
Combining the relations (4.8)—(4.11) we obtain

E(fz) —E(fp) < C(D)A(lnm/m)%
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with probability at least 1 — Cm )4 provided A > Ag(M, K).

We now proceed to the case where we impose weaker than (4.5) restrictions on the class
W. These new restrictions are in a style of nonlinear Kolmogorov widths used in [DKPT]
(see [T5]). Denote for a given a > 0 N,, := [n*"]. Let L, (a) be a collection of N,, n-

dimensional subspaces L., ... LV, Denote by L(a) the sequence {L,(a)}52;. Assume
that subspaces L/ have the following property: for any probability measure w on X one has
(4.12) ||P£Ug‘1HLoo(w)—>Loo(w) <K, j€[,N,], n=12,....

We note that as above

(fpv )Lz(Px) - pr pr (fp)”Lg(px)

and by (4.12) and ||f,|l_(px) < M (we assume |y| < M a.e.) we get
1P (o)l Locpx) < MK

Denote VJ := MKU (Lo (px)) N LY, and
U :=UNm V.
Consider
j(n) = arg | min d(fp, L) La(ox):
Then
fo, = Fyiom = sz(fi?(fp)
For a given data z = {(z;,y;)}, and a number n we define

fen = f2u, = arg }Ie“z}i E.(f) = arg <I§1ir}vn J{Ienvn E(f)-

Denote by V,, := V23 4 set such that
fszn = fzzvn .
The following theorem is a nonlinear analog of Theorem 4.1.

Theorem 4.4. Let p be such that |y| < M a.e. Assume that L(a) satisfies (4.12). For given
m, r >0, A> Ag(M, K,r,a) there exists an estimator f, such that for any p satisfying

1<mgjlv d(f,, L )Lz(px) <Dn™", n=1,2,...,

we have

Prob.czm{||fp = follLa(px) < C(D)Alm(lnm/m)#}
>1-— eXp(—C(M)A(m(ln m)QT) 1+2T )
The proof of this theorem is close to the proof of Theorem 4.1 and the proof of Theorem
2.4 from [DKPT]. We will not present it here. We only point out that we set
fz = fz,Un

with n:= [(m/(Aln m))le] + 1 and instead of Theorem 4.2 we use the following theorem
from [DKPT] (see Theorem D).
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Theorem 4.5. Let H be a compact subset of Loo(px). Assume that for all f € H, f: X —
Y is such that |f(z) —y| < M a.e. Then, for alle >0

Prob.cz {€(f21) — E(fr) < €} = 1= N(H, ¢/ (24M), Luo(px))2exp (_%)

under assumption E(fx) — E(f,) < Be.

As an example of subspaces L’ we may take the following subspaces of Lo, (w). Let
X be a compact subset of R%. Let P,, denote the set of all partitions of X into n disjoint
measurable (with regard to w) subsets. Let p; € Pp, j = 1,..., N,,. Define LY, as a subspace
of all functions that are piecewise constant on the partition p;. Then the property (4.1) is
satisfied with K = 1. Therefore, we can use the results of this section for such approximation
spaces.

5. ERROR ESTIMATES IN THE L, NORM

In this section we obtain error estimates in the L,-norm, 1 < p < co. We assume that
px is the Lebesgue measure and |y| < M a.e. We note that instead of assuming p = 1
in the arguments that follow it is sufficient to assume that u < C with absolute constant
C. Then we obtain the same results for f, instead of f,. Let € be a bounded domain in
R?. We assume for notational simplicity that the Lebesgue measure of €2 is 1 (otherwise
we renormalize the Lebesgue measure). Let I, (2, u) denote a continuous kernel defined on
2 x Q) with the following properties. Define

Jic,, (f) ::/Qf(u)lCn(x,u)du.

Assume that the operator Ji, is defined on the Lo (€2) and rank(Jx,) < n. Assume in
addition that

8y [ Tic 1L =L < Ki;

and for any = € Q)

(I11) / 1Ko (2, u))?du < Kan.
Q

We define an estimator for f, by the formula:

1 m
(5.1) f. = - ;ylen(:I:,:L’z)
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Then for the random variable {(y, u) := y/C,,(z, u) we obtain

BO) = [ Syt wdpx = [ 000w u)du= T, (7,)
Q Q
By property (III) we have for any x € Q
E(£%) < M*K3n.

