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Abstract

Assuming that the solution ¢(z, t) of the nonlinear Schrédinger equation on the half-
line exists, it has been shown that ¢(z,¢) can be represented in terms of the solution
of a matrix Riemann-Hilbert (RH) problem formulated in the complex k-plane. The
jump matrix of this RH problem has explicit «, ¢ dependence and it is defined in terms
of the scalar functions {a(k),b(k), A(k), B(k)} referred to as spectral functions. The
functions a(k) and b(k) are defined in terms of go(x) = ¢(z,0), while the functions
A(k) and B(k) are defined in terms of go(t) = ¢(0,t) and ¢1(¢) = ¢(0,t). The spectral
functions are not independent but they satisfy an algebraic global relation. Here we
first prove that if there exist spectral functions satisfying this global relation, then the
function g(z,t) defined in terms of the above RH problem exists globally and solves the
nonlinear Schrédinger equation, and furthermore ¢(z,0) = qo(z), ¢(0,t) = go(t) and
qz(0,t) = g1(t). We then show that given appropriate initial and boundary conditions,
it is possible to construct such spectral functions through the solution of a nonlinear
Volterra integral equation whose solution exists globally. We also show that for a
particular class of boundary conditions it is possible to bypass this nonlinear equation
and to compute the spectral functions using only the algebraic manipulation of the
global relation; thus for this particular class of boundary conditions, which we call
linearizable, the problem on the half-line can be solved as effectively as the problem
on the line. An example of a linearizable boundary condition is ¢,(0,t) — pg(0,¢t) =0
where p is a real constant.



1 Introduction

A general method for solving boundary value problems for two dimensional linear and inte-
grable nonlinear PDE’s was announced in [1] and further developed in [2, 3]. For nonlinear
evolution equations on the half-line, the starting point of this method is the simultaneous
spectral analysis of the two eigenvalue equations defining the associated Lax pair. Under the
assumption of the existence of a solution ¢(z,t), this yields ¢(x,t) in terms of the solution of
a matrix Riemann-Hilbert (RH) problem formulated in the complex k-plane, where k is the
spectral parameter of the two eigenvalue equations. The jump matrix of this RH problem
has explicit x,t dependence and it is uniquely defined in terms of some functions of k called
the spectral functions. These functions can be expressed in terms of the boundary values
of ¢ and of its spatial derivatives. However, these boundary values are in general related
and only some of them can be prescribed as boundary conditions. The most difficult step
in the solution of boundary value problems is the determination of those spectral functions
which involve the unknown boundary values. This can be achieved using the fact that the
spectral functions satisfy in the complex k-plane a simple algebraic global relation. For linear
evolution equations this relation is linear and this step involves only algebraic manipulations
[4], however for nonlinear equations this relation is nonlinear.

In this paper we present the rigorous implementation of the method of [1]-[3] to the
nonlinear Schrodinger equation on the half-line. Furthermore, we identify a particular class
of boundary conditions for which the global relation can be analyzed using only algebraic
manipulations.

This paper is organized as follows: In § 2 we first review the general methodology in-
troduced in [1]-[3]. Namely we assume that there exists a solution ¢(z,t) with sufficient
smoothness and decay, and we indicate how this solution can be expressed through the so-
lution of a 2 x 2 matrix RH problem, which is uniquely characterized in terms of certain
spectral functions satisfying an appropriate global relation. In § 3 and § 4 we study rigor-
ously the RH problem: In § 3 we show that given initial data ¢(z,0) = go(x) and assuming
that there exists an admissible set of boundary values {go(t), g1(t)}, it is possible to define
an equivalent class of spectral functions. A set of boundary values is called admissible iff it
gives rise to spectral functions satisfying the global relation obtained in § 2. In § 4 we define
q(z,t) in terms of the solution of a matrix 2 x 2 RH problem uniquely characterized in terms
of the spectral functions defined in § 3. We then show that ¢(z,t) satisfies the nonlinear
Schrédinger equation, and furthermore g(x,0) = go(x), ¢(0,t) = go(t), ¢=(0,t) = ¢1(t). In§ 5
we show that given appropriate boundary conditions, the admissible set of boundary values
can be uniquely constructed in terms of the given initial and boundary conditions through
the solution of a nonlinear Volterra integral equation which can be solved globally. In § 6 we
show that for a particular class of boundary conditions it is possible to bypass this nonlinear
equation. These boundary conditions are determined by analyzing the transformations in
the complex k-plane which leave the global relation invariant. In § 7 we discuss further these
results.



2 The Exact 1-Form

The nonlinear Schrédinger equation
iq + Qee — 2A\|q)"¢ =0, X = =£1, (2.1)
admits the Lax pair [5] formulation [6]
pz +iklos, p) = Q(z, t)p, (2:2a)
pe + 2ik3[os, 1) = Q(z,t, k), (2.2b)
where o3 = diag(1, —1),

Q(%t):[w&t) Q(f;ﬂ, O, t.k) = 24Q — iQuos — NaPos.  (23)

Let 63 denote the commutator with respect to o3, then (exp 63) A can be computed easily:
g3A = |03, Al €73 A = e e, (2.4)

where A is a 2 X 2 matrix.
Equations (2.2a)—(2.2b) can be rewritten as

a (0T 1K) ) = W, ), (2:5)
where the exact 1-form W is defined by

W = ! ®e 262053 (0 da + Q). (2.6)

2.1 Bounded and Analytic Eigenfunctions
Let the equation (2.1) be valid for

O<z<oo, 0<t<T,

where T' < oo is a given positive constant; unless otherwise specified, we suppose that
T < oo. Assume that the function ¢(x,t) has sufficient smoothness and decay. A solution of
equation (2.5) is given by

@t 2 s
pi(x, t k) =1 —I—/ e ikt G (¢ 7 k), (2.7)

($* ,t* )

where [ is the 2 x 2 identity matrix, (z,,t.) is an arbitrary point in the domain 0 < £ < o0,
0 < 7 < T, and the integral is over a (piecewise) smooth curve from (z.,t.) to (x,t).
Since the 1-form W is exact, u, is independent of the path of integration. The analyticity
properties of u, with respect to k depend on the choice of (x,,t,). It was shown in [2] that
for a polygonal domain there exists a canonical way of choosing the points (., t.), namely
they are the corners of the associated polygon. Thus we define three different solutions pq,

3
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Figure 2.1: The solutions py, s and usz of (2.5)

a, 3, corresponding to (0,77, (0,0), (co,t), see Figure 2.1. Also we choose the particular
contours shown in Figure 2.1.
This choice implies the following inequalities on the contours,

pr:é—x <0, 7—t>0,
M2:£_$§07 T—tSO,
g & —x > 0.
The second column of the matrix equation (2.7) involves exp[i2(k(§ —x) +2k*(7—t))]. Using

the above inequalities it follows that this exponential is bounded in the following regions of
the complex k-plane:

pr:{Im k <0NIm k* > 0},
o {Im k< 0NIm k* <0},
ps :{Im k > 0}.

Thus the second column vectors of p1, po and ps are bounded and analytic for argk in
(m,37/2), (3w/2,2m) and (0, 1) respectively. We will denote these vectors with superscripts
(3), (4) and (12) to indicate that they are bounded and analytic in the third quadrant, fourth
quadrant and the upper half of the complex k-plane respectively. Similar conditions are valid
for the first column vectors, thus

(et k) = (1Y), ot k) = (80, 68") and st k) = (8, 55?). (2.8)

We note that the functions py and uy are entire functions of k. Equations (2.8) together
with the estimate .
uj(:p,t,k):I—I—O(E), k— oo, 7=1,2,3, (2.9)

4



imply that the functions p; are the fundamental eigenfunctions needed for the formulation
of a RH problem in the complex k-plane. The jump matrix of this RH problem is uniquely
defined in terms of the 2 x 2-matrix valued functions

s(k) = p3(0,0,k) and  S(k) = [**7up(0, T, k)] 7. (2.10)

This is a direct consequence of the fact that any two solutions of (2.7) are simply related,
Mg(l’,t, k) /‘LQ(:E 2 k) ilke+2k%0)s (anv k)v (211)
(@, 6, k) = oo, 4, K)o ’“*WW”[ 2311 (0, T, k) . (2.12)

The functions s(k) and S(k) follow from the evaluations at z = 0 and ¢ = T respectively of
the function us(x,0, k) and of p9(0, ¢, k) which satisfy the following linear integral equations:

pa(@,0,k) = I + /”” D (Qpuy) (€, 0, k) de, (2.13)
p2(0,t, k) =1+ /t 2R T3 (Quuy) (0, 7, k) d. (2.14)
0

It is also worth noticing that the matrix valued function S(k) can be alternatively defined
by the equation,
S(k) = 111(0,0, k),

which is more convenient in the case when T = oo.

2.2 The Spectral Functions

The fact that Q and Q) are traceless together with (2.9) imply det pi(x,t, k) =1forj=1,2,3.
Thus
det s(k) = det S(k) = 1. (2.15)

From the symmetry properties of Q and @Q it follows that

(M($> t, k))ll = (/L(l’, t, E)Q% (M($7 L, k))Ql = /\/i(l’, t, k)12>
and thus
s11(k) = spa(k), so1(k) = As1a(k), S1i(k) = Saa(k), Sor(k) = ASia(k).
We will use the following notation for s and S:
a(k)  b(k)
s(k) =] __ S(k) =
[ Ab(k) a(k )]
=1,2

2, and of ps(x, 0, k) imply that these functions have larger

A(R) B(k)

- (2.16)
AB(k) A(k)

The definitions of 11;(0,¢, k), j
domains of boundedness,

,ul(O,t,k):<( (0,4,k), 1 (om)) (2.17a)
,ug(O,t,k):<( (0,4,k), 1 (om)) (2.17b)
1o (2,0, k) = (u; (2,0, k), 1 (x, 0, k;)) (2.17¢)



The definitions of s S(k) and the notation (2.16) imply

(k).
[ E )>] W00k, | 2W

=01 k), (2.18)
where the vectors ugm(x, 0,k) and u(224)(0, t, k) satisfy the following ODEs:

A(k)

8m,ug (2,0, k)+2ik [1 O] (12)9001{:)
Q(x,O) ( ,0,k), 0<argk<m, 0<uz< o0,

lim ,u3 (x,0,k) {O} : (2.19)

r—00

and

(0.t k4 |l

=Q(0,t, k) (O t, k), argk € [r/2,7|U[37/2,27],0<t < T,

1$9(0,0, k) = m . (2.20)

The above definitions imply the following properties:

a(k), b(k)

a(k),b(k) are defined and analytic for argk € (0, 7).

la(R)|> = Alb(k)|* =1, keR.

a(k) =1+ 0(3), b(k) =0(3), k — oo. (2.21)

k

(k) 2 U m, &) I T = oo, the functions
A(k) and B(k) are defined and analytic in the quadrants argk € (0,%) U (m, 2F).
(F)

72

A(k) — AB(k)B(k) =1, keC (k€ RUIR, if T = o0).

41k T

A(k;):1+0(1)+0( 4’”) B(k) =0 (% )+0( ) k — . (2.22)

All of the above properties, except for the property that B(k) is bounded for argk €
[0, 7/2]U[m, 37/2], follow from the analyticity and boundedness of us(z, 0, k), u2(0,t, k), from
the conditions of unit determinant, and from the large k asymptotics of these elgenfunctlons
Regarding B(k) we note that B(k) = B(T, k), where B(t, k) = — exp(4ik*t )( (0 t, k:))
Equations (2.20) imply a linear Volterra integral equation for the vector exp(4ik*t)u g (0,1, k),
from which it immediately follows that B(t, k) is an entire function of k£ bounded for
argk € [0, 7/2] U [r, 3w /2].



2.3 The RH Problem
Equations (2.11) and (2.12) can be rewritten in the form

M_(z,t,k) = M, (z,t,k)J (2, t,k), k€RUIR, (2.23)

where the matrices M_, M, and J are defined as follows

(1) (2)
_ [ H (12) 7. _ [ H (12) T .
M+ - (ﬁ H3 ) 7argk S [07§]a M- = (% H3 ) 7argk S [5771-]7
@) @ (2.24)
My . (34) Ha 37 .
M = M(34)7—— ,argk‘E [ﬂ-v 3_]7 M- = K ) =0 >argk€ [_aQﬂ-];
' < * ) : " k) :
d(k) = a(k)A(k) — \b(k)B(k); (2.25)
(4, argk =0
J1, argh = 3
J(x, t, k) = (2.26)
Jo = JsJ Ny, argk=m
[ J3, argk = 37”;
with
L0 1 —y(k)e>" 1 —AD(k)e 20
Jl = 20 5 J4 = _ 20 K Jg = ( ) 3 (227)
C(k)e* 1 ANy (k)e* 1 — Mvy(k)] 0 1
b(k) AB(k) o
O(z,t, k) = kx +2k*; (k)= —%, keR;, T(k)=——~~, k€ RTURT. (2.28
(.flj, Y ) T _'_ Y ’7( ) EL(I{:)’ E ) ( ) a(k)d(k)’ e 2 ( )

The contour for this RH problem is depicted in Figure 2.2.

Remark 2.1. The function I'(k) is a meromorphic function in the upper half-plane (in the
second quadrant if 7' = o00).

The matrix M (z,t, k) defined by equations (2.24) is in general a meromorphic function
of kin C\ {RUiR}. The possible poles of M are generated by the zeros of a(k), of d(k),
and by the complex conjugate of these zeros.

Assume that:

™

1. a(k) has n simple zeros {k;}}, n = ni + ny, where argk; € (0,7), j = 1,...,ny;
argk; € (5,7),j =n1+1,...,n1 +ny.

2. d(k) has A simple zeros {);}§, where arg \; € (5,7), j =1,...,A.

3. None of the zeros of a(k) for argk € (5, ), coincides with a zero for d(k).



D, D,
J5 Jy
D, D,
‘]3

Figure 2.2: The contour for the RH problem

In order to evaluate the associate residues we introduce the following notation:

[A]; (resp. [A]>) denote the first (resp. second) column of A and a(k) = %.

The following formulae are valid:

P%?s (M(z,t, k), = mem(kﬂ')[M(x, t, ko, j=1,---,ny, (2.29a)
RIE?S (M (z,t, k)]s = me_m@)[M(x, t ki), j=1,---,ny, (2.29b)
R/\(;s (M (z,t,k)]; = %e%e“ﬂ[M(x, t, A2, j=1--- A, (2.29¢)
Res [M(a,t, k)l = #%e‘Qi@(j‘f)[M(:c, ), j=1-,A  (2.29d)
where 0(k;) = kjx + 2k3t. (2.30)

Remark 2.2. The column [u3(z, 0, k;)]2 is a nontrivial vector solution of (2.2a). Therefore,
a(k) and b(k) can not have common zeros and hence b(k;) # 0. Similar arguments together

with the third assumption above imply that B(A;) # 0.

In order to derive equation (2.29a) we note that the second column of equation (2.11) is
ns? = apy” + by e .

Recalling that ps is an entire function and evaluating this equation at k = k;, j = 1,...,ny,
we find
12 —2i0(k;) . (1
s (k) = blky)e > (k). (2:31)

where for simplicity of notation we have suppressed the x,t dependence. Thus

1 i0(k.) (12
8 y) e (k)

a(k;) a(k;)b(k;)

f%es [M]y



which is equation (2.29a), since uéu)(kj) = [M]s(k;).

In order to derive equation (2.29c) we note that the first column of equation M_ = M, Ji,
yields o
a,u§2) = dugl) + /\36229#&12).

Evaluating this equation at k£ = \; (each term has an analytic continuation into the second
quadrant) and using

Res (M), = 209 [agy, = 2

J d()))
we find equation (2.29¢).

Remark 2.3. By extending go(x) to the whole axis, go(x) = 0, z < 0, we can identify the
set {k;}1 of zeros of a(k) as the discrete spectrum of the Dirac operator associated with the
nonlinear Schrédinger equation considered on the whole axis (cf. [7]). If A = 1 this operator
is selfadjoint. This implies the emptiness of the set {k;}7 when A = 1. However, we do not
have a similar argument for the function d(k). Therefore, in order to ensure the solvability of
the Riemann-Hilbert problem in the defocusing case we shall assume that d(k) has no zeros
if A =1, see § 4. The asymptotic results presented in appendix B suggest that the solvability
condition does not hold in the defocusing case if d(k) has zeros. Thus we conjecture that
solitons do not exist for A = 1.

2.4 The Global Relation

We now show that the spectral functions are not independent but satisfy an important global
relation. Indeed, the integral of the 1-form W(x,t, k) around the boundary of the domain
{(§,7): 0 <& < o0, 0< 7 <t} vanishes. Let W be defined by (2.6) with u = p3. Then

0 t
/ ™7 (Qus)(€,0, k) d€ + /O AR (Qug) (0,7, k) dr

o0

T ko /0 " R (Qpug) (&, 1, k) de (2.32)

T—00

t
= lim e““”&?’/ 2103 Quug) (x, 7, k) d.
0

Using the definition of s(k) in (2.10) it follows from (2.13) that the first term of this equation
equals s(k) — I. Equation (2.11) evaluated at x = 0 gives

11500, 7, k) = p12(0, 7, k)e 2708 5(k),

thus o o
T (Qua) (0,7, k) = [e*M 77 (Qpua) (0, 7, k)]s (k);
this equation together with (2.14) imply that the second term of (2.32) equals

(#5193 150, 8, k) — T)s (k).



Hence assuming that ¢ has sufficient decay as x — oo equation (2.32) becomes

T+ S(t, k)" \s(k) + 208 / h o3 (Qus) (&, t, k) dé = 0, (2.33)
0

where the first and second columns of this equation are valid for argk in the lower and the
upper half of the complex k-plane respectively and S(¢, k) is defined by

S(t k) = 17 (0,8, k)] 7.

Letting ¢t = T" and noting that S(k) = S(T, k), equation (2.33) becomes
14 () s(h) + T [ (Qua) €, 7 de =
The (12) component of this equation is
B(k)a(k) — A(k)b(k) = ¥ Tet (k) argk € [0, 7],
() = [ e Qunale T b b 234

3 The Spectral Functions

The analysis of § 2 motivates the following definitions for the spectral functions.

Definition 3.1. (The spectral functions a(k) and b(k)).
Given qo(x) € S(RT), we define the map

S {a(@)} = {a(k), b(k)} (3.1)

as follows:

a(k) = ¢2(0,k), b(k) = p1(0, k), Im k>0, (3.2)

where the vector p(z, k) = (p1, )" is the unique solution of

p1, + 2ikpr = go(z)p2, (3.3a)
©a, = Ap(T)p1, Imk>0, 0<zx< o0, (3.3b)
lim ¢ = (0, 1)" (3.3¢)

The functions a and b are well defined. Indeed, equations (3.3) are equivalent to the
Volterra linear integral equation,

o1(x, k) = —/ e_%k(x_y)qo(y)wg(y, k)dy, Imk >0, (3.4a)

ooz, k) =1— )\/ do(y)e1(y, k)dy, Imk > 0. (3.4b)

10



The spectral functions a(k) and b(k) have the following properties:
Properties of a(k) and b(k)
(i) a(k) and b(k) are analytic for Im k& > 0 and continuous and bounded for Im £ > 0 .
(ii) a(k) =1+ 0(3), b(k) = O(3),k — oo.
(iii) |a(k)]> = Ap(k)[*=1, ke€R.
(iv) The map Q : {a(k),b(k)} — {qo(k)}, inverse to S, is defined as follows:

qo(x) = 2i klim (M@ (2, k)12, (3.5)

where M®(z, k) is the unique solution of the following RH problem:

MY (2, k), Im k<0,
o M9 (zk) = (3.6a)
MJ(:C)(:E, k), Imk >0,

is a sectionally meromorphic function.

o Mz, k) =MD (x, k)JD(x,k), keR, (3.6b)
where
1 . b(k) €f2ikz
() |- a(k)
JENx, k) = (k) i 1 (3.6¢)
a(k) |af?
1
o MW (x k)=1+ O(7), k— oo (3.6d)
e We assume that if A = —1, a(k) has n simple zeros {k;}7, n = ny + ng, where

argk; € (0,%), 7 =1,...,ny; argh; € (5,m), j =n1 + 1,...,n1 + no.

o If A\ = —1, the first column of Mf) has simple poles at k = k;, 7 = 1,...,n and

the second column of M has simple poles at k = ]_Cj, where {k;}} are the simple
zeros of a(k), Im k > 0. The associated residues are given by

es [M@ (2. k)|, = ﬂ @) (2, k)]s,
Res [M@ (z, k)] = M%W M@ (g, Ej 1- 3.6e
s V190 s = s ) (3.6¢)
(v) We have
S =Q. (3.7)



Proof. (i)—(iii) follow from the definition; the derivation of (iv), (v) is given in the Ap-
pendix A. ]

Remark 3.2. The properties of a(k) and b(k) imply that a(k) can be expressed in terms of
b(k). Indeed, if a(k) # 0, for Im k > 0, then

- 1 o dR
a(k‘)—exp{Qm/Ooln(1+/\|b(k)| )k:’—k‘ , Im#k>0.

Also, the upper-half plane analyticity of b(k) implies that
M@:/1R@JW&
0

where b(s) is a complex valued function of Schwartz type on Rt (if the same behavior is
assumed for go(x)). Thus, if a(k) # 0, the maps S and Q define the bijection

qo(z) +— b(k) . (3.8)

If A= —1 and a(k) has zeros, the equation for a(k) must be replaced by

<

k—k; 1 [ dk’
k) = — — In(1 4+ Ab(k")|? Im k
o) = T[T = o5 [ mO+ P12 b k>,

j=1 -
and a discrete component, {k;}, must be added to the right hand side of (3.8).

Definition 3.3. (The spectral functions A(k) and B(k))
Let

B 0 g@®)| | 0 () : 2 B
CXuk)_2k[M%@) 0] —z[Mﬁ@) (]log—zAwdﬂ\a% =2l (3.9)

Let go(t) and g1(t) be smooth functions. The map

St {g0(t), 1(1)} = {A(k), B(k)} (3.10)

is defined as follows:
_e—4z'k2TB(k)

A(k)
where the vector ®(t, k) = (®1, Py)" is the unique solution of

— o(T,k), keC, (3.11)

Oy, + 4ik’ Py = Q1 Py + Q1a®s, (3.12a)
0y, = QP + Qudy, 0<t<T, keC, (3.12b)
(0, k) = (0,1)". (3.12¢)

12



The functions A(k) and B(k) are well defined, since equations (3.12) are equivalent to
the linear Volterra integral equations

Py (t, k) = / 6_4%2“_7)(@11@1 + Qu2®2) (7, k)dr, (3.13a)
0
Dy(t, k) =1 +/ (@21@1 + qub)(ﬂ k)dr. (3.13b)
0

If T'= oo, we assume that the functions go(t) and ¢;(¢) belong to S(R), and we use the
alternative, based on the solution p;(0,¢, k), definition of the spectral functions A(k) and
B(k). In other words, we put

B(k)
A(k)

®(0,k), Im k>0,

where the vector ®(t, k) = (®;, ,)! is the unique solution of
Dy, + 4ik*D) = Q1 Py + Q12P,,
0y, = QP + Qudy, >0, Imk* >0,
lim ®(t, k) = (0,1)".

In the case T' < oo, this definition is equivalent to (3.11). Note also, that the functions
4 (t, k) and Pq(t, k) satisfy the system of linear Volterra integral equations,

Oy (t, k) = —/ 6_4ik2(t_T)(Q11&’1 + Qmi’Q)(T, k)dr,

t

Dy(t, k) =1 —/ (Qa1P1 + Qo2®y) (7, k)dr.
t
Therefore, in the case T' = oo the spectral functions A(k) and B(k) are well defined and
analytic for argk € [0, 2] U [r, 2] only.
The spectral functions A(k) and B(k) have the following properties:
Properties of A(k) and B(k)

(i) A(k), B(k) are entire functions bounded for argk € [0,2] U [r, 2] If T = oo, the
functions A(k) and B(k) are defined only for & in these quadrants.

(i) A(k)=1+0 <%) +0 <€4H:T> , B(k)=0 (%) +0 <€4ZZQT> NS

(iii) A(k)A(k) —AB(k)B(k) =1, ke C (k€ RUIR,if T = c0).

13



(iv) The map Q : {A(k), B(k)} — {go(t), g1 (t)}, inverse to S, is defined as follows:

g0(t) = 2i lim (kMO(t, k)2,

g1(t) = Jim |4(K2MO, k)>12 + 2igo(t)k (MO 1, k))zj ,

k—o0

where M®(t, k) is the unique solution of the following RH problem:

MY (t, k), argh € [0,%]U [r, ]

° M(t)(t,k’): ® .
MO k), argh e [Z, 4] U [, 21,

is a sectionally meromorphic function.

o MYt k)=MDt,k)JOt k), keRUIR,

where
1 _& —4ik3t
(t) _ A(k)
JUt k) = AB(K) 4ik?t 1
A(k) A(k)A(k)

o MYt k)=I+0 ) k — oo.

e We assume that A(k) has N simple zeros {K;}', arg K; € (0,%) U (,

first column of M ®)

(3.14)

(3.15a)

(3.15b)

(3.15¢)

(3.15d)

7). The
t, k) has simple poles at k = K, j =1, ..., N, and the second

(,
column of MY (t,k) has simple poles at k = K, where {K;}" are the simple
zeros of A(k), argk € (0,Z) U (m,2). The assomated residues are given by

0 _ _exPMERY Ly 1.
A K2
Res MOt 1], = ~oPEAE 3o, K j=1,--,N.
J A(K;)B(K;)
(v) We have
S'=0Q.

(3.15¢)

(3.16)

Proof. (i)—(iii) follow from the definition; the derivation of (iv), (v) is given in the Ap-

pendix A.

O

Remark 3.4. The properties of A(k) and B(k) imply that A(k) can be expressed in terms

of B(k). Indeed, if A(k) # 0, then

A(k) = HZ g exp{2;/1n(1+AB(k)B(kf))k,df/k},

7j=1
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for argk € (0, %) U (, 37”), where the contour £ is the union of the real and the imaginary

axis with the orientation shown in Figure 2.2. Also,
B(+k) :/ Bi(s)e**ds, argh € [0, g]
0

Thus, the maps S and @ define the bijection

{90(t), 1 (t)} «— {B(k), K1, ..., Kn, N < 00}, (3.17)

The global relation suggests the following notion of an admissible set of boundary values.

Definition 3.5. (An admissible set of functions)

Given qo(z) € S(RT) define a(k) and b(k) according to Definition 3.1. Suppose that there
exist smooth functions go(t) and g(t), such that :

(1) The associated A(k), B(k) defined according to Definition 3.3 satisfy the relation
a(k)B(k) — b(k)A(k) = e***Tct(k), argk € [0,7], (3.18)

where ¢t (k) is analytic for Im k > 0 and continuous and bounded for Im k > 0 and

1
ct(k)=0 (E)’ k — oo.
(73) The functions q(0,t) = go(t), ¢.(0,t) = ¢1(t) and q(x,0) = qo(x) are compatible with
the NLS equation at x =t =0, i.e., they satisfy

90(0) = qo(0), g1(0) = g5(0), 4g5(0) + ¢4 (0) — 2A(Ig0l*q0) (0) = 0,
ig1(0) + ¢o'(0) — 2X(lqo[?q0)'(0) = 0,

(The ezxact number of conditions depends on the reqularity of the solution that is to be con-
structed using go and g,.) Then we call {go(t),g1(t)} an admissible set of functions with
respect to qo(z).

Remark 3.6. If T = oo, then the functions go(t) and g¢;(¢) are assumed to belong in S(R;),
and the global relation (3.18) transforms into *.

a(k)B(k) — b(k)A(k) =0, argh € [o, g} . (3.19)

'We note that this condition is similar to the restrictions on the scattering data that appears in the
boundary problem for the elliptic version of the sine-Gordon equation [8]
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4 The Riemann-Hilbert Problem

Theorem 4.1. Let go(z) € S(RT). Suppose that the set of functions go(t) and g¢i(t) are
admissible with respect to qo(x), see Definition 3.5. Define the spectral functions a(k), b(k),
A(k) and B(k), in terms of qo(x), go(t), ¢1(t) according to Definitions 3.1 and 3.3. Assume
that:

(1) If X\ = =1, a(k) has at most n simple zeros {k;}7, n = ny + ng, where argk; € (0,%),
j: ]-7 y 5 argkj S (%777-)7 .] :n1+]—7"' ;1 + Na.