Denote K(n) the closure in Lo, of the range of the operator Jx, . We note that for any u we
have IC,, (-, 1) € K(n). We assume that for each n there exists a set of points £*, ..., &N € Q
such that N(n) < n®¢ and for any f € K(n)

() [l < K5 max| £(69)]

By Bernstein’s inequality (1.4) for each &', 1 € [1, N(n)] we have

2
Prob.ezm {|Ji, (f,)(€) = f-(€") > €} < 2exp (‘ COT. R K3>n> |

Using (IV) we obtain

m€2
. m — < >1-— — .
52 Probuczn (I, ()~ fle < Koch 2 1= Nmp2es (o o)

We define the class W} (KC, D) as the set of f that satisfy the estimate:
If=Je, (Hll, <Dn™", n=1,2..., 1<p<oc.

Assume that f, € W; (K, D). We specify ¢ = A(ln m/m)™%  n = [e~'/"] + 1. Then (5.2)
implies for A > Ag(M, Ko, K3, Ky)

Prob.ezm {|[Jx, (fp) = flloo < KsA(lnm/m) ™7} > 1 —w(m, A)
and
Prob.czn{llfp = follp < (K5 + D)A(Inm/m) &2 } > 1 —w(m, A)
with w(m, A) := exp(—c(M, Ky, K3)A>*1/" Inm). We point out that we have obtained the

L, estimates for 1 < p < co. We formulate the result proved above as a theorem.
Theorem 5.1. Assume f, € W) (K, D) with some 1 < p < oo. Then the estimator f.
defined by (5.1) with n = [A_l/”(m/(lnm))ﬁ] + 1 provides for A > Ao(M, Ky, K3, K4)

Prob.czm{|f, — f:llp < (K5 + D)A(Inm/m) ™% } > 1 — exp(—c(M, Ky, K3) A" Inm).

We note that the estimator f, from Theorem 5.1 does not depend on p and depends on r
(the choice of n depends on 7). We proceed to construction of an estimator that is universal
for . We denote

W,lK] = {W} (K, D)}.
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Theorem 5.2. For a given collection W,[K]| there exists an estimator f, such that if f, €
Wy (K, D) with some r < R then for A > Ao(M, K2, K3, Ky)

Prob.czm{|f, — f:llp < C(R)(Ks + D)A(lnm/m) Tz } > 1 — m—¢(M K2, K3)A®

Proof. We define
Ao = K13 Ag i=Kos —Kgeer, s=1,2,...; Ag:=Jy..

Therefore, for s =1,2, ...
As = Jige —Kpaon = JIKas — Jk

2s—1"°

Using our assumption that f, € W, (K, D) we get for all s

(5.3) [As(fo)llp < K277

with K := (1 + 2%)D. We consider the following estimators
1 m
fs,z = E Z yi-As(ma xz)
i=1

Similarly to (5.2) with € = A((2°/m)Inm)'/? we get for all s € [0, logm)]

(5.4) 1As(f,) = foxlloo < K5A((2°/m)Inm)*/?

with probability at least 1 — m_C(M’K2’K3)A2, A > Aog(M, Ky, K3, K4). We now consider
only those z that satisfy (5.4). We build an estimator f, on the base of the sequence
(s 21 25™ Finst, if

(5.5) | fozllp < (KsA 4 K)((2°/m)Inm)Y2,  s=0,...,[logm],

then we set f, := 0. We have in this case

(5.6) 1 follp < D 1A (Fp) lp-
s=0
Therefore, for z satisfying (5.4) and (5.5) we get from (5.4)—(5.6), (5.3) that

I £,llp < C1(R)(K5 + D)AY " min(2° Inm/m)"/?,277%) < Co(R) (K5 + D) A(lnm/m) 57
s=0
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Second, if (5.5) is not satisfied then we let [ € [0,logm] be such that for s € (,1og m|

(5.7) 1 fszllp < (K5 A+ K)((2°/m) Inm)'/?
and
(5.8) 1 fizllp > (K5 A+ K)((2'/m)Inm)'/?.

We set n = 2! and
1 m
z = ilCn y L)
f m;y (z, ;)

Then by (5.4) we get from (5.8)
1AL (F)llp = E((2'/m) lum)*/2.
Therefore, by (5.3) with s = [ we obtain
2+ </ Inm.

Let [y be such that
9(lo—1)(1+427) < m/ Inm < 9lo(142r)

It is clear from the above two relations that I < ly. Then for z satisfying (5.4) and not
satisfying (5.5) we have

lo l
pr o fz”p < ||fp - J’C210 (fp)“p + Z ”AS(fp)”p + Z “AS(fp) - fs,z”p
5=0

s=Il+1

lo l
< D270+ 3" (2K5A+ K)((2°/m)Inm)'/? + > K5 A((2° /m) Inm)'/?
s=Il+1 s=0
< C(R)(Ks + D)A(Inm/m) 2"
Therefore, for z satisfying (5.4) we obtain

1o — fllp < C(R)(K5 + D)A(Inm/m) .

This completes the proof of Theorem 5.2.
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