(i1) If X\ = —1, the function d(k) (cf. (2.25)) has at most A simple zeros {\;}1, where
m .
arg\; € (5,7r), j=1,.. A

If A =1, the function d(k) has no zeros in the second quadrant.
(it1) Nome of the zeros of a(k) for argk € (5, m), coincides with a zero of d(k).
Define M(x,t, k) as the solution of the following 2 x 2 matriz RH problem:
o M is sectionally meromorphic in k € C\ {RUiR}.

o The first column of M has simple poles at k;, j = 1,..,n1 and X\;, j = 1,..A; the
second column of M has simple poles at k;, j = 1,...,n and \;, j = 1,...,A. The
associated residues satisfy the relations in (2.29).

o M satisfies the jump condition
M_(z,t, k) = M (z,t,k)J(x,t, k), keRUIR, (4.1)

where M is M_ for argk € [Z, 7| U [, 2x], M is M for argk € [0,Z] U [r, 2], and

J is defined in terms of a, b, A and B by equations (2.25)—(2.28), see Figure 2.2.
e At 0o we have

M(z,t,k) = +0 (%) k- oo, (4.2)

Then M(x,t, k) exists and is unique.
Define q(x,t) in terms of M(x,t, k) by

q(x,t) = 2i lim (kM (z,t,k))

k—o00

Lo (4.3)
Then q(z,t) solves the NLS equation (2.1). Furthermore,

q(2,0) = qo(x), q(0,t) = go(t) and q.(0,t) = gi(t).
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Proof. If A = 1 the function a(k) # 0 for Im k£ > 0 (see Remark 2.3), and by assumption
d(k) # 0 for argk € (3,7). In this case the unique solvability of the RH problem is a
consequence of the existence of a “vanishing lemma”, i.e. the RH obtained from the above
RH by replacing (4.2) with M = O(), k — 00, has only the trivial solution. The vanishing
lemma can be established using the symmetry properties of J, see [9]. If A = —1, a(k)
and d(k) can have zeros; this “singular” RH problem can be mapped to a “regular” RH
problem (i.e. to a RH problem for holomorphic functions) coupled with a system of algebraic
equations, see [9]. The unique solvability of the relevant algebraic equations and the proof

of the associated vanishing lemma are based on the symmetry properties of J, see [9].

Proof that q(x,t) solves the NLS.

It is straightforward to prove that if M solves the above RH problem and if ¢(z,t) is
defined by (4.4) then ¢(z,t) solves the NLS equation. This proof is based on ideas from the
dressing method, see [10].

Proof that q(x,0) = qo(x).
Define M@ (z, k) by:

T 3

M® = M(z,0,k), arg k € [0, ] U [, 27]; (4.4a)
M@ — M(x,O,k)J{l(x,O,k), argk € [g,ﬂ']; (4.4b)
M@ = M(x,0,k)J5(x,0,k), argk € [n, %ﬂ]' (4.4c)

We first discuss the case that the sets {k;} and {)\;} are empty. The function M@ is
sectionally meromorphic in C \ R. Furthermore,

MYz, k) = MY (2, k)J@ (2, k), kR,

1
M@)(x,k)zuo(—), k — oo,

where J®) (1) is defined in (3.6c). Thus according to (3.5),

Qo) = 2i khjlc}o (M@ (2, k))1a. (4.5)

Comparing this equation with equation (4.3) evaluated at t = 0, we conclude that go(x) =
q(z,0).

We now discuss the case that the sets {k;} and {);} are not empty. The first column of
M (z,t,k) has poles at {k;}]" for argk € (0,%), and has poles at {\;}} for argk € (%, 7).
On the other hand the first column of M®(z, k) should have poles at {k;}7, n = n, + n,.
We will now show that the transformations defined by (4.4) map the former poles to the
latter ones. Since M@ = M(x,0,k) for argk € [0,%], M@ has poles at {k;}}* with the
correct residue condition. Letting M = (M;, Ms), equation (4.4b) can be written as

M(x)(xa k) = (Ml(xaoa k) - F<k>€2ikxM2(xaoa k>7M2(x707 k))
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The residue condition at A; implies that M @) has no poles at Aj; on the other hand this
equation shows that M(® has poles at {k;}" 11 Wwith residues given by

%QS [M(z) (.I', k)]l - %es F(k>€21k]x[M(x) (33', kj)b’ j =n + 17 L2

which using the definition of (k) (and the equation d(k;) = —Ab(k;)B(k;)) becomes the
residue condition of (3.6e). Similar considerations apply to k; and A;.
Proof that q(0,t) = go(t) and q,(0,t) = g1(¢).

Let MW (z,t,k), -+, MW (x,t, k) denote M(z,t, k) for argk € [0, Z], -+, [3F, 27]. Recall
that M satisfies

M® = MO, M® = MO,

(4.6)
MW = MOy, MWD = MOJy (Jy=JsJ )
on the respective parts of the contour £ =R U iR (cf. Figure 2.2).
Let M® (¢, k) be defined by
MO (¢, k) = M(0,t, k)G(t, k), (4.7)

where G is given by G, ... G@W for argk € [0, 5l ,[37”,27T]. Suppose we can find
matrices G and G® holomorphic for Im & > 0 (and continuous for Im & > 0), matrices
G® and G™ holomorphic for Im k < 0 (and continuous for Im k& < 0), which tend to I as

k — oo, and which satisfy

Ji(0,t, k)G (t, k) = GO, k)JO(t, k), keiR", (4.8a)
J3(0,t, k)G (t, k) = GO(t, k) JO(t, k), kiR, (4.8b)
Jo(0,t, k)G (t, k) = GO (L, k)JO(t, k), keRT, (4.8¢)

where J® (¢, k) is the jump matrix in (3.15¢c). Then the equations in (4.8) yield
Jo(0,t, k)G (t, k) = GOt k)JV(t, k), keR™,

and equations (4.6) and (4.7) imply that M® satisfies the RH problem defined in (3.15). If
the sets {k;} and {\;} are empty, this immediately yields the desired result.
We will show that such GV) matrices are:

[a(k)  + 4ik?(T—t) A(k)
c(k)e = 0
qo — [4® " GW = o)
A(k) ’ T 4ik2(T—t)  a(k)
| 0 %) At (k)e= 4k (T=1) A((/}))
i —b(k)e— 4kt L 0
co _ |10 TG | W . (4.9)
0 1 ’ —Xb(k) 4ik2t d(k
i d(k) Ak) © (k)
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We first verify (4.8a): The (12) element is proportional to the global relation; the (21) and
(22) elements are satisfied identically. The (11) element is satisfied iff

d=—+—c"e

R (4.10)

Using AA — ABB =1, we find

a _ — a — — a )\B
d= ZAA — AbB = Z(l + ABB) — \bB = a1t 7(&3 —bA),
which equals the rhs of equation (4.10) in view of the global relation (3.18).

The equation (4.8b) follows from the first one and the symmetry relations,

GHY(k) = 0nGO(k)oy, GI(k) = 0xGO(k)oyr, J3(k) = orJi (K)o,

where

012{(1] (1]] if A=1

o9 = B BZ} if A\=-—1

The third equation (4.8c) can be verified in a way similar to (4.8a). In fact, in this case
one has to use all three basic algebraic identities which hold on the real axis, i.e. both
the determinant relations, |a|*> — A[b|*> = 1 and |A|*> — A\|B|?> = 1, and the global relation,
a(k)B(k) — b(k)A(k) = ¢t (k)e* T

Remark 4.2. In the case T = oo, the matrices GY)(¢, k) are defined and analytic only
in the respective quadrants of the complex plane k. Moreover, the global relation holds
only in the first quadrant (see (3.19)). Therefore, one can not use (4.8) to establish the
relation J4(0,t, k)GP (¢, k) = GO(t,k)JD(t, k), k < 0. The latter, however, can be verified
independently, with the use of the determinant relations.

O\ =

We now consider the case that the sets {k;} and {\;} are not empty.
(a) argk € (0,%)
Let M = (M, Ms), then equations (4.7) and (4.9) imply

MO (t, k) = (%Ml(o, t k), T (k)™ TONL(0, ¢, k) + %MQ(O, t, k)) :

Suppose that ko € {k;}}* and ko ¢ {K;}", where {K;}1" denotes the set of zeros of
A(k) in the first quadrant. Then, M® (¢, k) does not have a pole at ky. Indeed,

- A
Res [M(t) (t, k’)]g = C+(k0)€4ZkO(T_t) Res Ml(O, t, k’) + - (k()) MQ(O, t, l{?())
ko ko a(k‘o)
Using
My (0, ¢, ko)e™ 5!
a(ko)b(ko)

Res M;(0,t, k) =
ko
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we find
P%SS [M(t) (t, k)]g = % <C+(k0)e4ik(2)T + b(ko)A(ko)) .

From the global relation, the term in the parentheses equals a(ko)B(ko), hence

Res (MO (t, k)], = 0.
0

Suppose that Ky € {K;}"* and Ky ¢ {k;}1*. Then, [M® (¢, k)]; has a pole at Ky. In
order to compute the associated residues we note that

Res [MO(1, k)], = Z((f;;)) M0, ).

Using the definition of the second column of M® evaluated at k = K

e4z‘K§t[M(t) (t, KO)]Q

C+(KO>€42‘K§T ’

Ml(07 t7 KO) =

and the global relation evaluated at & = K,
a(Ko)B(Ko) = ¢t (Ko)e'™o,

we find e "
S M® (¢, K
Res [MY(t, k)], = ¢ [ (t, 0)]2,
Ko A(Ko) B(Ko)
which is the residue condition in (3.15¢). (Note that since K is not a common zero for a(k)
and A(k), the inequality, ¢ (Kjy) # 0, holds.)
Suppose now that kg = Ky is a common (simple) zero of the functions a(k) and A(k).
Then necessarily

ko) =0, (4.11)

and the second column of M® (¢, k) does not have pole at k. The first column has a pole
at kg = Ky, and for the residue condition we have,
eAiK Gt

PI{(eos (MO, k)], = Z((];(OO)) P}(&(})s M;(0,t, k) = m]\@(o,t, Ko). (4.12)

Using, as before, the definition of the second column of M® evaluated at k = K, we obtain
the equation,

4 A(K,
MO (k)]s = ¢t () e KT Res M (0,t,k) + ( 0>M2(0,t, Ko)

a(Ko)
= M0, 4, Ky (12((2’)) + é;(([l((oo))be(;(;) ) M0, Ko)f((l?)), (4.13)
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where in the last step we have used the equation
¢ (Ko)e ST = a(Ko) B(Ky) — A(Ko)b(Ko),

which follows from the global relation and from equation (4.11). In virtue of (4.13), equation
(4.12) can be rewritten as

4iK 2t

Res [MY(t, k)], = — ‘
Ko

- t)
Ao iy M (b Kol

which again reproduces the residue condition in (3.15¢).
We note that the last arguments, further simplified by c'*(KO)e‘”KgT — 0, are precisely
the ones we need in the case 7" = oo, when the global relation takes the form (3.19) so that

{k3it = {E0"
(b) argk € (5,m)
Equations (4.7) and (4.9) imply

M® (t, k) = (d(/{?)M1(O, t, k), —%6—4%%]\@(0, t, k) + %) .

Suppose that Ao € {\;}1 and Ao ¢ {K;}N, ., where {K;}X, ,; denotes the set of zeros of
A(k) in the third quadrant. Then, M® (¢, k) does not have a pole at \g. Indeed,

(M) _six: My(0, 2, A
Res [M"W(t, k)]s = (_ 0)6_4’)‘0t Res M;(0,t, k) + M_
0 A() Ao (o)
Using
AB O\ )Xt )\ £\
Res Ml(oata k) = ( 0)6 ° : 2(07 ’ 0)7 (414)
0 a(Ao)d(Ao)

and taking into account that under the assumption on Ay,

AB(Xo) _ ANo)

100 =0 o)~ W)’

it follows that R}\QS (MO (t, k)], = 0.

Suppose that Ko € {K;}¥ ,; and Ko ¢ {\;}). Then, [M® (¢, k)], has a pole at K. In
order to compute the associated residues we note that

—b(Ko)

A(Ko)

6_4ikgtM1 (0, t, [_{0)

Res [M(t) (t, k)]s =
Ko

Using the definition of the first column of M ®) at k = Ky and recalling that d(K,) =
—AB(Kp)b(Kjp) (and hence, in particular, B(Ky)b(Ky) # 0), we find

[MO(t, Ko)ly = =AB(Ko)b(Ko) M (0, ¢, Ko).
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Thus

Res [M(t) (t, k)]s =
Ko

which is the residue condition in (3.15e).

Suppose now that \g = Kj is a common (simple) zero of the functions d(k) and A(k).
Then necessarily

b()\o) - O,
and for the residue of [M® (¢, k)], at K, we have,

—b(K, M,y(0,t, K,
Res [MD(t, k)], = Me*‘“f%t Res M, (0,t,k) + Ma(0.1, o)
Ko A(KO) Ko d(KO)
1 _
= My(0,t, Ky), (4.15)
A(Ko)a(Ko)

where we have used the residue condition (4.14) for M;(0,¢, k) at A\ = Ko and the equation,

d(Ko) = A(KO)G(KO) - )‘B(Ko)b(KO)'

Using the definition of the first column of M® at k = K, and the residue equation (4.14)
one more time, we conclude that

a(Ko)
B(Ko)

My (0,1, Ko) = A e RS M WG (8, Ky,

which together with (4.15) yield again the residue condition in (3.15e).
Similar considerations are valid for argk € [37”, 27r] and argk € [r, 37”] Alternatively, one

can use the symmetry relations generated by the anti - involution k +— k. O

Let 0 < T, < T. Since the solution of the NLS equation for 0 < ¢ < T, depend only on
the boundary data between 0 < t < T, the RH problems corresponding to 7, and 7" must
be related. This is confirmed by the following proposition.

Proposition 4.3. Let A(T.,k), B(T. k) be defined by (3.11) with T replaced by T, < T,
Ji(x,t, k) and Js(x,t k) denote the jump matrices obtained from (2.27) by replacing A(k)
and B(k) with A(T,, k) and B(T,, k), and Jy = JsJ;*Jy. Let M(z,t,k) satisfy a RH problem
defined by (4.1) but with jump matrices Jv, Jo, J5 and Jy. Then for0 <t < T, the restrictions
of M(z,t,k) and M(x,t,k) to the four quadrants (cf. Figure 2.2) satisfy

Ml == Mla M4 - M4, MQ - sz;ljl, M3 == nggjgl. (416)
Proof. Using equation (4.16) it is straightforward to verify that the jump condition for M,
i.e., equation (4.1) yields similar jump condition for M with Jy, Ja, Js replaced by Ji, J, and

J3. Assuming the solitonless case it remains to show that the functions J;° LJ; and J3Jy Lare
analytic and bounded for argk € (5, 7) and argk € (, 37”), respectively, and that both tend
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to the identity matrix as k — oco. We will show this fact for the function j3J3_ ! the proof
for J;1J; follows from symmetry considerations.

The diagonal elements of J3.J; ! are 1, its (21) element is 0, and its (12) element equals
B(k)A(T*,k) - A(k)B(T*,k) —44k2T, | —2ikx+4ik? (T —t)

A L))e 20 — 0 e e ]
AT (k) — T(T,. k)) 5 TR ;o (417)

where the rhs of this equation follows from the lhs using the definitions of I'(k), of T'(7%, k),
and the notation

d(T,., k) = a(k)A(T,, k) — \b(k)B(T., k).
The definition of A(T, k) and B(T,, k) implies that they have the same properties as A(k),

B(k), where T is replaced by T in the second property. Thus since d(k) is bounded and

analytic for k& € D3 the same is true for d(7%, k). Also, the definition of A(T,, k) and B(T., k)
implies that

[B(k)A(T., k) — B(T\, k)A(k)] o~ 4k T
= @y(T, 1)1 (T, k) = @1 (T, k) D(T, K™ T (418)

|

We will show that the r.h.s. of equation (4.18) is bounded and analytic for & € Dy U Ds,
and that it goes to zero as k — oo, k € D; U Ds. This result together with the fact that
exp|—2ikx + 4ik*(T, — t)] is bounded for k € D3 imply that the r.h.s. of equation (4.17) is
bounded and analytic for k € D3, and it goes to zero as k — oo, k € Ds.

In order to prove that the r.h.s. of (4.18) is bounded and analytic for £ € D; U D3 we
introduce the notations

X1(t, k) = @o(T, k) D1 (t, k) — (T, k)Pt l;:)e4ik2(T’t)’

Ya(t, k) = Oo(T, k) Do (t, k) — AP (T, k)P4 (t, k)e*™ T, (4.19)

We will prove that the functions y; and y» satisfy the following system of linear integral
equations

T
xi(t k) = _/ [Qu (7, k)x1 (7, k) + Qua(7, k) xa(7, k)| 4% =0 g7,

T
Xg(t, k?) =1- / [QQQ(T, k?)XQ(T, k?) + le (T, k?))(l (T, k?)} dT, (420)
t
where Qij denote, as usual, the entries of the matrix Q(t, k). Indeed, the symmetry properties

of Q(t, k) imply that if the vector ®(¢,k) with the two components ®; and ¥, satisfies

_ .\t
equation (3.12), then the vector </\¢)2(t, k), ®q(t, k:)) e 4kt also satisfies the same equation.

Hence the vector x(¢,k) with the two components x; and x, defined by equations (4.19)
satisfies equation (3.12). Furthermore,

X1(T, k) = @y (k)®y (k) — 1 (k)Po(k) = 0,
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X2(T, k) = $o(k) Py (k) — APy (k)Pq (k) = 1.
The unique solution of equation (3.12) with the boundary condition {x; (7, k) = 0, xo(T, k) =
1} satisfies equations (4.20).

Equations (4.20) imply that x; (¢, k) is bounded and analytic for & € D; U Dj, and that
it goes to zero as k — oo, k € D; U Dy uniformly for all 0 < ¢t < T. Since the r.h.s. of
equation (4.18) equals x1(Ty, k), T < T, it follows that the r.h.s. of equation (4.18) is also
bounded and analytic for k& € DU Ds, and that it goes to zero ask — oo, k€ D;UDs. O

5 Construction of Admissible Sets of Functions

For simplicity we consider the special case where gy = 0 and a function gy € C*°([0,T]) is
given such that
dgo
dtt
We will show that there exists a unique g; € C*([0,7]) such that {go, ¢} is an admissible

set of functions with respect to qp.
Since ¢op = 0, we have a(k) = 1 and b(k) = 0 for all k£ € C. It follows from (3.9)—(3.11)
that in this case the global relation (3.18) is reduced to

0)=0 for £=0,1,2,.... (5.1)

O,(T, k) = —c*(k), (5.2)

where the function ®, is determined by

(I)l,t + 42k2q)1 = —2)\|g0(t>|2q)1 + (2/€g0(t) -+ Zgl (t))q)z, (53&)
©,(0,k) = 0, Bs(0, k) = 1. (5.3¢)

Substituting

t t
d; = exp < — i/\/ |go(s)|2ds)¢)1 and @y =exp <2/\/ |go(s)|2ds) D, (5.4)
0 0

into (5.3), we find

Dy + 4ik>Dy = 2k fo(t) + if1 ()] Dy, (5.5a)
by = A2k fo(1) — i fr(1)]1, (5.5b)
$1(0,k) =0, ®o(0,k) = 1, (5.5¢)
where
olt) = golt) exp (20 /0 90(s)[?ds). (5.6a)
A(O = au(trexp (21 [ lan(o) ) (5.60)
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We can rewrite (5.5) into a system of integral equations:

Dy (t, k) = / t e~ R fo () + i f1 ()] Do (¢, k) dE (5.7a)
Dyt k) =1+ /t/\[Zk:fo(t’) —ifi ()] @4 (', k) dt'. (5.7b)

It follows easily from (5.7) that @, (¢, k) (and hence ®;(t, k)) is bounded and analytic for k
in the second quadrant and it decays at the order of (1/k) as k — oo. Therefore the only
condition imposed by the global relation (5.2) is for k£ in the first quadrant.

Now we let B B
ot k) = "™ 1Dy (¢, k) and  P(t k) = e"F I Dy(t, k), (5.8)
and transform (5.7) into
o(t, k) :/ 12k fo(t") + i fr ()]0 (t', k) dt’, (5.9a)
0
Wit k) = e / t RNk fo(t) — ify ()]0t k) dt. (5.9b)
0

From (5.2), (5.4) and (5.8), we can write the global relation as
O(T, k) = e Te, (k). (5.10)

where ¢; (k) is bounded and analytic in the first quadrant, and it decays at the order of (1/k)
as k — 00. So the analysis of the global relation involves exactly the equations (5.9) and
(5.10), where fo € C*(]0,T]) (which vanishes to all orders at 0) is given and f; (equivalently
g1) is the unknown to be constructed.

We define the Sobolev space

Hi = {v e H™(0,T) : v(0) = /(0) = --- = v Y(0) = 0}
and assume at first that
g1 (equivalently f1) € Hp,(0,T) = {v e H'(0,T): v(0) = 0}. (5.11)

Note that the Poincaré inequality

max lg(0)] < 19(0)| + VTNg ey Vo € H'(e,) (5.12)
implies that
max [g(0)] < VT o Vg€ H0.7). (5.13)

By eliminating ¢ from (5.9) we have

O =L F(k, g0, (5.14)
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where the operator F(k, g;) is given by

F(k,g) = /O N R2K fo(t) — i fr ()] [ /0 2k fo(s) + ifi(s)](s, k) ds| dt’, (5.15)

and fi is given by (5.6b).

Let @ ={k € C: Rek > 0,Imk > 0} be the first quadrant of the complex plane and
R, = (—00,—1) U(1,00). The proofs of the following lemmas on the solution of (5.14) can
be found in Appendix C.

Lemma 5.1. Under the condition (5.11), the integral equation (5.14) has a unique solution
in C([0,T]) for each k € Q (the closure of Q), ¥(t, k) is bounded on [0,T] x Q and the
map k — (-, k) is analytic in Q and continuous on Q. Moreover, the map g — 1 from
H{,(0,T) into C([0,T] x Q) is locally Lipschitz continuous.

Remark 5.2. More precisely, a map M from the normed linear space X to the normed
linear space Y is locally Lipschitz continuous if

[M(z1) = M(22)lly < B(llaallx, [2allx)|l2r — 22llx Va2 € X, (5.16)
where the function B(-,-) : X x X — R is continuous.

Lemma 5.3. Under condition (5.11), we have the following asymptotic expansion for i) :

Y(t k) = ikt (Xo(t) + Xlkft) + Xz(f) + ng) + ngf) > + (k) (5.17)
for k € Q and |k| > 1, where
Xo = e AMslo@lds -y v, e H2(0,T) N HL(0,T), va, x4 € HL(0,T), (5.18)
Galt k) = O (%) | (5.19)
and
the map t — 1u(t,\/€) Dbelongs to C([0,T], La(R,, |£[%dE)). (5.20)

Here k = /€ is the inverse of £ = k? for k € Q.
We will denote by )4 the map in C([0,T7], Lo(R,, |£[3d€)) defined by

[Da(D](€) = va(t, V). (5.21)

Given g; € H},(0,T), we define the maps Ey, Ey : H},(0,T) — H?*(0,T) by

Ei(g1) =x1 and Ex(g1) = xz,
the maps F3, E, : H},(0,T) — H'(0,T) by

E3(g1) = xs and  Ey(g1) = X,
and the map F : H},(0,T) — C([0,T], Lo(R., [£*d€)) by

E(gl) = 772;47

where x; and 14 are the functions that appear in the asymptotic expansion (5.17) and (5.21).
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Lemma 5.4. The maps E; (1 < j <4) and E are locally Lipschitz continuous.

We now examine the global relation (5.10) and note immediately that it implies
/ e RY(T k)8kdk =0  Vi<T, (5.22)
L

where L is the positively oriented boundary of Q and the integral is taken in the sense of
Cauchy principal value.
On the other hand from (5.9a) we have

T
(T, k) = /0 2k foll!) + i fu () (', ) dF. (5.23)
The asymptotic expansion (5.17) and (5.23) imply that
T
o(T, k) = Zk/ M f () xo(t) dt' + R(T, k) (5.24)
0

where the function R(T, k) is analytic in Q, continuous on Q and decays at the order of 1/k?
as k — oo. Let ap(T) = fo(T)xo(T). We can rewrite (5.24) as

ap(T) etHT /T k2 e o 0o(T) €T
T k) — =2k t t ) dt' — R(T. k
which shows that
) ap(T)  eeT
the function & — ¢(T, — : — belongs to Lo(R). 5.25

Under condition (5.22), we have

T k) — 8kdk =0 Vt<T.
/Le [(b( S (k+i)} =

Let .
Oéo(T) €4zk T

20 (k+1)
Then (5.25) and the Paley-Wiener Theorem imply that the function & — ¢1(T, /) belongs
to the Hardy space H?*(C,). Further regularization of ¢(T, k) yields the global relation
(5.10).

In view of (5.24) and Jordan’s lemma, equation (5.22) holds automatically for —oco < t <

0. Therefore, the global relation is equivalent to

61 (T, k) = o~ 4ik3T [¢(T7 k) —

/ e Fty(T k)8kdk =0  for 0<t<T. (5.26)
L
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We now substitute (5.23) into (5.26) and use (5.6), (C.8) and the Fourier inversion formula
to obtain the following equation:

4i . 4 r o
o)) = (2) e [ | [ e=O0ange) +ion@)[oe. 0 - o)) a | ah
L 0

T
+ g.(1) for 0<t<T, (5.27)
where
t
o) = [ lgo(s)Ids, (5.29)
0
8i —iw(t) —4ik%t 7.2 g 4ik2t i (t) AN,
g(t)y=1—)e e k e e go(t') dt'| dk. (5.29)
Q c 0

Note that g, € H{,(0,T) and (5.27) is a nonlinear integral equation on H{,(0,T) for the
unknown ¢; (since (¢, k) and xo(t) also depend on g¢;). Below we will first show by a
contraction mapping argument that it has a unique solution in H},(0,7T) if T is sufficiently
small.

Let Ly be the part of £ that is inside the unit circle, and £, be the part of £ that is
outside. We define

Latan) = (£) =0 [ el 7=zt + i (0)

[t k) — X o (t)] dt’} dk, (5.30)
Lo(gn) = (%) i) / Ooe—‘“’f%k[ /O " 5O kg (t) + igr (¢

[(t', k) — ** yo(t)] dt’] dk. (5.31)

The integral equation (5.27) can then be written concisely as

g1 = Lo(g1) + Loo(g1) + 9. (5.32)

Remark 5.5. In the following analysis of the nonlinear operators Ly and L., we present
estimates that are applicable in a more general setting (cf. (5.54) below). For example, we
do not take advantage of the fact that go(0) = 0.

The estimate for the nonlinear map Ly is straightforward. From Lemma 5.1, (C.8), (5.13),
(5.28) and (5.30), we have

|Lo(g)ller oy < T - Bor(llg1ll e 0,1)) (5.33)
|Lo(91) — Lo(g2)ler oy < T - Boa(llg1ll 10,7y, |92l 0 0,0)) |91 — 92| e 0,75 (5.34)

for all g1, go € Hg,(0,T), where B.(-) (resp. B.(-,-)) from now on denote continuous functions
from R* U {0} (resp. (RT U{0}) x (RT U{0})) into R*.
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In order to estimate the nonlinear map L, we substitute the expansion (5.17) into (5.31)
and write

M-

Lo, (5.35)
7j=1
where
8l _im —4i g ico(t - i 'X
4 . ) T 4 2 /X
Loo,Q(g1> — __ezw(t)/ €f4zk tk |:/ 2iw(t Z €4zk t J /:| d]i], (537)
n . 0 P
81 —iwo(t) —4ik%t .2 ’ 2itw(t') / / ’
Los(g1) = —e e k e go(t)Wu(t' k) dt'| dk, (5.38)
T . 0

T
Loo,4(g1)=—%em(t) / 64“*%{ / 2= g (Yt k) d ]dk (5.39)
o0 0

Using integration by parts and Jordan’s lemma, We can rewrite (5.36) as

[\

2 )
Loo,l(gl) _ ;ezw(t)/c 64zk2(T t) 2zw(T
1

81 —iw(t) —4ik2t g 2iw(t') / - sirze X (1) dt' | dke
—|—;€ e e go(t)z 12 t

0 j=3
2 . T ,
_ ;efzw(t) / €f4zk2t |:/ e4zk2t Z[emwgo)(j]/(tgkij dt/:| d]{], (540)
Loo 0 =1

where C; is the part of the unit circle in the first quadrant connecting 1 to 7. From the
Plancherel theorem, Lemma 5.4, (5.40) and the Poincaré inequality (5.12), we obtain the
following estimate for Lo ;:

4
| Lo, 1 (gu) | 21107y < Ml goll 22 0,7) Z Ixillm o < Bia(lallmomn),  (5:41)

=1
|Loo,1(91) — Lo (92) |01y < llgollz o B2 (191l 2o 0.1y 1921l 22 00.1))
X |lgr — g2l 07) (5.42)

for all g1, g0 € H, (0, 7).
We can similarly rewrite (5.37) using integration by parts and Jordan’s lemma to obtain

Lo T
LOO,Q(gl) W @ (1) /R 4ik?(T—t) 2zw'(T)g1(T)Xlk(2 >dk

=

. R
+ le—zw(t) / €4z/€2(T—t)€22w(T)g1 (T) Xl( ) L
1

™ k2
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y 4 ‘ T
+ lefzw(t) / e4zk2 (T—t) e2z‘w(T)g1 (T) X1(2 ) dk
™ Cr k

. T
_ le—iw(t)/ 6—4ik2t [/ 64ik2t’ [e%wglxl]/k—Q dt’] dk
n L |k|>R 0
i . T
_ _ezw(t)/ oYkt |:/ ikt [e2zwglxl]/k—2 dt/:| dk
™ L£,1<|k|<R 0
4 T 4 X
_ D) / €—4ik2tk {/ 2zw(t) €4zk2t’ J }dk, 5.43
. ) i Z (5.43)

where Cg is the part of the circle of radius R in the first quadrant connecting R to ¢+R. From
(5.43) and Lemma 5.4 we find

J=1

1
Lo 2(91) |10y < C (E \/_) HngHl(OT)Z 1|2 0,7)
B,

IA
A~
;Ul

) 1(llgllmom), (5.44)
+ RVT ) Baa(lloalli oz, ol o)

X |lg1 = g2l 0,7 (5.45)

;U|’—‘

| Loo,2(91) — Lioo,2(92) || 1 0,1) < (

for all g1, 9> € H},(0,T), where we have used the Plancherel theorem, the Cauchy-Schwarz
inequality and the Poincaré inequality (5.12).

Using (5.38), the change of variable £ = k?, the Plancherel theorem and Lemma 5.4, we
can derive the following estimates for L 3:

ILoc.s(g0)llr 07y < CTlIgollcrory o (19t v/€) | ace. igoae
< TBsi(llgillarom), (5.46)
I Lo.3(91) = Loos(92) a0y < TBsz (g1l o) 92l omy) g1 — gellmory, — (5:47)
for all g1, g0 € H, (0, 7).
Similarly, we have the following estimates for Lo 4:
| Loo,a(g)ll z1 0,y < CT |91l e 0,1 [max, [04(t, /E) | Lo jepsae)
< TBui (|1l m0.1)) (5.48)
||Loo,4(91) - Loo,4(g2)||H1(0,T) < TB4,2(||91||H1(0,T)7 ||92||H1(0,T)) ||91 - QZHHl(O,T)a (5-49)

for all g1, g2 € HL(0,T).
It follows from (5.33)—(5.35), (5.41), (5.42) and (5.44)—(5.49) that Lo(-) + Lo (-) is a
contraction map from Hg,(0,7,) into itself, provided T > 0 is sufficiently small. We have

therefore established the following lemma on the existence and uniqueness of a local solution
for (5.32).
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Lemma 5.6. For Ty > 0 sufficiently small, there exists a unique solution of (5.27) (with

We can apply the same technique to establish a unique solution of (5.27) in the space
HZ.(0,Ty) for Ty > 0 sufficiently small. Furthermore, it can be checked that the magnitudes
of T; and ||g1]|m2(0,1) are controlled by the magnitude of ||gi||g1(0,r). Similarly, there is
a unique solution of (5.27) in the space Hg,(0,T3) for T3 > 0 sufficiently small, where the
magnitudes of T3 and || g1 || g3(0,15) are controlled by ||g1|#2(0,1,), and so on.

Therefore, we have the following generalization of Lemma 5.6.

Lemma 5.7. Given any positive integer m, the integral equation (5.27) has a unique solution

in HH(0,Ty), where Toy > By (g1l o)) Ng1llamom,) < Bma(lgillaiom)), and By, -
Rt — R* is a continuous function for j =1,2.

Next we consider the question of extending the solution ¢; of (5.27) in Lemma 5.7.

From the results of § 4, we see that go = ¢(0,t) and ¢g; = ¢.(0,t), where ¢ is a solution
of (2.1) with gy = 0, and, for m sufficiently large, ¢ has high order of regularity and decay.
Hence, the global relation is valid for any t < T,,, i.e., we have

ot k) = ™t (t, k). (5.50)

where ¢* (¢, -) is analytic and bounded on the first quadrant and ¢* (¢, k) = O(1/k) as k — oo.
For t > T,,, we can therefore rewrite (5.9) as

B(t, k) :e4i’“2Tmc+(Tm,k:)+/ 2k fo(t') +ifi(t)|0(, k) dt’, (5.51a)

W(t, k) = e *F et (k) + / t N R2K fo(t) — i fL ()] B(E, k) dt, (5.51Db)

where ¢ (k) is also analytic and bounded on the first quadrant. It is not difficult to see that
the solution of (5.51) obtained by the Neumann series has the property that

/ Gt k)8kdk =0 for 0<s<T, <t (5.52)
c
Therefore, for T' > T,,, the global relation (5.26) is equivalent to
/ e (T k)8kdk =0  for T, <t<T. (5.53)
c

So the problem of extending the solution from (0,7,,) to (0,7 is reduced to solving the
integral equation (5.27) for T,,, <t < T, which can be written in the form
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L

. T 4 N,
%) = / e kg2 [ / =gy (t') [t k) + —XJ,S >} dt’] dk
L m

J=3

T
) et [ { | el @pale) - (T dtf] dk
L m
T 4 /
‘ ‘ o G2 (¢
) ezw(t)/ e*4zk2tk [/ e2zw(t )91(?5/) <w4(t/,]€) + €4zk2t Xjk(j )) dt/] dk, (554)
L m

Jj=2

0:(t) = G(t) +(%> =0 [ [ / :emk%eziw@”go(t') (Dobae) = xa(T)) dt’] i

8i\ w2 | (7 sz
G(t) = s ) + (_) ezw(t)/ 674zkt / e4zk t 2zw(t < X k2 ]) dk
(1) = g.(0)+ (= | 0 Z j
—iw(t) —4ik2tk2 o 2w () / / 4ik2t Xj(t,) /
e e 2= go () [Yu(t' k) + € Z—m | at'| dk
L 0 s
T
—( e~ = / etk { / e4ik2t,62iw(t/)§1(t')>21(t')dt']dk‘ (5.55)
L 0

N ( eiw(t)/ 6741‘]@21&]{ /Tm eZiw(t ( )<¢4 t k 4zk2t’ Z XJ )
L 0

and x; (resp. X2 and §;) are extensions of x; (resp. x2 and ¢1) from (0,7,,) to (0,7) that
takes the constant value x1(75,) (resp. x2(Ty) and ¢1(75,)) on (1), T').

Let o = ¢1(T},,). Note that the function G is known and it belongs to the affine subspace
H! (T,,,T) of H'(T,,,T) defined by

+

AN
Nk | >]|g0_
~—_ —— =

H! (T,,,T) ={ve HY(T,,,T) : v(T,,) = a}.

Equation (5.54) is an integral equation for g; € H!, and it can be analyzed in the same
way as (5.27). (cf. Remark 5.5). We can therefore extend the solution g; from (0,7,,)
o (0,T,, + ATy) provided AT} is small enough, where the magnitudes of AT} > 0 and
91| 10,73, + a1 are controlled by || g1 a1(0,1,,)- Similarly we can extend g; to a solution in
H§: (0, T, + A,,), where the magnitudes of AT, and ||g1| zm (0,7, +4,,) are both controlled by
1911 Er1.0,720) -

Hence the extension procedure can be repeated until a solution on H{:(0,7) is reached
provided there is an a priori bound for ||g1||g1(0,7). It turns out that in the case where A =1,
such an a prior: bound exists for any given gg, and it also exists in the case where A\ = —1
if |go||£o(0,7) is sufficiently small (see Appendix D for details).

We have therefore established the following theorem.
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Theorem 5.8. Given any gy € C*°([0,T]) such that gy vanishes to all orders at t = 0,
there exists g3 € C*([0,T]), also vanishing to all orders at t =0, such that {go, g1} form an
admissible pair for (2.1) with A = 1 and initial value qo = 0. This is also true for A = —1 if
90|l a0,y 2 sufficiently small.

6 Linearizable Boundary Conditions

It was shown in § 4 that g(z,t) can be expressed in terms of the solution of a 2 x 2 RH
problem, which is uniquely defined in terms of the spectral functions a(k), b(k), A(k), B(k).
The functions a(k) and b(k) are defined in terms of go(x) through the solution of a linear
Volterra integral equation, see Definition 3.1. However, the functions A(k) and B(k) are
in general defined in terms of the initial and boundary conditions through the solution of
a nonlinear Volterra integral equation, see Definitions 3.1, 3.3 and § 5. In what follows we
present a general methodology which identifies a particular class of boundary value problems
for which it is possible to compute A(k) and B(k) using only the algebraic manipulation of
the global relation. We will refer to this class of boundary value problems as linearizable.

Recall that A(k) and B(k) are defined in terms of jiy(t, k). Let M(t, k) = po(t, k)e 213
ie.,

My(t, k)  My(t,k - 2
M(t, k) = [ 2( ) 1( )] y Ml = (I)1€QZk t, MQ = CDQeQZk t.

)\Ml(t7 k) MZ(t7 k)
Then M (t, k) satisfies
M, + 2ik?0sM = Q(t, k)M,  M(0,k) = I. (6.1)

The function M(t, —k) satisfies a similar equation where Q(t, k) is replaced by Q(t, —k).
Suppose that there exists a t-independent, nonsingular matrix N (k) such that

(2ik%03 — Q(t, —k)) N (k) = N(k)(2ik*03 — Q(t, k). (6.2)

Then
M(t,—k) = N(k)M(t, k)N (k)" (6.3)

This equation evaluated at ¢ = 0 defines a relation between the spectral functions at k and
the spectral functions at —k.
We note that a necessary condition for the existence of N(k) is that the determinant of

the matrix 2ik%*03 — Q(t, k) depends on k in the form of k. This condition implies
q(0,1)g,(0,t) — q(0,t)q.(0, ) = 0. (6.4)
If this condition is satisfied, equation (6.2) yield
(2kq — iq.) N3 = —A\(2kq — iq,) N, (6.5a)
(2kq +iq,) N1 + (2kq — iq.) Ny = —2(2ik? + i\|q|?) Ny, (6.5b)
where we have used the notations

Ni = Ny, Ny= Nig, N3= Ny, Ny= Ny. (6.6)
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We now discuss in detail three particular cases of (6.5).

(a) ¢(0,t) =0
In this case Q(t, k) is a function of ¢ and k?, thus there is no need to introduce N(k), i.e.
N(k) = I. Then the second column of equation (6.3) evaluated at t =T yields

A(k) = A(—k), B(k)= B(—k), keC. (6.7)
(b) ¢.(0,) =0

Equation (6.5) implies that N (k) does not depend on ¢(0,t) provided that No = N3 =0
and Ny = —Nj. Then the second column of equation (6.3) evaluated at t = T yields

A(k) = A(—k), B(k)=-B(-k), keC. (6.8)
(c) ¢.(0,t) — pq(0,t) = 0, p positive constant

Equations (6.5) imply that N (k) does not depend separately on ¢(0,t) and on ¢, (0, 1)
provided that No = N3 = 0 and

(2k — ip) Ny + (2k +ip) Ny, = 0.
Then the second column of equation (6.3) evaluated at ¢ = T yields

_ 2k+ip
2%k —ip

B(-k), keC. (6.9)

Using the transformations (6.7)—(6.9), together with the global relation it is possible to
express A(k) and B(k) in terms of a(k) and b(k).

For convenience we assume T = oo. It can be shown that a similar analysis is valid if
T < oo. If T'= o0, the global relation becomes

a(k)B(k) — b(k)A(k) =0, argke[0,7/2]. (6.10)
We note again that since T' = oo, A(k) and B(k) are not entire functions but are defined for
argk € [0,7/2] U [r,37/2].

(a) q(0,1) =0
Letting k — —k in the definition of d(k) and using the symmetry relation (6.7) we find

A(K)a(—k) — AB(k)b(—k) = d(—k), argk € [0,7/2]. (6.11)

This equation and the global relation (6.10) are two algebraic equations for A(k) and B(k).
Their solution yields

Ak) = ——F—, B(k)=—F—F—, argke[0,7/2], (6.12)



where

Ao(k) = a(k)a(—k) — \b(k)b(—k). (6.13)
The function d(k) can be computed explicitly in terms of a(k) and b(k). However, it does not
affect the solution of the RH problem of Theorem 4.1. Indeed, this RH problem is defined
in terms of y(k) = b(k)/a(k), k € R and of I'(k) which involves a(k), b(k) and A(k)/B(k),
\BRAT) __ h
a(k) (ak) = Ao(k) (B(R)/AR)) ) TG

The function Ag(k) is an analytic function in the upper half k plane, and it satisfies the
symmetry equation,

(k) = ke R™URY. (6.14)

)
k)’

Ag(k) = Ag(—k). (6.15)
It can be shown that the zero set of Ay(k) is the union
o U {=Ne (6.16)

Indeed, the global relation (6.10) implies that the zero sets of the functions a(k) and A(k)
coincide in the first quadrant. It also implies that if the zeros of a(k) are simple the zeros
of A(k) have the same property. This and equation (6.11) imply that the zero sets of the

functions d(—k) and Ay(k) coincide in the first quadrant as well. Equation (6.15) implies
that the zero set of Ag(k) is the set given in (6.16).

Since the zeros A; of d(k) coincide with the second quadrant zeros of Ay(k), equations
(6.12) and (6.7) imply the following modification of the residue conditions in (2.29):

1

Mz, t. k)], = ———20®D N (2.t ks =1, --- 1
1%]55[ ("L‘7 ) )]1 a(k‘j)b(k‘j)e [ ("L‘7 ) j]?) J ) , N1, (6 7&)
A - _
ReS M.f?t,k ::€_210(kj)Ml',t7k3‘ s :]_, , Ny, 6]_7b
s (M0t Kl = e O M 6B Lo (617)
Ab(—= )\ -
Res [M(z,t, k)] = #62’9(’\7)[]\/[(95,25, A2, j=1,--,A, (6.17¢)
A a(A;)Ao(X;)
Res [M(z, 1, B)]y = —2 282000 0r(o 6, 3], j=1,0 A, (6.17d)
A a(Aj)Ao(A5)
where
0(k;) = kjx + 2k3t. (6.18)

(b) ¢.(0,) =0
Equations (6.12) are valid but Ay (k) is replaced by

Ay (k) = a(k)a(—k) + \b(k)b(—F). (6.19)

The zeros \; are now the second quadrant zeros of A;(k), and equation (6.14) should be
replaced by
b(—k)
_ MR e R uR (6.20)
a(k)Aq (k)
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The modified residue conditions are given by the equations

1

Res [M(z,t, k)1 = " ® ) [M(z,t, k; =1,
k?S[ (.I', ) )]1 a(k])b(k])e [ (.I', ) ]]27 J ’
A _ _
Res [M(.%’,Zf, k)]2 = .:67219(]{])[]\4(33,@ k])]h J= 1’
i a(k;)b(k;)
Ab(—N\;
Res [M(xz,t, k)], = — ( . ) 6229(’\7)[M(x,t, A2, J=1,
A a(A;)Ar(A;)
DX, )
Res [M (1, k)]s = ——.L RO M (2, t, M), G =1,
Aj a(Aj)Ar(A))

(¢) 4(0.£) — pa(0.£) = 0, p constant
In this case, Ag(k) is replaced by

Ay (k) =a(k)a(—Fk) + A b(k)b(—k).
1 (8) = k)l =) + A Lb(k(—F)
The zeros A; are now the second quadrant zeros of A,(k), and
AZk=ipp k)
I(k)=——2t0 -~ L eR UR".
a(k) A (k)
The modified residue conditions are given by the equations
1 .
Res [M(z,t, k)] = ———————X® ) [M (2, t, k; =1
k‘?S[ (x7 9 )]1 a(k]>b(k])e [ (x7 9 ]]27 j 9
A - ,
Res [M(z,t, k)]s = ————e 2D [M (2, t, k)1, =1,
s M1 Kl = e M s
AR (N
Res [M(z,t, k)] = ——220 = 2L 2000 [N (2,8, A))]a, =1,
A a(A)Ap(A;)
2X;+i 3
B 2?\,7-:5[)(_)‘]')

Re [M(:L‘,t, k)]Q P——— e
A a(Aj)Ap(A))

Theorem 4.1 and the above results imply the following.

Theorem 6.1. Let q(x,t) satisfy the NLS equation (2.1), the initial condition

q(z,0) = qo € S(RT), 0<z < o0,

and any of the following boundary conditions

(a) q(0,t) = 0, t >0,

(b) q:(0,t) = 0, t>0,
or

(c) ¢(0,t) — pq(0,t) = 0, p>0, t>0.

6_2i9(§\j)[M(l"t7Xj)]17 jzla

y 101,

y 11,

(6.21a)

(6.21b)

(6.21c)

(6.21d)

(6.22)

(6.23)

(6.24a)

(6.24b)

(6.24c)

(6.24d)



Assume that the initial and boundary conditions are compatible at x =t = 0. Furthermore,
assume if A = —1:

(1) a(k), which is defined in Definition 3.1, has a finite number of simple zeros for Im
k> 0.

(17) Ao(k) in case (a), or Ai(k) in case (b), or A,(k) in case (c), have a finite number of
simple zeros in the second quadrant which do not coincide with the possible zeros of

a(k) (Ao, A1, A, are defined in equations (6.13), (6.19), (6.22)).

The solution q(x,t) can be constructed through equation (4.3), where M satisfies the RH
problem defined in Theorem 4.1, with I'(k) given by equation (6.14) in case (a), by equation
(6.20) in case (b), and by equation (6.23) in case (¢). The relevant residue conditions are
given by equation (6.17) in case (a), by equation (6.21) in case (b), and by equation (6.24)
in case (c).

Remark 6.2. Linearizable boundary value problems have been studied via techniques based
on an appropriate continuation of the boundary problem to the problem on the line in
[11]-[16]. The solutions are given via the Riemann-Hilbert problems corresponding to the
extended initial value problems. These continuations are described by explicit conditions on
the scattering data associated with the initial value problem on the line (see [11], [13]-[16]).
In the case of the first two boundary problems studied here, these conditions can be easily
translated to the even or odd continuation of the initial data go(z) (see [11]). For the third
boundary problem, the spectral data can also be computed in terms of the initial data go(x),
x > 0, see [17]. We emphasize that the method of continuing the problem to the full line can
not be implemented for odd order problems, such as the KdV and the modified KdV. On the
other hand the method developed here works for such integrable PDEs [18]. Theorem 6.1
presents the solution of the third boundary problem with the same level of efficiency as the
one for the full axis problem. Indeed, the relevant Riemann-Hilbert problem is formulated in
terms of the spectral data , a(k), b(k), which are calculated directly via the given initial data
qo(z), * > 0. The only difference, which does not affect the effectiveness of the solution, is
that the Riemann-Hilbert problem is now formulated on a cross and not on the real line. It
also worth noticing that in this case (as well as in the other linearizable cases) the Riemann-
Hilbert problem can be deformed back to the real line and then in fact coincides with the
Riemann-Hilbert problem of [17] (see [19]).

Remark 6.3. Linearizable boundary value problems have infinitely many conserved quan-
tities [20, 21].

7 Conclusions

We have introduced a rigorous methodology for solving boundary value problems for nonlin-
ear integrable evolution equations. This involves the following steps: (1) Assume that there
exists a smooth, global solution ¢(z,t), and perform the simultaneous spectral analysis of the
associated Lax pair. This yields a representation of ¢(z, t) in terms of the solution M (z,t, k)
of a matrix RH problem. This RH problem is uniquely defined in terms of certain spectral
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functions a(k), b(k), A(k), B(k), which satisfy a simple global relation. (2) Motivated from
the results of (1), postulate the global relation and define the spectral functions: a(k), b(k)
are defined in terms of the initial conditions go(z), and A(k), B(k) are defined in terms of an
admissible set of functions go(t), g1(¢), where a set is called admissible if A(k), B(k) satisfy
the postulated global relation. (3) Motivated from the results of (1), define M (x,t, k) as the
solution of a matrix RH problem, uniquely defined in terms of a(k), b(k), A(k), B(k). Prove
that this RH problem has a unique, global solution. Define ¢(x,t) in terms of M (x,t, k) and
prove that g(z,t) solves the nonlinear PDE, and it satisfies ¢(z,0) = go(x), ¢(0,t) = go(t),
¢:(0,t) = ¢1(t). (4) Investigate the existence of the admissible set. For example, show
that given qo(z) and go(t), there exists a unique g;(¢). This involves the investigation of a
nonlinear Volterra integral equation.

We have also introduced a methodology for analyzing a particular class of boundary
value problems, which we call linearizable. This class is distinctive in the sense that A(k),
B(k) can be computed directly in terms of a(k), b(k) using the algebraic manipulation of the
global relation, without the need to analyze the nonlinear Volterra integral equation. Thus
for linearizable boundary conditions, boundary value problems can be solved as effectively
as initial value problems.

We conclude with some remarks.

Remark 7.1. It was realized by the first author [22] that for the solution of initial boundary
value problems of integrable nonlinear evolution equations, one needs to perform, in addition
to the spectral analysis of the x part of the Lax pairs, the spectral analysis of its t-part.
For the NLS equation this was done in [9]. However, the importance of performing the
simultaneous spectral analysis, as well as the key role played by the global relation was not
understood at that time.

Remark 7.2. A rigorous characterization of the properties of the spectral functions associ-
ated with the NLS on the half-line is given in [7].

Remark 7.3. Under the assumption of existence of solutions, a rigorous determination of the
long time behavior of the solution of the NLS equation on the half-line is given in [9], using
the Deift-Zhou approach [23]. In particular, it is shown in [9] that the long time asymptotics
is dominated by the solitonic part of the solution. These results together with the results
presented here imply that for the linearizable class of boundary conditions, the long time
asymptotics is explicitly determined in terms of the initial and boundary conditions. The
asymptotic results are summarized in Appendix B (the poles generated by the zeros of a(k),
argk € (%, m) were missed in [9] but are included here).

Remark 7.4. In recent years there have been important developments in the analysis of
boundary value problems of nonlinear PDEs using PDE techniques [28], [29]. It is remarkable
that some of these techniques yield global results. It is satisfying that there exists now a
rigorous theory using the integrability machinery, so that it is possible to make comparisons
between these different approaches. Although at the moment the PDE results are proven
in less restrictive functional spaces, the advantage of our method is that it yields rigorous
asymptotic results. We reiterate that this is a consequence of our representation of the
solution in terms of the RH problem whose jump matrices depend on the z and ¢ in a simple
oscillatory way which, in turn, allows to apply the Deift-Zhou method.
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Appendices

A The Inverse Problems

A.1 The z - inverse problem

Consider the functions qo(z), ¢(z, k), a(k), b(k) introduced in Definition 3.1. Let the vector
function, (x, k) = (¢1,12)" be defined as the unique solution of

Y1z = qo (),
1/}271 — QZk’l/JQ = )\Cjo(l')wl, O<zx< o0, ke (C,
¥(0,k) = (1,0)".

Note that the vector v satisfies the linear Volterra equations,

i k) =1+ / " oy, k)dy. keC, (A1a)

(s k) = A /0 ARV () (g, Ky, k€ C. (A.1b)

Denote,
o (e, k) = (22, B). @i (2, F)) and (k) = (4, ), M (2, B))
Define ps(x, k) and po(z, k) by

ws(x, k) = (gp*(x, k), o(x, k)) and  po(x, k) = (1#(3:, k), \p* (z, k))

They satisfy the matrix equation,

) 0
e e N (A2)

This in turn implies that the above vectors are simply related,
(¢ (@, k) ol 1)) = (0w, B), X (, ) ) e~ 505 (k)

a(k)  b(k)e 2k

= (V0@ 1), A" (2. 1)) Lb(k:)ez”” a(k)
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Let

@ [ . AT

M = ((p ’a(k‘))’ Imk <0, (A.4a)
@ _ (¥

MY —<a(k),g0), Imk > 0. (A.4Db)

Equation (A.3) can be rewritten as
M (2, k) = M (w0, k)T (2,k), kEeR, (A.5)

where J® (z, k) is the jump matrix defined by (3.6c). Furthermore, M®) satisfies the RH
problem defined in (3.6). Indeed, we only need to prove the residue conditions at the possible
simple zeros, {k;}7, of a(k). To this end we note that in virtue of (A.3) the equation,

o = b{k)e™*7 4 a(k) A, (A.6)

holds. The function %, and hence the function ¢* are entire functions of k. Therefore, we
can evaluate (A.6) at k = k;. This yields the relation,

p(a, kj) = (@, ky)b(k;)e 7,
or, taking into account the definition (A.4) of the function M@ (z, k),
Resy, [M@ (2, k)l = —
! ’ a(k;)b(k;)

The residue condition at k = k; is derived similarly.
A substitution of the asymptotic expansion,

(M, k).

mi(z)

N 1
M@ (2, k) =1+ p +0(ﬁ), k — oo,

into equation (A.2) yields

qol) = 2i<m1(:c)> — 2; lim <kM("‘)(x, k)) . (A7)

12 k—o0 12

Our next task is to show that this relation defines the map,

Q: {a(k),b(k)} = {qo(2)},

which is inverse to the spectral map,

S {ao(2)} — {a(k), b(k)}.

In more detail this problem is formulated as follows. Given {a(k),b(k)}, construct the jump
matrix J(® (z, k) according to equation (3.6c) and define the RH problem by (3.6). Let go()
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be the function defined by (A.7) in terms of the solution M@ (x,k) of this RH problem.
Denote by {ag(k),bo(k)} the spectral data corresponding to go(x). We have to show that

ag(k) = a(k) and by(k) = b(k). (A.8)

Using the standard arguments of the dressing method [10] it is straightforward to prove
that M@ (z, k) satisfies equation (A.2) with the potential go(x) defined by (A.7). This means
in particular that the matrix solution pus(z, k), k € R corresponding to the potential go(z) is
given by the equation,

ps(, k) = M (2, k)e ™ (k), k€ R, (A.9)

for an appropriate matrix C (k). This matrix does not depend on x and hence can be
evaluated by letting x — oo in (A.9).

It follows from the theory of the inverse scattering problem for the Dirac equation (A.2)
(see for e.g. [24]; or from the direct use of the nonlinear steepest descent method [23, 26])
that

1 0
MJ(;”)(:L‘, k) N [_Me%kx 1 + 0(1)a T — 0, keR (AlO)
a(k)

(under the usual assumptions on the Riemann-Hilbert data {a(k),b(k)}). Since us — I as
r — 00, it follows that

1 0
C(k) = [Ab(k) 1] | (A.11)
a(k)

Equations (A.9) and (A.11) imply that the scattering data,

B ao(k)  bo(k) -
mm—LM@aWJ—Wmm

corresponding to the potential go(x) defined in (A.8) are given by the equation,

=) 1 0
salk) = MEO.) |y |-
a(k)

If z = 0 (in fact, for all z < 0) the above Riemann-Hilbert problem can be solved explicitly.
Indeed,

_b(k) _ a
o0k = i alk) —bk)] [atk) o
’ (k) 1 0 | |ab(k) 2
a(k) [a]? a(k) a(k)

This implies,

0 a(k)
(note that the residue conditions are satisfied), and hence
ﬁ b(k) L0 a(k) b(k)
0 a(k)

AHWM:F%Mﬂ

So =

= s(k),

No(k)  a(k)

i.e. equation (A.8) follows.

41



A.2 Thet - inverse problem

Consider the functions go(t), g1(t), ®(z, k), A(k), B(k) introduced in Definition 3.3. Let the
vector function, W(xz, k) = (W1, Uy)" be defined as the unique solution of

Uy, = Qu¥y + Quals,
\Ijgt — 42]{?21112 = Q21\I/1 + QQQ\PQ, O0<t< T, ke C,
U(T, k) = (1, O)t,

where (cf. (3.9))

Q(t, k) = 2k lAgg(t) goét)} —i [Ag?(t) glét)} o3 — iNgo() 205, A=£1.  (A.12)

Note that the vector W satisfies the linear Volterra equations,

Uy (t k) =1 +/ (@11\111 + @12‘1’2)(7, k)dr, (A.13a)
T
\Ifz(t, k) = / 64“62({/77) (@21\111 —+ QQQ\IIQ)(T, k)dT (Algb)
T

Denote, as before,
_ _ _ _ t _ _ _ _ t
O (1, k) = (@Q(t, k), B (, k:)) and  WH(L, k) = <\I/2(t, k), N (1, k;)) .

Define
(L, k) = <\I/(t, k), N (1, k:)) and  puo(t, k) = (CD*(t, k), (t, k:)).
They satisfy the matrix equation,
py + 2ik3[o3, 1] = Q(t, k) . (A.14)

This in turn implies (cf. (2.12)) that

<<I>*(t, k), (1, k:)) - <\Il(t, k), A\ (¢, k:)) e~2ikt63 (k)
A(k) B(k)e 4kt

_ (\I/(t, k), AU (¢, k)) AB(k)elikt A(k)

] , keRUIR. (A.15)

Remark A.1. We recall that the function ®(¢, k), as a function of k, is analytic and bounded
in the second and fourth quadrants, while the function W(¢, k) is analytic for all k£ and
bounded in the first and third quadrants. Also, if T" < oo all of the above functions are
entire functions of k. This means in particular that in this case equation (A.15) is valid for
all complex values of k.
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Let

® _ « A ar w/2, T T T a
M _<¢>,A®>, gk € [7/2,7]U [37/2, 27], (A.16a)
MJ(f) = (%, @) , argk € [0,7/2]U[m, 371/2]. (A.16b)

Equation (A.15) can be rewritten as
MO, k) = MO (¢, k)JO(t, k), ke RUR, (A.17)

where J®(t, k) is the jump matrix defined in (3.15¢). Furthermore, M satisfies the RH
problem defined in (3.15). Indeed, as in the x - case, we only need to prove the residue
conditions at the possible simple zeros, { K}, of A(k). The proof is the same as in the case
of the function M@ (x, k).

The substitution of the asymptotic expansion,

t t 1
M(t)(t,k):Ierlk()+m2§)+0(—>, k — oo,

into equation (A.14) leads to the relations,

go(t) = 2 (m1 (t)>12 =2 lim (ka (t, k)>12, (A.18)
91(t) = 4(ma(t)) |+ 2ig0(t) (mi (1))
= lim {4(K* M (t, k)12 + 2igo(t)k(MD (¢, %))} . (A.19)

k—o0

We will show that these relations define the map,
Q: {A(k), B(k)} — {g0(t), 1 (1)},

which is inverse to the spectral map,
St {g0(t), 91(8)} = {A(k), B(k)}.
Similar to the x - case, we have to prove that
Ao(k) = A(k) and By(k) = B(k), (A.20)

where the left hand side is the spectral data corresponding to go(t) and ¢;(¢). We follow
precisely the same procedure as the one used for z-problem: Using arguments of the dressing
method [10] it follows that if M® (¢, k) is the solution of the Riemann-Hilbert problem then
it satisfies equation (A.14) with potentials go(t)and ¢;(¢) defined by (A.18) and (A.19). This
means, in particular, that the matrix solution u,(t, k), k& € C (we assume that T < 00)
corresponding to the potentials go(t) and g¢;(¢) is given by the equation,

(k) = MOt k)e > 9D (k), ke C, (A.21)
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for an appropriate matrix D, (k). This matrix does not depend on ¢ and hence can be
evaluated by letting t = 7" in (A.21).
Observe that for all ¢ the jump matrix J® (¢, k) can be factorized as

@ 1 0 1 — B(k) 674ik2t
t _ Ak
JO(t, k) = s i | | ( >1 : (A.22)

A(k)

Recall that A(k) and B(k) are entire functions satisfying the asymptotic relations,

A(K) =140 (%) +0 <€4ZQT> , B(k)=0 (%) +0 <€4ZZQT> ke — oo,

Hence,

AB(k) 42

ﬁe‘“k T >0, k—oo, argkel0,7/2U][r 37/2], (A.23)
and

B(k) _siker

A(_)e — 0, k—oo0, argke[n/2,m|U[37/2,2n]. (A.24)

Also, taking into account that

A(k)A(E) — AB(k)B(

=
S~—
I
\'H
=~
m
@

it follows that if K is a zero of A(k) then

1 AB(K;) yixer |0
_ i) 4ik2T
P}gs AB(k) €4ik2T] -

Ak
Similarly, at k = K s

_ B() o—4ik?T

A(k)
1

Re

K;

A(K;)B(K;)

These equations, together with (A.22) and the estimates (A.23), (A.24) imply that for t =T
the RH problem defined in (3.15) can be solved explicitly:

® 1 0
My (T, k) = B AT . (A.25)
A(K)
Thus
1 0
D, (k)= \B(R) . (A.26)
A L



Remark A.2. In the case T = oo, the factorization (A.22) does not provide the exact
solution for the ¢-RH problem. However, the methodology of the nonlinear steepest descent
method [23] can be applied. The factorization (A4.22) can be used to deform the jump contour
L = RUIR to the hyperbola (Rek)(Imk) = & > 0 (cf. [25, 26]). Since Re(ik?) > 0 in the
first and third quadrants, the jump matrix of the deformed RH problem tends exponentially
fast to the identity matrix as ¢ — oco. The possible error terms coming from the zeros of
A(k) are exponentially small. This implied that instead of the exact equation (A.25), the
following asymptotic relation (cf. (A.10)) is valid,

1 0
MOt k) = [_wmewt (| Fol), t—oo, kERUIR. (A.27)
A(k)

Indeed, the ¢t-Riemann - Hilbert problem is a particular case of the oscillatory Riemann-
Hilbert problem corresponding to the NLS equation on the whole axis. The asymptotics
(A.27) is the leading term of the known asymptotics of the solution of the NLS Riemann-
Hilbert problem (see e.g. [25, 26] and the earlier works [27, 28])2. Equation (A.27) implies
that the formula (A.26) for the matrix D (k) is valid for 7' = oo as well.

Equations (A.21) and (A.26) imply that the scattering data,

Ao(K)  Bo(k)

o) =\ By(h) Ao()

= :U'l(oa k)’

corresponding to the potentials go(t) and g;(t) defined in (A.18) and (A.19), are given by
the equation,

If t =0 (in fact, for all t < 0) the factorization,

B(k 1/7.
1 I8 A(k) =B [ Ak) 0
AB(F) N 1 B(k) L
Ak) A(k)lfi(l%) 0 A(k) AB(k) (k)

yields a (unique) solution to the RH problem defined in (3.15). This implies,

(0 _|mm BK)
and hence
o B[ 10 A(k)  B(k)
So(k) = [ . = _ = S(k),
0 Ak |35 1 AB(E) A(k)

i.e. equation (A.20) follows.

2In general, the error term in (A4.27) is not exponentially small; the deformation process includes a certain
rational approximation of the function B(k) which produces an additional error (cf. again [23, 26]).
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B Long Time Asymptotics

The formulation presented in this paper is very convenient for computing the long time
asymptotics of the solution ¢(x,t) in the case T'= oo. Indeed the function ¢(z,t) is given in
terms of the solution M (z,t, k) of the Riemann-Hilbert problem formulated in Theorem 4.1.
The corresponding jump matrix, J(z,t, k), depends on the parameters z, t according to the
explicit formula,

J(l‘, t, k) — efik10372ikt203 J(O, O, k)eikxangQithJg’

which is perfectly suited for the application of the nonlinear steepest descent method of [23]
(see also [25, 26] and earlier works [27, 28]). Moreover, a similar Riemann-Hilbert problem
has already been analyzed via the steepest descent method in [9]. In fact, there exists the
following correspondence between the Riemann-Hilbert problem considered here and the one
of [9]:
Ao B
ZP(w,t, k) = M(z,t, k),
b (k) = y(k),
(k) =T (k),
9]y N9
(K15 = (ke
Let
N =N + A;
define ¢;, j=1,---,N, by

-:1,...,77,1. (Bl)

Then,
9 [9]
(e = {e ¥y

The zeros k; of the function a(k) (= 3;[9](16)) were missed in [9] (see [7]). Nevertheless, if we
just make the extensions,

9 [9]
{CE‘}}j‘Vzl = {¢ j‘V:p (B.2a)
9 [9]
(S = s h, (B.2b)
/'ij = )\J, j = 1, ...,A, (B2C)
RA+j :kj, j: 1,...,7’2,1, (B2d)

then all the asymptotic considerations of the work [9] can be repeated word for word, and
we arrive at the following result.

Theorem B.1. Suppose that the conditions of Theorem 4.1 are satisfied. Then the solution
q(z,t) of the NLS equation on the half - line corresponding to the initial-boundary data qo(z),
go(t) and g,(t) exhibits the following large t behavior.
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(1) If the set {/i]}] = {N Y, is empty then the asymptotics has a quasilinear dispersive
character, i.e. it is described by the Zakharov - Manakov type formulae,

2

q(z,t) =t ( L) exp {% — 2ida® <—4—> logt+ig (—4%) } +o(t™1?),  (B.3)

t — oo, 4t =0(1),

with the amplitude o and the phase ¢ given by the equations (cf. [29))

0*(k) = 1o (1= Ay (k) — AT, (B.4)
o(k) = —6 (k) log 2 + @ +arg <fy(k) - AW) + arg D(2iAa2(k))
k
— 4)\/ log | — k|da? (1), (B.5)

where I'(2) denotes Euler’s gamma-function.

(it) If X = —1 and the set {r;}_; = {\;}), is not empty then solitons, which are moving
away from the boundary, are generated. This means that there are A directions on the
(x,t)-plane, namely

1
t — 00, —£:§j+0(—) . J€e{l, .. A}, (B.6)
4t t
along which the asymptotics is given by the one-soliton formula,
21 exp ( — 20w — 4i(& — i)t - i¢j)

+O(t71?), (B.7)
cosh <277]- (x+4¢;t) — A]-)

q(.’L’,t) - -

where
n; =Im(k;), & = Re(k;),

and the parameters ¢; and A; are described by the following equations:

o8 =——+argc]+ Z (1—51gn & — Q))arg(iji:go
j

=1, l#j5
1 /—x/4t log <1 — Aly(k) — )\F(k)|2> ( £)d (B.8)
1 =€)y, B.8
7)o (=& + 1 ]
N Ai— K
. T l
A; = —log 2n; + log|c;| + Z | (1 — sign(§ — fj)) log )\j R
=1, l#j
e log (1= Aly(k) — XTTR)?)
_ N d B.9
O (B.9)
T J—c0o (lu - 5]) + nj
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Away from the rays (B.6) the asymptotics has again dispersive character, and it can
be described by formulae (B.3)—(B.5), evaluated at A = —1, and with the term,

¢solit0ns =2 Z arg(ﬁj - k) Sign(gj - k)?

Jj=1

added to the right hand side of (B.5).

N

Remark B.2. The zeros k;j,j = 1,...,n, of the function a(k) lying in the first quadrant,
although they participate in the residue conditions of the Riemann-Hilbert problem, they
do not generate solitons (there are exactly A but not N = n; + A soliton rays indicated in
(B.6). They, however, do participate in formulae (B.8) and (B.9) describing the parameters
of the soliton (B.7) (the summations in the right hand sides of these formulae run from 1
to N = A+ nq). A qualitative explanation of the absence in the asymptotics of the solitons
corresponding to k; is quite simple: these solitons move to the left, and hence after a finite
time disappear from the first quadrant.

Remark B.3. In the cases of the linearizable boundary conditions all the parameters in the
above formulae can be expressed in terms of the spectral functions a(k) and b(k), i.e. in
terms of the initial data only. Indeed we have,

L G

_ V) A,
Ta(N)Ag(N)

or

or

Also,

or

or



C Proofs of Lemmas 5.1, 5.3 and 5.4

Proof of Lemma 5.1

For |k| > 1, we can write
3

F(k‘agl)d) = ZFj(kagl)¢> (Cl)

J=1

where
Pk, g0 = (2 ) e / RO + (5 ) e /tfo(t’)fl(t’)x(t')dt’

( ) e / G /_< ) W/ (C.2a)

() (440 ) = ()fo() / “’”fo(t')x(t’)dt—(—) 0] / () () d

4 ( ) 4zk t/ f dt/ + (4_22 fl / 4ik? tf (C2b)

and

F3<kagl>(e4ik2tX) = (%) /0 €4ik2(t7t’)m [/0' e4ik23f0(8)x(s> dS] dt'
A b v
+ (%) /0 olik (tft)fol(t/> [/0 oAik Sfl(S)X(S) dS] dt’
_ (%) /0 €4ik2(t*t/)f{(t/) [/0 €4ik28f0(8)x(8) ds] dt’
A t ik?(t—t')
_ <m>/0v e4k

Indeed, using (5.9), (5.11), (5.14), (5.15) and integration by parts, we find
A

ikt
Ut k)=ce ( ) )+ ik

)

0
—M/O I E () k) dt!

0+

S ( )
2ik

# () [ e Rk + o @0 a + (57 ) otk

) [ /O e4ik28f1(s)x(s)ds] dt'. (C.2¢)
) RO k) + fo(E)ou(t!, k)] d’

ik:) 4zk (t— t)f/(t')gb( k‘) dt/

2ik
A P U—
~ () [ @ ma
0
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- () [ e R@ReA) + ih @O, ) ar ©3)

Using (5.9a) we can further eliminate ¢(¢, k) from (C.3):

st = e = (VR | [ 2w na+ 1 [ awse dt]

+(%) /Ote4ik2(t—t’)m [/Ot 2fo(s)(s, k) ds + — / f1(s)¥(s, k) dS]d
+ (é) / )| £ (#)P(E, k) d’
0
+ (i) /0 A F @) AV E) dt!
; (ﬁ) 0] { [ 2o+ [ e dt}
) (%) /Ot e4ik2(t7t’)m [/Ot 2 fo(s)bs, k) ds + - / f1(s)p(s, k) ds] dt’
A t 2
_ (ﬂ) / M T fo (£ )t ) dt
I\ t - ,
- (zz_k?) /0 e F O£ () Py k) dt

which is equivalent to (C.1) and (C.2).
Let v € C([0,T]). From (5.15), (C.1), (C.2) and the embedding H'(0,T) — C([0,T)),
we find

[P )0)0)] < Bi(lan o) [ [Kalan) )| puas o)l ae - Ve @ (C

where Bi(-) : Rt — R is continuous, K;(g1) € Ly(0,7) and there exists a continuous
function By(-) : Rt — R* such that

1K1 (g0) || 220y < Ba(llgillero,m))- (C.5)

It follows immediately from (C.4) that the Neumann series 3 7%, [F(k, gl)]j is convergent
in the space of bounded operators on C([0,T]), uniformly with respect to k € Q. Therefore,
the operator I — F(k, ¢g1) is invertible on C([0,T]) and

the norm of [I— F(k, g1)] ! is uniformly bounded for k € O. (C.6)

Moreover, the map k +— [I — F(k, gl)}_l is analytic in @ and continuous on Q. These
properties of I — F(k, g1) imply the analytic properties of (¢, k).

Finally we observe that, from (5.6b), (5.15), (C.1) and (C.2), the dependence of the
operator F(k, g1) on g, is locally Lipschitz continuous. The local Lipschitz continuity of the
map ¢g; — v then follows immediately. O
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Proof of Lemma 5.3

The following calculations are based on (C.1), (C.2) and integration by parts.
We define xq to be the solution of

A t
W) =14 (2) [0k .
0
ie.,

Then we have

B (k) (e va) = (a0 + )+ R,
where
w1 = G1Xo,
9001 = (3) [ @AW - RO )
and

by

Ri(x)(t, k) = — (4]{:2) €4ik2t/0 L)) dt’ + ZFj(kagl)(€4ik2tX).

Let x; be defined by the Volterra integral equation

w =)+ (3) [ 1P,
0
then we have x;(0) = 0 and

ML F(k, 1) (em% (XO + %))

_ e4ik2t (XO(t> + Xl(t) + wQ(t)> +R2(XO) + Rl(Xl)

k k2

where

we = Goxo + G1x1

9200 =~ (%) [1n@m@a+ (3) oo
-(3) [ @ awn

o1

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)



and

Ra(0(t1) == (51 ) Bl [ U )

()50 [ e nnrar+ (3 ) R0 [ ar
+ () 50 [ pne ar
+ (ﬁ) / Ty [ / e s ds] d'
+(3) [ e om® [ [ e e ds] a
- (%) / SER) [ / " y(s)x(s) ds] dt
- (i—;) /0 ) [ /O ETARNE ds] dt'. (C.17)

The function x5 is then defined by the Volterra integral equation

) =+ (2) [ 1) ar (©15)

and we have y2(0) = 0 and

2
e4ikt k 91 ( 4ik2t Z%)
0=0

“”( )>+&Ww &g0+Rﬁ@, (C.19)

where

w3 = G3xo + Gax1 + G1Xxe2 (C.20)

Gux(t) = (i ) B A0 + ($> P Ao (1)

(&> fo(t (C.21)

<8z)/ F1@) fo()x (') dt’,

o2



and
— () T [ & U @) o
g (8 ) R0 [ e @i - () R [ A @) at
+ () A0 / () d
+(g5) [ e Tm [ [ e ds] o
() [ e mw@ [ [ e ds] i
+ (82—23) /O t (1) [ /0 ' 5[ fox]'(s) ds] dt’
- (i—;) /0 RO [ /O g fi(s)x(s) ds] dt'. (C.22)

Next we define x5 by the Volterra integral equation

wt) =+ (2) [ 1) ar (©2)

— ikt (Z ij) - WZY)> + Ra(xo) + R?’Efa) L Blae) | Fala) gy

where

wa(t) = Gaxo + Gsxa + Gaxa + Gixs, (C.25)
6000 =~ (55 ) T + (35 ) 1nOFA0

(&) fmron- ()]
and

RA(R) = (1 ) oD [ ")

+ (s ) 70 [ g @yar = (S ) T [ e oy @) e

23

S [(E)x () dt’, (C.26)



~ () 50 [ e )t
(o) [ T [ [ e g ds] a
~(5) [ e rm@ [ [ e ds] i
(@) e[ s

A et
' (1%4) [ e [ | e i) ds] . (o)

Finally, we define x4 by the Volterra integral equation

) =0+ (3) [ 1h@ra (©25)

Then we have x4(0) = 0 and

=0
L xel(t)
ik2 l
_ ikt (Z - ) 7(t, k), (C.29)
=0
where
ikt Ri(x4)  Ri(x3z) Ra(x2) Rs(x1)

Tt k) = (G () + oo+ 4 S AL L Ri(xo). (C30)

Using the assumptions on fjy and f1, (C.8), (C.10), (C.11), (C.13), (C.15), (C.16), (C.18),
(C.20), (C.21), (C.23), (C.25), (C.26) and (C.28), we can easily establish successively xo €
C>([0,T)), w1 € H*(0,T), x1 € H*0,T), wy € H*(0,T), xo € H*0,T), w3 € H'(0,T),
xs € HY(0,T), w, € H'(0,T) and x4 € H*(0,T).

Let A
ikt Xe(t)

Kt
=0

w4(t7 k) = 1/1(?57 k) —€

Combining (C.29) and (5.14), we find

T+F(k3,gl)w4 = w4. (CS].)
From (C.11), (C.12), (C.17), (C.22), (C.27) and (C.30), we immediately have

Tt k) =0 (%) . (C.32)
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The estimate (5.19) then follows from (C.6), (C.31) and (C.32).
Observe that

t — €27 (t, \/€) is a continuous map from [0, ¢] into Lo (R, ), (C.33)

where R, = (—o00, —1) U (1, 00). Indeed, the map

plict

t— |¢*? a7z (Gxa) ()

belongs to C([0,T], L»(R,)) because Gix4 € C([0,T]) (cf. (C.11)), and the map

. |€|3/2[31(X42£t, ve) | Rl(XZ%%v ve) | RQ(Xz)f(t’ ve) | Rs(xé)lg, )

belongs to C'([0,T7], Lo(R.)) because of the (negative) powers of k that appear in (C.12),
(C.17), (C.22) and (C.27), and because

+ Ralxo)(tv/9)|

t
£ / My (t) dt!
0

defines a continuous map from [0, 7] into Ly(R) for any v € Ly(0,T).
For ¢ € R,, we obtain from (C.31)

7(t, /) + F(VE g1)a(t, VE) = ¢ult, V/€) (C.34)

which in view of (C.33) can be considered as an integral equation on C'([0, T, Ly (R., |£[3d€)).
Using (C.1) and (C.2a)—(C.2c), we have the following analog of (C.4):

|[F(VE g0

La(Rx,|€[3dE)

t
SBQ(Hgl”Hl(O’T))/o ”C2(91)(t')}gggé||v(8)||L2(R*,|§|3d§> dt’, (C.35)

where Bs(-) : Rt — R* is continuous and Ks(g1) € L2(0,T) satisfy an estimate similar
to (C.5). It follows from (C.35) that the operator I — F(1/€, g1) is invertible on the space
C([0,T7], La(R,, [£[2d€)), and (5.20) follows. O

Proof of Lemma 5.4

We use the standard notation L(X,Y’) to denote the space of bounded linear operators from
the normed linear space X to the normed linear space Y, which is simplified to L(X) in the
case Y = X.

The operators Gy, ..., G, defined by (C.11), (C.16), (C.21) and (C.26) depend on the
function g;. Henceforth we will denote them as Gi(g1), ..., Gs(g1)-

It is easy to see from (C.11) that the map g1 — Gi(g1) from H'(0,T) into the space
L(H'(0,T),H?*(0,T)) is bounded and linear. It then follows from (C.10) and (C.13) that
E; : Hy,(0,T) — H?(0,T) is also bounded and linear, and thus locally Lipschitz continuous.
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Similarly, we see from (C.16) that the map g; — Ga(g1) from H'(0,T) into the space
L(H?*(0,T),H*(0,T)) is locally Lipschitz continuous, and then (C.15) and (C.18) imply that
Ey: H,(0,T) — H?(0,T) is also locally Lipschitz continuous.

From (C.21) we obtain the local Lipschitz continuity of the map g1 — Gs3(g1) from
H'(0,T) into L(H'(0,T),H'(0,T)), and then the local Lipschitz continuity of the map
E3: H(0,T) — H'(0,T) follows from (C.20) and (C.23).

Finally, we see from (C.26) that the map g1 — Gi(g1) from H'(0,T) into the space
L(H?*(0,T),H'(0,T)) is locally Lipschitz continuous. Combining (C.25) and (C.28), we
then obtain the local Lipschitz continuity of Fy : Hj,(0,T) — H(0,T).

To see the local Lipschitz continuity of the map E : H,(0,T) — C([0, T}, La(R., [¢]3d)),
we first observe that

the map g1 — F(V/E, 1) from HL(0,T) into L(C([0,T], Lo(R., [*de)))
is locally Lipschitz continuous, (C.36)

by (C.2). Furthermore, the function 7 (¢, /€), which depends on g;, can be represented more
precisely as the continuous function #(g;) from [0, T into La(R,, |€]2d€) given by the formula

[{(0)(0)](&) = 7(t, V€),

and the integral equation (C.34) can be written as

t(g1) + F(V/E g1)a = ha. (C.37)

Since the map g, — #(g;) from Hg,(0,7) into C([0,T], Lo(R., [£[*d€))) is locally Lipschitz
continuous by (C.11), (C.12), (C.17), (C.22), (C.27) and (C.30), the local Lipschitz continuity
of E follows from (C.36) and (C.37). O

D A Priori Bounds

A Priori Bound for ||¢,(0,-)||,0m)

Let ¢ be a smooth solution of (2.1) for 0 < ¢ < T with sufficient decay as  — oo and let
q(z,0) = 0. Multiplying (2.1) by ¢ and integrating over R* we obtain

(@, @) + (qaer @) — 2M(lg%q, q) = 0, (D.1)

where (u,v) = [ uvdz. The imaginary part of (D.1) is equivalent to

%(q, q) —2Im[q.(0,t)q(0,t)] =0 for 0<t<T. (D.2)
Integration of (D.2) over (0,7) yields the following estimate
laC 000 < 200, Mooy 190, ooy for 0<t<T. (D.3)
We now multiply (2.1) by ¢ and integrate the resulting equation over R* to arrive at
i(ae: ) + (doa a) — 2M(|al*q, @) = 0. (D4)
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The real part of (D.4) gives

d d
~2Re[.(0,)(0,6)] — 3 (@ a:) = Ap(laPslaP) =0 for 0<t<T. (D)

Integration of (D.5) over (0,7") then yields

HQI(at)”%g(O,oo) + A”Q('at)”i;(o,oo) < 2”611(07 ')HLz(O,T)HQt(Oa ')HLz(O,T) (D6)

for0 <t <T.
Multiplying (2.1) by ¢, and integrating over R* gives

i(4e, 4z) + (Goa 62) — 2X(Ja*q. 42) = 0. (D.7)
The real part of (D.7) can be written as

d
i2(a,4:) +i9(0,)0:(0,1) = g (0, )" + Alg(0,)* =0 for 0<t<T. (D.8)

Integration of (D.8) over (0,7) then yields the following estimate:

192:(0, )20y < 1900, 202 + 1900, ) zao,m) 196 (0, ) 2207)
+ g D)l Lo.00) 162 (- Tl Lo(0,00) (D.9)

In the case where A = 1, it follows immediately from (D.3), (D.6) and (D.9) that
1620, M a0,y < Bi(lla(0, )l 0,)) (D.10)

where By(-) is a (generic) continuous map from R* U {0} into R* satisfying B4(0) = 0.
On the other hand, the Sobolev embedding H'(0, 00) < L4(0, c0) implies that

1l 400,00 < MellZ0,00) 1222 0.00)- (D.11)

Therefore, in the case where A = —1, we conclude from (D.3), (D.6), (D.9) and (D.11) that
(D.10) remains valid provided ||q(0, -)|| z,(0,r) is sufficiently small.
We note that the estimates (D.3), (D.6) and (D.10) (and (D.11) when A = —1) also imply

mass Ol o0 < Ba(la(0,) linom): (D.12)

A Priori Bound for ||q,(0,)| z,0.1)
Let v = ¢;. The following equation for v is derived by differentiating (2.1) in ¢:

iUy + Vgw — 4A|q*v — 20¢%0 = 0. (D.13)
Multiplying (D.13) by © and integrating over R™ we find

i(vy, ) + (Vge, v) — 4X(Jq]*0,v) — 2M(¢*D,v) = 0 for 0<t<T. (D.14)
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The imaginary part of (D.14) then gives

C(;;(v v) — 2Im [v,(0,)v(0,1)] — 4XIm (¢*v,v) = 0. (D.15)
Note that we have the Sobolev inequality
%0000 < ull o000 1t La0.00)- (D.16)
Integrating (D.15) in ¢, we obtain from (D.12) and (D.16) that
(BT 0.00) < 2010200, )l za0m) 192 (0, )| zogo.m)

+ Bg(||q |H1(0T / (-, ||L2 Ooo for 0<¢t<T. (D.17)

Gronwall’s inequality and (D.17) imply the following estimate:

() Ls0.00) < Bi(lla(0, Ml o) e (0, Mooy for 0<t<T. (D.18)

We now multiply (D.13) by 7; and integrate the resulting equation over R* to obtain
i(ve, V) + (Vaa, v¢) — 4X(|q|*v, v) — 2M(¢%0, vy) = 0. (D.19)

The real part of (D.19) yields the estimate

d
— (0, v2) + 4M([, [0]*) + 20 Re (¢, v%)]
< 2|v, (0, )ve (0, 8)] + 12/ \q(z,t)| |v(z,t)]? d. (D.20)
0
We have, by (D.16),
/0 la(z, ) oz, OF dz < o, D1 0,00 10, Ol za0.00) 10C, )] za(0,00)
< llaC Ol a0 10C I 0.00) 12 (5 )l Lat0,00)- (D.21)

Integrating (D.20) we find, by (D.12), (D.16), (D.18) and (D.21),
1o (- Ol 0.00) < Bs ([1a(0, lr20,m)) [”UI(Oa Mo,y + (1020, ')”%Q(O,T)]
+ /Ot Hvx(-,t)H%Q(Om)ds. (D.22)
Gronwall’s inequality and (D.22) imply
o2 Ol < Bola(0 irz0m) 190, Vo + a0y (D.23)
for0 <t <T.
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Finally we multiply (D.13) by @, and integrate over R* to obtain
i(vs, V) + (Vaw, V) — 4M(|q)*0, v2) — 2M(¢*0,v,) = 0. (D.24)
Taking the real part of (D.24) we find the estimate

d

lvg(0,1)]* < 12 /000 \q(z, ) *lv(z, )| |ve(, t)| dox + i [qt(O, t)qu(0,1) + E(v, Ux)} . (D.25)

Integrating (D.25) over (0,7") we have, by (D.18) and (D.23),

3/2
20 ) a0y < Br(lla0, Mlarzom) (100, Ml zatory + 100, ) 7ok 1
+ (0, ) 0.1 (D.26)
It follows from (D.26) that
”qsct(07 ')HL2(0,T) = HUJE(O7 ')HL2(0,T) < 88(”61(07 ')”HQ(O,T))a (D'27)

which holds for arbitrary ¢(0,¢) when A = 1 and for ||¢(0, -)||z,0,7) sufficiently small when
A=—1.
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